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Summary

The electron microscope has evolved from a simple magnification device into a sophisti-
cated, multi-purpose characterization laboratory. Technological advances have propelled
the technique to the point where we can routinely image individual atoms, determine
the chemical composition of materials, reconstruct 3D nanoparticle volumes, and even
capture chemical reactions in near real-time.

As traditional electron microscopy approaches its limits, novel strategies are needed
to overcome these challenges and extract more information from each electron coming
from our sample. Since electron microscopy relies on manipulating coherent electron
waves, achieving greater flexibility in controlling these matter waves may be key to
addressing many of the field’s modern limitations.

Meanwhile, other fields have made remarkable progress in wave manipulation. No-
tably, the spatial light modulator (SLM), which allows precise position-dependent phase
modulation of light, has revolutionized optics by enhancing traditional techniques and
enabling numerous new applications.

In electron microscopy, however, the geometry of the fields produced by its active com-
ponents significantly restricts position-dependent control of the electron wave. Despite
these limitations, efforts to adapt the capabilities of SLMs to electron microscopy have
shown promise, offering potential solutions to long-standing challenges such as contrast
enhancement, aberration correction, and automation.

This work is dedicated to the evaluation of electron wavefront modulation and adaptive
optics in the electron microscope, and it is comprised of the following chapters:

1. The First Chapter introduces the primary active components of a Transmission
Electron Microscope (TEM). By building an electron microscope element by ele-
ment, we examine the working principles and characteristics of each component,
drawing parallels to traditional light optics where applicable. Additionally, the
chapter outlines the most common TEM operation modes, highlighting their ca-
pabilities and limitations. This foundational understanding establishes the TEM
as the framework for the rest of the work.

2. The Second Chapter builds upon the discussion from Chapter One, with a focus
on the arbitrary shaping of electron wavefronts. To address the geometrical and
operational limitations of the TEM active components, we propose the use of an
electron wavefront shaping device to expand standard operational modes. This
chapter provides essential theoretical and historical background to help under-
stand the principles and strategies behind wavefront shaping. Specifically, the
technology utilized in the experimental section of this thesis is the multi-element
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electrostatic phase plate (EPP) for electrons. This wavefront shaping technology
will serve as the tool to explore adaptive optics within the framework of TEM in
the subsequent chapters.

3. Chapter Three examines the potential of an EPP to correct aberrations in the TEM.
This theoretical analysis identifies how the morphology of the active components
of an EPP influences the electron probe in Scanning Transmission Electron Mi-
croscopy (STEM). Furthermore, we assess the current technological capabilities
for manufacturing EPPs that meet the design requirements established in this
study. Theoretical demonstrations highlight the possibility of correcting spherical
aberration using an EPP with relatively few active segments.

4. In Chapter Four, we evaluate the performance of a state-of-the-art EPP for electrons.
Specifically, we characterize the phase response of each active element within the
EPP and analyze the phase sensitivity and error associated with each phase pixel.
Additionally, we demonstrate the complex electron wavefront shaping and an
automated imaging routine where the phase plate enhances the quality of a STEM
image. Finally, we explore some theoretical applications of the device and present
simulated results to illustrate these concepts.

5. The Fifth Chapter presents a theoretical study that evaluates the limits of dose-
efficient measurements in electron microscopy. Specifically, we compare Zernike
Phase Contrast (ZPC) with a diffraction-based measurement using a set of phase-
structured waves. Notably, we derive and discuss how a slight normalization
error can result in an overly optimistic estimation of dose efficiency in ZPC, ul-
timately favoring diffraction-based measurements under certain conditions. This
finding offers valuable insights into dose efficiency and reinforces the relevance of
diffraction-based measurements in electron microscopy.

6. The Sixth Chapter offers a comprehensive overview of the AdaptEM WaveCrafter,
a commercially available EPP for electrons, which is utilized in the experimental
section of this study. It describes the development of this technology, highlighting
its capability to manipulate electron wavefronts in a TEM. Additionally, the chapter
displays the different designs and some of their characteristic features.

7. Finally, Chapter Seven summarizes the contents of this thesis by outlining the main
takeaways from each chapter and providing an overview of the present and future
of electron wavefront shaping.
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Samenvatting

De elektronenmicroscoop is geëvolueerd van een eenvoudig vergrotingsapparaat tot
een geavanceerd, multifunctioneel karakteriseringsapparaat. Technologische vooruit-
gang heeft de techniek zover gebracht dat we routinematig individuele atomen kunnen
afbeelden, de chemische samenstelling van materialen kunnen bepalen, 3D volumes van
nanodeeltjes kunnen reconstrueren en zelfs chemische reacties in bĳna real-time kunnen
vastleggen.

Nu de traditionele elektronenmicroscopie zĳn grenzen nadert, zĳn er nieuwe strategieën
nodig om deze uitdagingen te overwinnen en meer informatie te halen uit elk elektron
dat uit ons monster komt. Aangezien elektronenmicroscopie afhankelĳk is van het
manipuleren van coherente elektronengolven, kan het bereiken van meer flexibiliteit in
het beheersen van deze materiegolven de sleutel zĳn tot het aanpakken van veel van de
moderne uitdagingen van het veld.

Ondertussen hebben andere gebieden opmerkelĳke vooruitgang geboekt op het gebied
van golfmanipulatie. Met name de ruimtelĳke lichtmodulator (SLM), die nauwkeurige
positieafhankelĳke fasemodulatie van licht mogelĳk maakt, heeft een revolutie teweegge-
bracht in de optica door traditionele technieken te verbeteren en talloze nieuwe toepassin-
gen mogelĳk te maken.

Bĳ elektronenmicroscopie beperkt de geometrie van de velden die door de actieve com-
ponenten worden geproduceerd echter de positieafhankelĳke regeling van de elektro-
nengolf aanzienlĳk. Ondanks deze beperkingen zĳn de pogingen om de mogelĳkheden
van SLM’s aan te passen aan elektronenmicroscopie veelbelovend gebleken en bieden
ze potentiële oplossingen voor al lang bestaande uitdagingen zoals contrastverbetering,
aberratiecorrectie en automatisering.

Dit werk is gewĳd aan de evaluatie van elektronengolffrontmodulatie en adaptieve
optiek in de elektronenmicroscoop en bestaat uit de volgende hoofdstukken:

1. Het eerste hoofdstuk introduceert de primaire actieve componenten van een trans-
missie elektronenmicroscoop (TEM). Door element voor element een elektronen-
microscoop op te bouwen, onderzoeken we de werkingsprincipes en eigenschappen
van elk onderdeel en trekken we waar nodig parallellen met traditionele lichtop-
tica. Daarnaast schetst het hoofdstuk de meest voorkomende TEM werkwĳzen,
waarbĳ hun mogelĳkheden en beperkingen worden belicht. Deze basiskennis legt
de TEM vast als raamwerk voor de rest van het werk.

2. Het tweede hoofdstuk bouwt voort op de discussie uit hoofdstuk één, met de
nadruk op de willekeurige vormgeving van elektronengolffronten. Om de ge-
ometrische en operationele beperkingen van de actieve componenten van de TEM
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aan te pakken, stellen we het gebruik van een apparaat voor het vormen van
elektrongolffronten voor om de standaard operationele modi uit te breiden. Dit
hoofdstuk biedt essentiële theoretische en historische achtergrond om te helpen
begrĳpen van de principes en strategieën achter golffront shaping. Specifiek, de
technologie die wordt gebruikt in het experimentele gedeelte van dit proefschrift
is de multi-element elektrostatische faseplaat (EPP) voor elektronen. Deze golf-
front vormende technologie zal dienen als het instrument om adaptieve optica te
verkennen binnen het kader van TEM in de volgende hoofdstukken.

3. Hoofdstuk drie onderzoekt de mogelĳkheden van een EPP om aberraties in de
TEM te corrigeren. Deze theoretische analyse identificeert hoe de morfologie
van de actieve componenten van een EPP de elektronensonde in raster trans-
missie elektronemicroscoop (STEM) beïnvloedt. Verder beoordelen we de huidige
technologische mogelĳkheden voor de productie van EPP’s die voldoen aan de
ontwerpeisen die in deze studie zĳn vastgesteld. Theoretische demonstraties be-
nadrukken de mogelĳkheid om sferische aberratie te corrigeren met behulp van
een EPP met relatief weinig actieve segmenten.

4. In hoofdstuk vier evalueren we de prestaties van een geavanceerde EPP voor elek-
tronen. Specifiek karakteriseren we de faserespons van elk actief element binnen
de EPP en analyseren we de fasegevoeligheid en -fout van elke fasepixel. Daar-
naast demonstreren we de complexe vormgeving van het elektronengolffront en
een geautomatiseerde beeldvormingsroutine waarbĳ de faseplaat de kwaliteit van
een STEM-beeld verbetert. Tot slot verkennen we enkele theoretische toepassingen
van het apparaat en presenteren we gesimuleerde resultaten om deze concepten
te illustreren.

5. Het vĳfde hoofdstuk presenteert een theoretische studie die de grenzen van dosis-
efficiënte metingen in elektronenmicroscopie evalueert. Specifiek vergelĳken we
Zernike fasecontrast (ZPC) met een diffractiegebaseerde meting die gebruik maakt
van een reeks fasegestructureerde golven. Met name leiden we af en bespreken
we hoe een kleine normalisatiefout kan resulteren in een te optimistische schat-
ting van de dosisefficiëntie bĳ ZPC, waardoor diffractiegebaseerde metingen onder
bepaalde omstandigheden uiteindelĳk de voorkeur krĳgen. Deze bevinding biedt
waardevolle inzichten in dosisefficiëntie en versterkt de relevantie van diffractiege-
baseerde metingen in elektronenmicroscopie.

6. Het zesde hoofdstuk biedt een uitgebreid overzicht van de AdaptEM WaveCrafter,
een commercieel verkrĳgbare EPP voor elektronen, die wordt gebruikt in het exper-
imentele deel van deze studie. Het beschrĳft de ontwikkeling van deze technologie
en benadrukt de mogelĳkheid om elektronengolffronten in een TEM te manip-
uleren. Daarnaast toont het hoofdstuk de verschillende ontwerpen en enkele van
hun karakteristieke eigenschappen.

7. Tenslotte vat hoofdstuk zeven de inhoud van dit proefschrift samen door de be-
langrĳkste punten uit elk hoofdstuk te schetsen en een overzicht te geven van het
heden en de toekomst van elektrongolf vorming.
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"[...]I am impressed by the great limitations of the human mind. How quick we are
to learn — that is, to imitate what others have done or thought before — and how

slow to understand — that is, to see the deeper connections. Slowest of all, however,
are we in inventing new connections or even in applying old ideas in a new field[...]"

Frits Zernike, 1953
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CHAPTER 1. INTRODUCTION: BUILDING AND OPERATING A TEM

Exploration and curiosity are inherent traits of the human species. From a young age,
we use our senses to explore and gather information. Initially, this information helps
us develop basic empirical knowledge. For example, we learn not to touch fire because
it burns; however, we often lack the context to connect this sensory input with any
plausible explanation other than simply saying, "Fire burns." As we grow older, we
learn to use our observations to validate hypotheses and express them as models that
relate certain input variables to potential estimated outputs with a degree of accuracy.
This process ultimately leads to what is commonly referred to as scientific knowledge.

Our senses enable us to perceive reality, but they also have limitations. For instance,
our vision is limited to the small range of the electromagnetic spectrum (the visible light
spectrum) [1]. Additionally, we cannot see objects smaller than 0.1 mm or those located
very far away in space. Furthermore, we often lack the receptors to perceive specific
material properties, such as magnetization or polarization.

The development of tools has helped bridge the gap between our senses and the physical
phenomena that comprise our reality. Telescopes offer a window into celestial bodies,
allowing us to form and validate theories about the origins of our universe. Microscopes,
on the other hand, enable us to observe the building blocks of matter and probe their
properties. Understanding these properties is the driving force behind advancements
in various fields of science.

As we continue to explore and validate new theories, our understanding of the build-
ing blocks of matter keeps expanding. This constant expansion creates a demand for
improved tools and theories that can accurately determine the properties of the subject.

In microscopy, the minimum dimension that can be observed using electromagnetic
radiation is directly linked to the wavelength carried by the probing particle:

𝛿 =
𝜆

2𝜂 sin (𝛼) (1.1)

This equation is known as Abbe’s diffraction limit [2], where 𝜆 and 𝜂 represent the
probing particle’s wavelength and the refractive index of the medium, respectively.
The term sin (𝛼) is the microscope’s numerical aperture, which is often set so that the
optical aberrations of the imaging system are kept within a reasonable range. Naturally,
the initial microscopes were built to use visible light as the probing particle, with a
wavelength between 400-700 nm, which limits an optical microscope’s magnification to
≈ 2, 000× (around 200-250 nm resolution).

Thanks to Abbe’s diffraction limit for visible light, our quest for higher magnification led
us to explore electromagnetic radiation with shorter wavelengths, ultimately leading to
the development of the electron microscope. Accelerated electrons, initially theorized
as matter waves by de Broglie [3], have significantly shorter wavelengths due to their
inverse relationship between wavelength and momentum:

𝜆 =
ℎ

𝑝
(1.2)

Where ℎ represents Planck’s constant and 𝑝 denotes the relativistic momentum of elec-
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1.1. BUILDING AN ELECTRON MICROSCOPE

trons. The reduced wavelength for electrons, typically on the order of a couple of
picometers (approximately 1× 10−12 m) when accelerated to 200-300 kV, allows us to ex-
amine material properties at the atomic level. Additionally, electrons are relatively easy
to extract from a source material and manipulate because of their electric charge. This
makes them more attractive than other particles with even smaller matter wavelengths,
such as protons or neutrons, when designing such a characterization tool.

Despite the obvious differences between optical and electron microscopes, both come
equipped with lenses, deflectors, motorized stages, and other elements to analyze sam-
ples. The fact that we can drive analogies between both arises from the fact that, for
paraxial waves, where the deviation of the rays from the optical axis 𝜃 ≈ sin𝜃, the equa-
tions describing the propagation of unpolarized light (the Helmholtz wave equation)
and electrons (Dirac or Schrödinger equation) take the same form.

The first electron microscope was introduced by Ruska and Knoll almost a century
ago [4]. Since then, collaborative efforts have driven the development of the tool into
the modern electron microscope we have today. This modern microscope is capable of
routinely resolving atomic structures and probing the properties of materials. Over the
following sections, we will review a modern transmission electron microscope’s (TEM)
key hardware, working principles, and operation modes.

1.1 Building an Electron Microscope

The primary function of a microscope is to form a magnified image of an object. Through-
out history, people have used semi-transparent round pieces of glass or spherical bodies
of water to achieve this [6], which aligns with the definition provided by the Oxford
Dictionary: "An instrument consisting of a lens or a combination of lenses that uses light
or other electromagnetic radiation to make enlarged images of objects [7]."

With technological advancements, we have evolved from simple glass pieces to precisely
polished lenses with controlled apertures, motors, illumination sources, and other so-
phisticated components present in modern optical microscopes. Furthermore, the elec-
tron microscope was developed to achieve higher resolution by re-creating most elements
of traditional optical microscopes to work with electrons. This adaptation involved cre-
ating electron sources, lenses, deflectors, and detectors. These elements are in constant
development to enhance the resolution and broaden the capabilities of the electron mi-
croscope, resulting in a versatile measurement tool rather than just a simple magnifying
device.

1.1.1 Electron Sources

To observe an object, we need to see how it interacts with light—this can involve re-
flection, scattering, refraction, or blocking of the light. Essentially, the object either acts
as a light source or modifies the propagation of light from another source. Electron
microscopes follow the same principle; they require an electron source, which is typi-
cally located at the top of a cylindrical metallic structure known as the optical column.

3



CHAPTER 1. INTRODUCTION: BUILDING AND OPERATING A TEM

Figure 1.1: The development of microscopes throughout history has been quite remark-
able. The Nimrud lens (a), one of the oldest dating evidence of the use of artifacts to
magnify objects, was found in modern-day Iraq, and it is dated to 750 B.C. (adapted
from https://en.wikipedia.org/wiki/File:Nimrud_lens_British_Museum.jpg
by Geni). In the 17𝑡ℎ century, Robert Hooke published some remarkable work on
biology in his book "Micrographia," where he used a microscope manufactured by
Christopher White, shown in (b), to observe biological specimens [5]. Modern op-
tical microscopes, like the one shown in (c) by the Zeiss company (adapted from
https://www.zeiss.com/microscopy/en/products/light-microscopes/super
-resolution-microscopes/elyra-7.html), boast advanced optical and mechanical
elements and computational integration for image processing. The first-ever prototype
for an electron microscope was built by Ernst Ruska and is shown in (d) (adapted from
https://commons.wikimedia.org/wiki/File:Ernst_Ruska_Electron_Microscop
e_-_Deutsches_Museum_-_Munich-edit.jpg by J Brew). In contrast, one of EMAT’s
modern TEM by Thermo Fisher Scientific is shown in (e).

An ideal electron source should produce a steady flow of electrons with a controllable
current density and high spatial coherence.

There are two main types of electron sources: thermionic and field emission. Thermionic
sources work similarly to incandescent light bulbs. A current passing through a filament
generates heat, providing enough energy for the electrons to escape into the column. To
withstand the high temperatures required for thermionic emission, thermionic electron
sources are typically made of tungsten, lanthanum hexaboride (𝐿𝑎𝐵6), or cerium hexa-
boride (𝐶𝑒𝐵6). Thermionic sources also come with a negatively biased cylinder (Wehnelt
Cylinder) around the emitting element to suppress the emission from unwanted areas
(see fig. 1.2(a)).

In contrast, in a Field Emission Gun (FEG), a relatively large bias is applied to a sharp
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Figure 1.2: Diagram showing the main components of Thermionic (a) and Field Emission
(b) electron sources. The simplified circuit in (a) (similar to (b), but not drawn for
convenience) and (c) indicates the basic principle for extraction and acceleration of the
electrons for each case (adapted from [8]).

tungsten tip (anode), generating a strong electric field. This field lowers the work func-
tion of the tip, allowing a quantum tunneling current of electrons to flow from the
tungsten tip into the column (see fig. 1.2(b)). Notably, FEGs provide increased bright-
ness and coherence, enabling electron microscopes to improve not only their spatial
resolution but also the efficiency of spectroscopic techniques such as Electron Energy
Loss Spectroscopy (EELS) and Electron Dispersive X-ray Spectroscopy (EDX).

As mentioned above, when designing an electron source, it is essential to consider
brightness and coherence, both spatial and temporal. Regarding its brightness, in a
TEM experiment, the electron current is typically set between 0.01 to 3 nA, depending
on the sensitivity of the sample to beam-induced damage and the capability of such elec-
tron source to maintain coherent emission, which translates to around 6𝑥107 to 2𝑥1010

electrons per second. In contrast, evaluating spatial coherence can be challenging, but
generally, illuminating coherently a few microns in the condenser aperture is sufficient
for most experiments. However, if the experiment involves assessing interference be-
tween partial wavelets or creating a complex optical wavefront profile, a few tens of
microns may be needed. Lastly, temporal coherence is linked to the energy spread of the
electrons extracted from the source, which is particularly crucial for high-energy reso-
lution spectroscopic methods such as EELS. A comparison of the relevant parameters of
the most common commercially available electron sources, including different types of
thermionic and field-emitting sources, can be found in table 1.1.

1.1.2 Electron Lenses

When electromagnetic radiation propagates through a medium other than a vacuum,
its interaction with the material’s charges alters its propagation. These interactions oc-
cur with bound charges (i.e., electrons tightly bound to atoms or atomic nuclei) and
unbound charges (i.e., free electrons in conductors). Furthermore, the changes in the
wave’s behavior (including its propagation speed and attenuation) are governed by the
electromagnetic properties of the medium, specifically its permittivity (𝜖) and permeabil-
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Table 1.1: Operational and optical parameters of some of the most commonly used
electron sources [9, 10]

Thermionic Field Emission
Parameter Units Tungsten 𝐿𝑎𝐵6 Schottky Cold FEG

Work Function 𝑒𝑉 4.5 2.4 3 4.5
Operating Temperature 𝐾 2700 1700 1800 300

Current Density (100 kV) 𝐴/𝑚2 5 102 105 106

Source Diameter 𝑛𝑚 5𝑥104 104 15 2
Energy Spread (100 kV) 𝑒𝑉 3 1.5 0.7 0.4

Brightness (100 kV) 𝐴/𝑚2𝑠𝑟 1010 5𝑥1011 5𝑥1012 1013

Emission Current Stability %/ℎ𝑜𝑢𝑟 <1 <1 <1 5
Operating Vacuum 𝑃𝑎 10−2 10−4 10−6 10−8

ity (𝜇). These properties determine how the medium responds to the electromagnetic
field of the radiation itself. Compared to a vacuum, where permittivity and perme-
ability are 𝜖0 and 𝜇0, respectively, the medium’s relative permittivity (𝜖𝑟 = 𝜖/𝜖0) and
relative permeability (𝜇𝑟 = 𝜇/𝜇0) dictate the degree to which the wave slows down and
dissipates.

The change in the wave’s phase velocity 𝑣 is proportional to the contrast between the
medium’s permittivity and permeability and those of the vacuum. Specifically:

𝑣 =
1√
𝜖𝜇

=
𝑐√
𝜖𝑟𝜇𝑟

, (1.3)

where 𝑐 = 1/√𝜖0𝜇0 is the speed of light in a vacuum.

Furthermore, for any pair of media, the ratio of the sine of the incident angle 𝜃1 to the
sine of the angle of refraction 𝜃2 is equal to the ratio of the phase velocities of the wave in
the two media 𝑣1

𝑣2
, which is also equal to the refractive index of the second medium with

respect to the first, given by the ratio 𝑛2
𝑛1

. This relationship is known as Snell’s law1 [12]:

sin𝜃1
sin𝜃2

=
𝑛2
𝑛1

=
𝑣1
𝑣2

(1.4)

As an example, as light passes through a transparent material, such as the windows in
our homes, the deviation of light is nearly constant for all rays, meaning we can barely
perceive alteration of the rays coming from an object behind it. However, if the glass
through which light passes varies in thickness, it will cause the light to change direction
in proportion to the angle of the surface upon entering and exiting the glass. This is
similar to how some shower screens blur what is behind them, as any light passing
through them will be reflected in different directions. Essentially, lenses work similarly
to the previous examples. A polished piece of glass with a spherical surface bends the

1The refraction of rays, now known as Snell’s law, was a long-standing problem dating back to ancient
Greece. The oldest record of a (wrong) description of ray propagation from air into glass dates back to ancient
Greece and Ptolemy’s book on Optics. Abu Said al-Ala Ibn Sahl later corrected Ptolemy’s work, providing the
first correct mathematical description of what we now call Snell’s law [11].
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1.1. BUILDING AN ELECTRON MICROSCOPE

incoming rays proportionally to the distance of the ray to the center of the lens, causing
them to converge at a focal point.

Classical optics often use ray diagrams to illustrate how light travels, such as the one
shown in fig. 1.3. The diagram shows how rays coming from an object of size 𝑎𝑜 on the
Object Plane (OP) are focused by the lens at a focal distance 𝑓 in the Back Focal Plane
(BFP). These rays then converge to create an image of size 𝑎𝑖 at a distance 𝑑𝑖 on the Image
Plane (IP). It’s important to note that this diagram can be followed in either direction
(top to bottom or bottom to top) and that the names of the different planes are simply a
matter of convention.

Figure 1.3: Typical ray representation of a convex lens, the light emitted from an object
of width 𝑎𝑜 is bent and then replicated at a distance 𝑑𝑖 , producing an image of size 𝑎𝑖 .
The bent rays form a crossover point on both foci on either side of the lens at a focal
distance 𝑓 .

As the equations describing light and electrons’ propagation in the paraxial approxi-
mation are similar, we can again describe electron lenses’ behavior akin to round glass
lenses. Electron lenses use an electrostatic or magnetic field to replicate the spherical
profile found in an optical lens, creating a focusing effect on the electron beam that
passes through. It is important to note that the diagram in fig. 1.3 should be taken as a
visual reference only, as it is exaggerated horizontally. Despite the difference in scale,
both light and electron lenses have two main objectives: creating a magnified image of
each point in the object or focusing parallel rays to the smallest possible probe in the
focal plane of the lens.

Electromagnetic Lenses

Electromagnetic electron lenses use a magnetic field to focus an electron wave. When
an electric current flows through a cylindrical coil, known as a solenoid, it generates
a magnetic field with a toroidal shape around the wire. This magnetic field induces
magnetization in soft iron pole pieces around the coils, which shape and concentrate the
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field into a rotationally symmetric configuration along the optical axis, as illustrated in
Figure fig. 1.4.

An electron traveling through this magnetic field experiences a force that is proportional
to the field, as described by the Lorentz force:

F = −𝑒 (v × B) (1.5)

We can expand the cross-product to get the force components along each axis:

𝐹𝑟 ≈ −𝑒𝑣𝜙𝐵𝑧 (1.6)
𝐹𝜙̂ = −𝑒 (𝑣𝑧𝐵𝑟 − 𝑣𝑟𝐵𝑧) (1.7)
𝐹𝑧̂ ≈ 𝑒𝑣𝜙𝐵𝑟 (1.8)

When analyzing the components of the Lorentz force, we find that electrons entering a
magnetic field experience an azimuthal force, which causes them to spiral around the
optical axis. Additionally, under the paraxial approximation (𝑟 ≪ 1), the strength of the
radial field 𝐵𝑟 can be approximated as proportional to the radial distance 𝑟. Therefore,
the spiraling motion is primarily influenced by the axial field 𝐵𝑧 . The term 𝑣𝑟𝐵𝑧 adds a
secondary oscillatory component to the azimuthal force.

Notably, flipping the current’s direction will flip the magnetic field’s axial component,
changing the rotation direction. Additionally, we see that the electrons that deviate from
the optical axis will be subjected to a larger azimuthal force, which, in turn, will increase
the radial force component, focusing them toward the optical axis.

Focusing Effect and Lens Curvature

The focusing strength of the electromagnetic lens is intimately related to the curvature of
the electron’s trajectory.

The centripetal force experienced by an electron traveling through a rotationally sym-
metric electromagnetic lens is given by:

𝐹𝑟 =
𝑚𝑣2

𝜙

𝑅
(1.9)

Substituting the radial Lorentz force component, we get:

−𝑒𝑣𝜙𝐵𝑧 =
𝑚𝑣2

𝜙

𝑅
(1.10)

Solving for 𝑅 we can obtain the helical path of the electron as it travels through the lens’
field, often found in literature as the cyclotron radius, or Larmor precession:

𝑅 =
𝑚𝑣𝜙

𝑒𝐵𝑧
(1.11)
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1.1. BUILDING AN ELECTRON MICROSCOPE

This equation indicates that the radius of curvature 𝑅 is inversely proportional to the
strength of the axial magnetic field 𝐵𝑧 . From the perspective of the electron traveling
along the optical axis, the magnetic field varies from 0 to 𝐵max and then returns to 0,
hence the notion of this curvature.

From this, after going through some mathematical derivation, it can be proven that the
focusing strength of a lens is proportional to the square of the magnetic field along the
electron’s trajectory [13]:

1
𝑓
∝

∫
𝐵2
𝑧(𝑧)𝑑𝑧 (1.12)

While this explanation provides some general guidelines on the behavior of electromag-
netic lenses, for a more in-depth analysis of electron optics, several dedicated books on
electron microscopy detail this phenomenon [9, 13–15].

Figure 1.4: The diagram illustrates the cross-section of an electron lens in 2D (left). When
electrons enter the lens from a point in the focal plane (FP), they are deflected by the
magnetic field created by the current passing through the coils. The current flowing into
the page is represented by ⊗, while the current flowing out of the page is represented
by ⊙. This current magnetizes the soft-iron pole pieces, generating a toroidal magnetic
field around the coils. The distance to the back focal plane (BFP) can be adjusted by
increasing ( 𝑓𝑎) or decreasing ( 𝑓𝑏) the current flowing through the coils. The notation is
similar to that in fig. 1.3 to emphasize the parallels between electron and optical lenses.
The diagram is extended (right) to represent the electron velocity upon entering the lens
v = (𝑣𝑟 , 0, 𝑣𝑧), the magnetic field within the lens B = (𝐵𝑟 , 0, 𝐵𝑧), and the azimuthal (𝐹𝜙)
and radial (𝐹𝑟) forces resulting from the interaction. (adapted from [8]).

Despite significant technological advancements, electromagnetic lenses still exhibit im-
perfections. Small variations in the alignment or thickness of the copper coils result
in inconsistencies in the magnetic field generated by the lens. Additionally, the soft
iron pole pieces and surrounding conductors can experience switching of ferromagnetic
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domains due to the lens’s magnetic field, leading to remanent magnetization. This rema-
nent magnetization in the surrounding conductors leads to hysteresis and aberrations.

To address these issues, reset routines are often run on the coils to restore ferromagnetic
domains and lenses typically incorporate a water cooling system that helps minimize
resistance variations in the copper coils due to thermal gradients. Furthermore, most
lens modules are equipped with a pair of deflectors positioned at the top to align the
electron beam with the lens’s entrance, as well as a stigmator located at the bottom
(which will be briefly discussed in the following sections) to correct for irregularities in
the magnetic field.

Electrostatic Lenses

In an electrostatic lens, we assume that the magnetic field is zero and only consider the
electric field term, represented by E. The derivation becomes much simpler since there
is no longer a vector product between the electrons and the field. With a symmetrical
cylindrical electric field given by E = (𝐸𝑟 , 0, 𝐸𝑧) eq. (1.5)’s components become:

𝐹𝑟 = −𝑒𝐸𝑟 (1.13)
𝐹𝑧̂ = −𝑒𝐸𝑧 (1.14)

When electrons pass through the optical axis, the radial component of the electric field
(𝐹𝑟) is canceled out. However, if electrons enter the lens aperture at an angle, they will
acquire a radial velocity component from the inhomogeneous local electric field. This
can cause the electrons to converge or diverge, depending on the direction of 𝐸𝑟 .

The concept of electrostatic lensing was implicitly introduced in this chapter during the
discussion of electron emission. In a microscope with a thermionic gun, the Wehnelt
cylinder (shown in fig. 1.2(a)) is typically negatively biased and serves as the first lens
through which electrons pass. Electron microscopes can also utilize the 𝐹𝑧̂ component of
the electrostatic Lorentz force to accelerate electrons using a simple acceleration anode
(as shown in fig. 1.2(b)) or a more complex array of anodes with an electric field gradient
for a more robust and stable acceleration. In general, an electrostatic lens is a metallic
plate or an array of metallic plates set at high voltages, which can cause an electron beam
to converge or diverge and accelerate or decelerate the electrons passing through it (see
fig. 1.5).

Nonetheless, when working with electrons at high acceleration voltages (100-300 kV),
magnetic lenses are often a more practical solution. Achieving similar focal lengths
with electrostatic lenses at such energy levels and convergence requirements would
necessitate unfeasible electrostatic fields or disproportionately large dimensions for the
electrodes. As a result, electrostatic lenses are more commonly used in microscopes that
operate with lower-energy electrons [16–18], even as aberration correctors [19, 20]

An important point to consider within the scope of the thesis is that even though three-
electrode electrostatic lenses, also called Einzel lenses, are not practical for focusing high-
energy electrons, they can be used to locally shift the phase of the electron beam without
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Figure 1.5: Ray diagram representation of different types of electrostatic lenses: conver-
gent (a), divergent (b), two-electrode (c), and three-electrode (Einzel lens) (d). The figure
dimensions are exaggerated to illustrate the effect of the lens.

changing its propagation velocity. This ability has various potential applications, which
will be explored later.

Electron Lens Aberrations

In the previous sections, we discussed how imperfections in manufacturing and envi-
ronmental variations can affect the field generated by a lens, resulting in typical parasitic
aberrations. However, even with perfect lenses, aberrations are inevitable. The paraxial
approximation suggests that every point can be reproduced in the image, convolved by
a point spread function (PSF) induced by the diffraction-limited optical system (given
by eq. (1.1)). However, the difference in effective path length between rays entering the
lens at different angles or for rays with slight energy variations results in different focal
lengths. This effect is even more pronounced in electron microscopy, leading to the as-
sertion that electron microscopes, unlike optical ones, are aberration-limited rather than
diffraction-limited. In other words, the aberration limit prevents arbitrary selection of
our numerical aperture, ultimately resulting in lower effective resolution even at higher
numerical apertures.

The impact of spherical aberration has been known for almost a thousand years [21].
However, it wasn’t until 1857 that Seidel broke down the first-order monochromatic aber-
rations into different constituent terms. These are now commonly referred to as the five
Seidel aberrations: spherical, coma, astigmatism, field curvature, and distortion2 [22].
Generally, we can find distinct notations for the aberrations of an optical system across
different fields [23]. However, for this work, it is most convenient to follow the notation
of Uhlemann and Haider [24]. This notation allows us to express the aberration function
𝜒(𝜃, 𝜙) as a weighted sum of cosines:

2While defocus is technically an aberration, it is typically not considered as one since it can be fixed by
changing the image plane or changing the strength of the lens.
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𝜒(𝜃, 𝜙) = 2𝜋
𝜆

[
𝜃 𝐴0 cos (𝜙 − 𝜙11)+

𝜃2

2
(
𝐴1 cos (2(𝜙 − 𝜙22)) + 𝐶1

)
+

𝜃3

3
(
𝐴2 cos (3(𝜙 − 𝜙33)) + 𝐵2 cos (𝜙 − 𝜙31)

)
+

𝜃4

4
(
𝐴3 cos (4(𝜙 − 𝜙44)) + 𝑆3 cos (2(𝜙 − 𝜙42)) + 𝐶3

)
+

𝜃5

5
(
𝐴4 cos (5(𝜙 − 𝜙55)) + 𝐵4 cos (𝜙 − 𝜙51) + 𝐷4 cos (3(𝜙 − 𝜙53))

) ]
(1.15)

Following eq. (1.15), we can determine the phase shift on the electron wavefront at a
specific azimuthal position 𝜙 for a given numerical aperture 𝜃. The weighting parame-
ters used for this calculation include: shift 𝐴0, astigmatism 𝐴𝑖>0, coma 𝐵𝑖 , defocus 𝐶1,
spherical aberration 𝐶3, star aberration 𝑆𝑖 , and three-lobe aberration. These weighted
sum components are visually represented in fig. 1.6. Considering the summation of the
effect of all the aberrations, one can construct the phase term imposed by them on the
electron wavefront as 𝑒 𝑖𝜒(𝜃,𝜙).

Figure 1.6: Simulated phase aberrations constructed from eq. (1.15). The coefficients used
for the simulations are 𝐶1 = 𝐴1 = 20𝑛𝑚, 𝐵2 = 𝐴2 = 2𝜇𝑚, and 𝐶3 = 𝑆3 = 𝐴3 = 75𝜇𝑚.
All phase profiles are over a semi-convergence angle 𝛼 = 20 𝑚𝑟𝑎𝑑. The color bar on the
right represents the phase, while the amplitude is equal to one throughout the array

In 1934, Otto Scherzer and Ernst Brüche extended this theory to electrons, largely estab-
lishing the theoretical basis of geometrical electron optics [25]. In their work, they solved
a Laplacian equation system for the electromagnetic potential, given that the electron
energy is conserved and that the following assumptions apply:

1. The Electromagnetic field is rotationally symmetric
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2. The Electromagnetic field is static

3. The electron velocity does not change direction

4. There are no space charges

From this exercise, Scherzer concluded that every electromagnetic lens must have an
inherent positive spherical aberration [26].

In addition to the inherent lens aberrations, the energy spread of the electron beam can
cause chromatic aberrations. This is because the position of the back focal plane of a lens
depends on the electron’s wavelength, which in turn comes from its velocity3. However,
modern TEMs can typically compensate for this effect by adding a monochromator. The
monochromator, which typically operates in conjunction with the electron gun lens,
increases the spatial spread of the electron beam based on their energy levels. After the
beam is dispersed, an aperture is positioned along its path to narrow the energy spread
of the electrons before they reach the condenser system.

Aberration Correction and Multi-Polar Lenses

As discussed before, there are limitations to using electrostatic lenses for fast electrons
in the TEM column. Due to this, we are restricted to using convergent electromagnetic
lenses. The absence of a divergent electron lens makes correcting rotationally symmetric
aberrations challenging, which affects the instrument’s performance. However, Scherzer
proposed a solution to this problem shortly after he described the electron lens aberra-
tions [28, 29]. Scherzer’s proposal involves introducing multi-polar lenses to generate
non-rotationally symmetric fields, compensating for the aberrations. One example of
these lenses is the previously hinted stigmator, which employs a quadrupolar lens to
correct the parasitic aberrations generated by inhomogeneities in the lens field. Multi-
polar electromagnetic lenses are constructed based on the same principle as cylindrical
electromagnetic lenses, with the difference being that they use more than one solenoid,
typically oriented perpendicular to the optical axis, as shown in fig. 1.7.

In general, correcting lens aberrations follows a logical order. By examining the expan-
sion of the aberration function as shown in eq. (1.15) and illustrated in fig. 1.6, we can
determine that the next aberration coefficient to address is determined primarily by its
multiplicity, followed by the order of 𝜃. From this, and given that first-order astigmatism
(𝐴1) can be corrected with relative ease, we get that the first significant obstacle affecting
the performance of the TEM is Spherical Aberration (𝐶3), often denoted also as 𝐶𝑠 in
literature.

Several attempts to experimentally realize Scherzer’s original concept were made in the
later half of the twentieth century with varying levels of success [30–39]. However, it was
not until 50 years later that the Haider-Rose-Urban project successfully demonstrated this
concept [40–42]. Despite being seemingly straightforward on paper, the accuracy and
stability required to implement a spherical aberration corrector successfully posed one of
the most significant breakthroughs in the history of electron microscopy [43]. Technically

3This effect is similar to how light is refracted at different angles depending on its color [27], giving its
name to the aberration.
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Figure 1.7: The diagram in (a) depicts the magnetic field lines (in black) in a quadrupolar
lens. As the electrons move into the page with a velocity represented by v, they expe-
rience a radial Lorentz force 𝐹𝑟 . This force can be adjusted by regulating the current in
each solenoid (adapted from http://commons.wikimedia.org/w/index.php?curid=11
117039 by Geek3). In (b), there is an image of a hexapole corrector used in a TEM (source
http://commons.wikimedia.org/w/index.php?curid=16445968 by Materialscientist).
Finally, (c) shows a simplified ray diagram of a double-hexapole aberration corrector,
including the transfer lenses.

speaking, the original demonstration of such a spherical aberration corrector comprised
two magnetic hexapoles coupled by transfer doublets, as shown in fig. 1.7(b,c).

Nowadays, aberration correctors are commercially available and capable of correct-
ing well beyond third-order spherical aberration [44, 45], even for lower acceleration
voltages [46–48]. Altogether, the development and refinement of multi-polar electro-
magnetic lenses has expanded the horizon of TEM, making it one of the most capable
characterization techniques.

1.1.3 Electron Detectors

So far, we have discussed the process of extracting electrons from a source and ma-
nipulating their paths using lenses and other electromagnetic components. However,
even the most sophisticated electron gun and precise optical system would be ineffective
without a capable device to detect the electrons. In optical microscopy, our eyes detect
visible light emitted or reflected by objects, but they are limited in capturing images or
providing precise measurements. Similarly, in electron microscopy, the detector plays
a crucial role in converting the electromagnetic radiation or scattered electrons from a
sample into meaningful data. By using lenses to filter and project this radiation in vari-
ous ways, we can obtain detailed information about the specimen, such as a real-space
image with atomic resolution, a diffraction pattern in momentum space, or a spectrum
revealing chemical composition.

In the TEM, electrons are extracted from a source and initialized in a well-defined quantum
state, determined by the spatial and temporal coherence of the instrument [49,50]. When
these electrons interact with a sample, they encode information about the specimen into
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their altered wavefuction. Measuring this alteration with an electron detector allows
us to retrieve critical structural and chemical details. However, the detection process is
inherently affected by noise, which limits the accuracy of even unbiased measurements.

Detection in an electron microscope relies on energy exchange between the high-energy
probing electrons and the detector material. In the TEM column, the electrons possess
kinetic energy far exceeding the detector system’s thermal energy, represented by (𝑘𝐵𝑇).
This energy transfer alters the detector’s state, generating a measurable response. As-
suming the signal surpasses noise sources like electronic or shot noise, this response can
be processed and converted into a computationally analyzable format.

While factors like Detective Quantum Efficiency (DQE) and Modulation Transfer Func-
tion (MTF) influence the detector’s ability to maintain spatial resolution and signal
fidelity, this section will emphasize the geometric and positional aspects of detectors.
Focusing on these practical elements provides a solid foundation for understanding im-
age formation in common TEM operational modes without delving into the complex
physics of signal readout or electronic conversion.

Photographic film screens were one of the earliest electron detectors used in TEM [9,51].
When the transmitted electrons struck the screen, an image was produced based on
an interference pattern, which showed a contrast between areas with high and fewer
electron counts. Eventually, photographic film screens were replaced with electronic
pixelated detectors for enhanced performance and convenience [52–54], while the fun-
damental concept of image formation remained the same. The resolution of pixelated
detectors is generally limited by how accurately we can track the spread of energy de-
posited by an electron in a finite region of space. Furthermore, increasing the number of
pixels allows a finer sampling of the electron spread over a fixed collection angle (given
that the energy spread remains within one pixel). However, as discussed in section 1.2.3,
having more pixels will substantially increase data volume.

Another approach is to use the microscope’s probe-forming optics to encode spatial
information by densely sampling the material with a fine electron beam. A single-
pixel detector can then capture the scattered electron signal, providing one value for
each spatially encoded beam. This simplifies the readout process, as only one value
needs to be saved, which is proportional to the number of electrons scattered onto the
detector’s collection range. Furthermore, interpreting the signal becomes easier because
the contrast is a simple comparison between intensity values from each recording. The
principle behind single-pixel detectors is similar to that of a single-pixel comprising a
pixelated detector. However, single-pixel detectors typically have a ring shape and are
positioned in the dark-field region below the sample, where the distance between the
detector and the sample determines its angular collection range4.

4In most TEMs, the distance in question is not a fixed physical position, as that would significantly restrict
the instrument’s versatility. Instead, a projection system is responsible for projecting the image or diffraction
pattern onto a detector. This setup allows users to adjust the distance from the sample to the camera, known
as the camera length.
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1.1.4 Assembling the puzzle: the TEM optical bench

The preceding sections covered the primary components needed to build an electron
microscope. In an actual setup the microscope includes a cooling system and multi-
ple vacuum pumps. The instrument is normally placed on a sturdy base and has a
thick frame to minimize environmental vibrations. In some cases, it is also enclosed in
a metallic box, eliminating undesired external electromagnetic radiation and thermal
fluctuations. Additionally, multiple active elements can often work together to form a
module. Following the established convention in this work, the top module of an elec-
tron microscope is responsible for the extraction of electrons5, consisting of the gun and
accelerator, followed by the condenser. Next is the probe corrector (for probe-corrected
instruments), followed by the objective, typically located in the middle of the optical
bench, which houses the sample holder. Below the objective module, one can find an
image corrector (for image-corrected instruments), followed by the projection system,
and the spectroscopy module, often having different detectors along the way. All these
components are sketched in fig. 1.8, where a diagram of a state-of-the-art TEM is shown.

1.2 Working with an Electron Microscope

After reviewing the components often found in a TEM, we are now ready to use the
tool for material characterization. The two most commonly used modes in a TEM are
conventional TEM (CTEM) and scanning TEM (STEM). In the following sections, we will
briefly introduce these modes, discuss the physics of image formation, and provide an
overview of each’s main advantages and limitations.

1.2.1 Conventional Transmission Electron Microscopy (CTEM)

CTEM is a mode of operation in TEM where a sample is illuminated with a coherent
plane wave. In CTEM, the optical configuration is similar to traditional wide-field light
microscopy. In imaging mode, the detector plane is optically coupled with the bottom
plane of the sample, projecting the exit electron wave onto a pixelated detector, where
the scattered electron intensity is recorded. In this mode, our resolution is limited by the
aberrations of the objective lens. Modern systems have an aberration corrector capable of
achieving down to 0.5 Å [55,56]. With plane wave illumination, image contrast is caused
by variations in the transmitted beam, which can result from absorption, dynamical
effects (elastic scattering on a crystalline sample), or phase contrast (interference due to
local phase modulation of the electron wave by the sample).

The contrast in images at lower to medium magnifications is mainly due to dynamical
effects that result in high-angle scattering (intensity variations). At this magnification
level, the electron wave’s phase variations can lead to undesired artifacts like Fresnel
fringes due to imprecise focusing. However, when aiming for a high-resolution image

5In some cases, such as with Nion TEMs, the geometry is inverted. However, this does not apply to the
TEM work conducted in this thesis so we will adhere to this convention.
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Figure 1.8: Diagram showing the main optical elements of a FEI Titan1. The diagram
labels each component and groups them by modules, whose names are shown with
braces on the right. Most of the experimental results contained in this thesis were
obtained with this microscope.

(HRTEM), the fine structure of the material comes almost entirely from the phase con-
trast. For example, when electrons pass through a thin crystal that is oriented with one
of its main crystallographic axes aligned with the optical axis, they perceive the posi-
tively charged atomic nuclei along the columns as lower energy channels [57, 58]. This
phenomenon, known as atomic lensing or channeling, results in larger phase differences
and improved phase contrast.

The contrast transfer function (CTF) in CTEM can be expressed as follows:

𝐶𝑇𝐹(k) = 𝐴(k)𝑒 𝑖𝜒(k) (1.16)
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Where𝐴(k) represents the objective aperture, which is usually a top hat function, and the
phase term 𝑒 𝑖𝜒(k) is the aberration function of the spatial frequency k.6 In practical terms,
the equation for CTF yields that the highest spatial frequency 𝑘𝑚𝑎𝑥 is proportional to the
numerical aperture. However, as we are aberration-limited, objective lens aberrations
will typically hinder the interpretability of the spatial frequencies transferred by the
optical system.

Another option in CTEM is to project the exit electron wave onto the momentum space
(far-field diffraction). Under this projection condition, we can obtain a diffraction pattern
of our sample, which contains information about its crystalline structure.

1.2.2 Scanning Transmission Electron Microscopy (STEM)

In STEM, a sharp electron probe is used to scan the sample, obtaining one intensity
measurement per probe position to create an image. STEM has an advantage over CTEM
in that, in addition to the elastically (effectively no energy lost) or inelastically (some of the
electron energy is exchanged with the sample) scattered electrons transmitted through
the sample such as in, e.g., EELS [59], it can also capture other spatially-resolved signals
such as characteristic x-rays [60–66], visible light photons (cathodoluminescence) [67,
68], or electrons that originate from the material itself (secondary electrons) [69–71]
simultaneously taking advantage of the known position of the electron probe.

In STEM, the electron probe can be understood as the Fourier transform of the condenser
aperture, which is usually represented by an Airy pattern. However, in the following
chapters, we will explore instances where this is not the case. Furthermore, regardless
of the shape of the condenser aperture, aberrations in the condenser lens will distort the
STEM probe. This deformation is proportional to the semi-convergence angle (𝛼) for a
fixed aberration value. Mathematically, the probe function is expressed as:

𝜓(r) = ℱ
[
𝐴(k)𝑒 𝑖𝜒(k)

]
(1.17)

The term 𝐴(k) represents the aperture function, while the phase term 𝑒 𝑖𝜒(k) accounts
for the aberrations in the condenser system. Typically, the probe is scanned in a raster
pattern across the sample’s surface. At the same time, a single-pixel detector collects
a signal that is proportional to the number of scattered electrons within its angular
range. This single-pixel detector is typically configured as a ring located in the dark-
field region (at high scattering angles), which gives this scanning-detection technique
its name: High-Angle Annular Dark Field (HAADF) STEM [72–74].

Moreover, it is common practice to adjust the collection angle in the dark field to optimize
sensitivity for specific atomic elements [75,76], or even to collect data within the Annular
Bright Field (ABF) range [77, 78], as the signal received by the detector within a certain
angular range is proportional to the scattering cross-section of the atoms in the material,
which is generally related to the atomic number (Z) [79, 80]. In any case, the collection

6Typically, the CTF also includes a term 𝐸(k), representing an information envelope containing the spatial
and temporal coherence of the wave.
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angle of the detector is modified by changing the distance between the detector and the
sample using the projector system.

1.2.3 The Point Spread Function and the Reciprocity Principle

If we look closer at equations 1.16 and 1.17, we notice that they have a similar structure,
with the main difference being a Fourier transform. This resemblance arises from the fact
that the optical configuration of STEM is effectively the inverted version of that found in
CTEM. This observation highlights a crucial concept in TEM known as the reciprocity
principle [81, 82].

In CTEM, we get an image when electrons deposit their energy onto the detector. How-
ever, this energy is deposited over a finite area on the detector, leading to the concept of
a PSF for the detector. Naturally, if we reduce the width of this PSF, we achieve a higher
point resolution. This PSF, which comes on top of the PSF of the optical elements in the
microscope, links the physical characteristics of the detector, including thickness and
pixel size, to the achievable resolution in CTEM, given that the camera length is fixed.

Conversely, in STEM, the equivalent factors that influence resolution are the probe
diameter (our effective PSF in this case) and the scan’s step size, as the scattered signal
is captured using a single-pixel detector.

In both STEM and CTEM, resolution is linked to the numerical aperture of the system.
Users can typically set this aperture within a certain range, but it is often constrained by
optical aberrations.

According to the reciprocity principle, enhancing resolution in CTEM requires mini-
mizing the aberrations in the objective lens system and reducing the energy spread of
electrons on the detector. In contrast, in STEM, we need to focus on reducing the aber-
rations in the probe-forming optics of the condenser system to decrease the probe size,
while the detection process is more straightforward.

4D-STEM

Recently, there has been increasing interest in alternative setups for STEM. These config-
urations utilize a pixelated detector to capture the Convergent Beam Electron Diffraction
(CBED) pattern. This approach allows us to collect more information with each STEM
recording, as the scattering data is resolved in both the real space (sample plane) and
reciprocal space (diffraction plane) [83–85]. Although this concept was initially intro-
duced with a different naming convention [83, 86], the field has since adopted the more
commonly used term 4D-STEM [87].

This 4D dataset allows for increased dose efficiency and resolution through computa-
tional imaging reconstruction methods. Still, it comes at the cost of losing the live,
straightforward image formation of a HAADF-STEM image. Furthermore, recent re-
search has demonstrated that using 4D-STEM, one can achieve atomic resolution even
without an aberration corrector, showing extra robustness to the optical imperfections
of the imaging system [88]. It is worth noting that 4D-STEM techniques currently hold
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the record for the highest spatial resolution for an image [89, 90], which is superior to
the reported values both in CTEM and STEM.

Figure 1.9: The diagram below illustrates TEM’s most common operation modes. In
addition to adjusting the optical elements above the sample, a projection system (not
shown) is typically employed to magnify the image and switch between diffraction and
imaging modes. The most frequently used mode for STEM is HAADF, where an intensity
signal 𝐼𝛽 is captured for each probe position (𝑥, 𝑦) on the sample plane. More recently,
there has been growing interest in 4D-STEM applications, where a pixelated detector
in reciprocal space acquires spatially resolved intensity (𝐼𝑘𝑥 , 𝐼𝑘𝑦 ). These applications
are gaining attention due to their dose efficiency and ability to withstand some optical
imperfections in the microscope.
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The previous chapter covered the main pieces and operational modes in the TEM. While
CTEM and STEM provide critical insights into the structure and properties of materials,
they are fundamentally limited by the design of their components. Any electron micro-
scope operates by manipulating the trajectory of electrons traveling from the source to
the detector, with a sample placed along this path. This control is achieved by adjusting
the electromagnetic fields generated by the TEM’s numerous active elements. These
fields, in turn, shape the electron wavefront during its propagation through the column,
facilitating the interpretation of the signal at the detector. However, wavefront shap-
ing extends beyond electron microscopy, driving advancements across various scientific
disciplines.

Wavefront shaping, the ability to spatially and temporally manipulate the phase of co-
herent waves, has already transformed numerous fields. In radio and light astronomy,
wavefront shaping enables adaptive optics to correct atmospheric distortions and achieve
high-resolution imaging [91, 92]. Similarly, radar systems use it for beam forming and
improving signal detection [93]. In acoustics, wavefront shaping facilitates more precise
control of sound propagation for applications such as noise control and acoustic imag-
ing [94–96]. Seismology and telecommunications also benefit from wavefront shaping
techniques to enhance signal clarity and precision in detecting seismic waves and beam
forming for communication networks [97–99].

Given the advancements in these fields, incorporating wavefront shaping into electron
microscopy holds significant potential for improving existing techniques in TEM. Fur-
thermore, the versatility of wavefront shaping offers promising avenues for innovation
in electron microscopy, suggesting that its potential applications are far from being fully
realized.

Implementing wavefront shaping requires devices capable of inducing phase changes
in a wave within a specific area. These devices are often paired with automated control
systems to achieve desired functions for adaptive wavefront optimization. A classic
example of such a device in optics is the spatial light modulator (SLM), which typically
features a controllable array of mirrors or a liquid crystal-based system [100–102]. These
devices are crucial for precise wavefront control, and their adaptation into electron
microscopy could enhance its capabilities significantly.

Fundamentally, every TEM has lenses and deflectors that have some control over the
electron wavefront’s phase. Nevertheless, this manipulation is often limited by the
design of the components, given that:

• Electron lenses, due to their rotational symmetry, are limited to changing their
focal point along the optical axis within the TEM’s column

• Deflectors are designed to adjust the x-y position of the electron beam, shifting it
back to the optical axis or scanning a probe over the sample

• Aberration correctors provide the most versatility in terms of wavefront manip-
ulation. However, they are largely susceptible to mechanical instabilities and are
mostly optimized to achieve a stable flat phase profile that minimizes the effect of
Seidel aberrations in the lenses.

• Aberration correctors can only apply harmonic phase profiles by precisely control-
ling the boundary conditions of the fields in the multipoles.
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• Aberration correctors and lenses are relatively slow and experience hysteresis,
complicating precise automated wavefront control.

In other words, the optical components typically used in a TEM are optimized specifically
for CTEM and STEM, and any non-conventional wavefront shaping using these optical
elements is subjected to the aforementioned limitations. While there have been efforts
to utilize existing technologies, such as aberration correctors, in innovative ways to
develop new imaging modes [103–107], we are still far from achieving the versatility
and robustness seen in state-of-the-art SLM.

Arbitrary electron wavefront shaping in the TEM is challenging due to several factors.
First, manipulating the phase of matter waves is more complex than manipulating
photons or acoustic waves, mainly because of the significantly higher energy of the
accelerated electrons. Additionally, the physical space constraints within the column
and the vacuum requirements necessary to minimize scattering and maintain other
optical components (such as the field emission gun and lenses) limit the options for
integrating a reliable tool to modulate the electron wavefront.

Despite the challenges, recent developments over the past few decades have successfully
integrated some of the SLM capabilities into a TEM. In this chapter, we will provide
an overview of the key advancements in adapting the concept of SLM for electron
microscopy. Specifically, we will explore the physical principles underlying electron
wavefront shaping and highlight the significant developments that lead to today’s state-
of-the-art devices. Additionally, we will introduce Electrostatic Phase Plates (EPP) for
electrons, which are promising candidates for creating a generalized wavefront shaping
device in TEM.

2.1 Electron Wavefront Shaping

The modulation of accelerated electrons fundamentally depends on the interaction be-
tween the electron wave and an electromagnetic field. This is, in fact, the very principle
enabling electron microscopy imaging: as electrons traverse a material, they interact
with the electromagnetic fields generated by the atoms within the material, resulting in
specific modulations on the electron wave that ultimately reaches the detector. Thus, as
electron microscopists, our primary task is to decode the information imprinted onto the
electron wavefront by the material we study, revealing its properties. However, in this
section, we will not focus on the interactions between the material and the electron wave-
front. Instead, our primary focus will be on exploring the physical principles behind
electron wavefront modulation and extending them to the design of a programmable
device capable of arbitrarily modulating the phase of the electrons inside a TEM.

2.1.1 The Wave-Particle Duality of Electrons

In the previous chapter, we explored the concept of an electron lens from the perspective
of classical electrodynamics. In this framework, electrons are viewed as point-charged
particles that experience Lorentz forces along their trajectories, which was sufficient
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for our discussion. However, as introduced by De Broglie [3], electrons can also be
understood as matter waves through a quantum mechanical perspective. From this
perspective, their propagation is described by the Schrödinger equation1:

𝑖ℏ
𝜕

𝜕𝑡
Ψ(r, 𝑡) = 𝑯̂Ψ(r, 𝑡) (2.1)

Where ℏ is the reduced Planck’s constant, Ψ(r, 𝑡) represents the electron wavefunction,
and 𝐻̂ is the energy operator, often referred to as Hamiltonian [112, 113], which is
composed by the kinetic and potential energy contributions:

𝑯̂ =

(
𝒑̂2

2𝑚 +𝑉(r, 𝑡)
)

(2.2)

In this context, 𝑚 represents the relativistically corrected mass of the electrons, and
𝒑̂ = −𝑖ℏ∇ is the momentum operator, with ∇ =

(
𝜕
𝜕𝑥 +

𝜕
𝜕𝑦 +

𝜕
𝜕𝑧

)
.

Additionally, we can state that the fast electrons moving through the microscope’s col-
umn encounter a time-independent potential, denoted as 𝑉(r). Since the relativistic
electrons passing through the column perceive a snapshot of these fields, we can ap-
proximate the entire spatial evolution of the electron wave function from a stationary
perspective.

In fact, the fast electrons traveling through the sample spend an extremely short amount
of time within the potential field, much shorter than the timescale of the potential’s
temporal oscillations (such as those caused by vibrating atoms in a crystal lattice).
Therefore, we can approximate these potentials as static. To account for the effect of
atomic vibrations, we can average over several small, instantaneous displacements of
the atomic species. This approach is commonly referred to in the literature as the frozen
phonon approximation [114, 115].

As a result, we can consider the energy 𝐸 as a constant Eigenvalue of the Hamiltonian.
We can then separate the solution of the Schrödinger equation into spatial and temporal
components:

Ψ(r, 𝑡) = 𝜓(r)𝑒−𝑖𝐸𝑡/ℏ (2.3)

Where 𝜓(r) represents the spatial part of the wavefunction, and the exponential term is
a time-dependent phase factor that depends on the energy eigenvalue 𝐸 of the system’s
stationary state. As the derivative acts only on the exponential term of Ψ, and the
𝑒−𝑖𝐸/ℏ ≠ 0, we can simplify eq. (2.1) as:

1In a more rigorous formulation, the propagation of relativistic electrons should be modeled starting from
Dirac’s equation [108]. Nevertheless, the derivation presented here provides a reasonable approximation for
the spatial propagation of electrons in a TEM, as the energies involved in a TEM are well within the predictive
range of the Schödinger equation [109,110], including a relativistic correction of the wavelength and mass and
assuming that the spin has a negligible role [111].
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𝐸𝜓(r) =
[
− ℏ2

2𝑚∇2 +𝑉(r)
]
𝜓(r) (2.4)

This equation governs the stationary states of a quantum system. It can be used to
understand the interaction between the fast electrons in the TEM column and the quasi-
static fields generated by the optical elements, external fields, or the sample.

Young’s Double Slit Experiment

In the last section, we introduced the wavefunctionΨ(r, 𝑡), which describes the quantum
state of a particle, such as an electron. The square of the magnitude of this wavefunction,
|Ψ(r, 𝑡)|2, is the probability distribution for the particle’s position at some time 𝑡. This
interpretation reflects the wave-particle duality of quantum mechanics, a concept that
sparked significant debate and controversy in its early days. In this section, we will
briefly explore historical aspects and key theories and experiments that helped clarify
this debate, allowing us to understand the wave-particle behavior of electrons.

The classical corpuscular theory of light, as described by Newton [116], struggled to
explain phenomena such as interference and diffraction. In response, other theories that
accounted for the wave-like nature of light, such as Huygens’ wave theory [117], gained
wider acceptance. A pivotal experiment that helped validate the wave theory of light
was Young’s double-slit experiment [118]. In this experiment, Young demonstrated that
light passing through two narrow slits creates an interference pattern on a distant screen,
providing compelling evidence of its wave nature (see fig. 2.1). To follow up, Geoffrey
Ingram Taylor conducted an experiment in which the source of light was reduced con-
siderably in size, showing the appearance of interference fringes [119] and leading to a
famous statement by Dirac: "Each photon then interferes only with itself" [120].

Figure 2.1: Young’s double slit experiment simulation: as the number of photon counts
increases on the far-field detector, the interference pattern emerges, suggesting the wave-
like behavior of light.

Later, the proof of concept for wave-particle duality was extended to matter waves. The
first demonstration supporting De Broglie’s formulation for electrons was the Davisson-
Germer experiment [121], which confirmed that electrons can exhibit diffraction, a phe-
nomenon inherently related to wave interference. Subsequently, Claus Jönsson became
the first to replicate Young’s double slit experiment using electrons [122]. Following
the history of photon double slit experiments, later research by Merli et al. [123] and
Tonomura et al. [124] demonstrated the development of interference patterns resulting
from single electron events.
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2.1.2 The Aharonov-Bohm Effect

After explaining the wave-particle duality of electrons, we can introduce another fun-
damental concept in quantum mechanics essential for understanding the later chapters
of this thesis: the Aharonov-Bohm effect. The Aharonov-Bohm effect demonstrates that
electromagnetic potential fields can directly influence charged particles, even when no
electromagnetic fields are present [125]. Importantly, this effect highlights that, unlike in
classical physics, potentials are not merely mathematical tools; they possess observable
significance within the system.

In the presence of a static electromagnetic potential, electrons traversing a region of space
where both the electric and magnetic fields are zero may still undergo a phase shift. This
shift is proportional to the scalar potential 𝜙(r) and the vector potential A(r) present in
the surroundings, which are related to the electric and magnetic field, respectively as:

E = −∇𝜙(r) − 𝜕A(r)
𝜕𝑡 (2.5)

B = ∇ × A(r) (2.6)

Following the derivation for eq. (2.4), to account for the effect of the scalar potential 𝜙(r)
and the vector potential A(r) on the spatial evolution of an electron with charge −𝑒, and
in the absence of any other potential 𝑉(r) we simply need to add a correction to the
Hamiltonian such that:

𝐻̂ =
1

2𝑚 (𝒑̂ + 𝑒A(r))2 − 𝑒𝜙(r) (2.7)

In the presence of static, spatially varying potentials, the solution to the time-independent
Schrödinger equation will be modified by a phase factor to account for these potentials:

Ψ(r) = 𝜓(r)𝑒 𝑖Δ𝜙𝐴𝐵 (2.8)

And the phase factor Δ𝜙𝐴𝐵 is given by:

Δ𝜙𝐴𝐵 =
𝑒

ℏ

(∫
Γ

A(r) · 𝑑𝑧̂ −
∫
Γ

𝜙(r)𝑑𝑧
)

(2.9)

Where Γ is the trajectory of the electron beam in the propagation direction 𝑧̂.

From eq. (2.9), we get the local phase shift that the electron wavefront experiences as it
traverses a region of space, which is proportional to the strength of the potential fields
in that region.

For example, consider a long, thin solenoid that confines a magnetic field B inside it.
The magnetic field is zero outside the solenoid, yet the vector potential A extends into
the surrounding space. An electron beam split into two paths around the solenoid
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can acquire a relative phase shift due to the vector potential alone, which becomes
observable when the beams are recombined to form an interference pattern. The phase
shift is directly related to the magnetic flux enclosed by the electron paths, and this
shift alters the interference pattern, demonstrating that the vector potential exerts a
measurable influence (see fig. 2.2 (a)).

Figure 2.2: Schematics of experiments proposed by Aharonov and Bohm demonstrating
interference with a magnetic vector potential (a) and electric scalar potential (b). (a)
elements A, B, and C split the electron beam into two paths and interfere at F after being
influenced by the vector potential produced around a solenoid. (b) devices A, B, C, D,
and E divert and guide wave packets W1 and W2 through cylindrical metal tubes M1 and
M2 inside which we apply a scalar potential, resulting in interference at F. Schematics
are adapted from Fig. 1 and 2 of Ref. [125].

Alternatively, we can consider an electron wavefront traveling through areas of space
that have different scalar potentials. As a result, the interference pattern of the electron
wavefront will change due to the phase shifts acquired by the partial wavelets as they
encounter varying scalar potentials along their paths (see fig. 2.2 (b)). However, in
any practical realization of this effect, it is nearly impossible to create a region along the
electron’s trajectory that is entirely free of electric fields while maintaining a well-defined
scalar potential field. This limitation leads to a quasi-electrostatic interpretation of the
Aharonov-Bohm effect.

By combining the concepts from Young’s double slit experiment with the electric Aharonov-
Bohm phase shift, we can directly observe the variation in the resulting interference pat-
tern. Specifically, we can compare two scenarios: one in which there is no local projected
potential (electric scalar potential) and another where one of the slits is subjected to a
potential such that Φ𝐴𝐵 = 𝜋. In the latter case, we will see an alteration in the original
interference pattern. This change occurs due to the phase acquired by the wavefunc-
tion as it passes through the double slit in the presence of a scalar potential, yielding
destructive interference in the middle of the pattern, as illustrated in Figure fig. 2.3.

The wave-particle duality of electrons as matter waves, along with Young’s double-slit
experiment and the Aharonov-Bohm effect will play an important role to understand
the theoretical and experimental results that will be discussed throughout this work.

2.1.3 Phase Plates for Electrons

The concept of a phase plate for electrons has been partially discussed throughout this
work. Essentially, any optical element positioned along the path of an electron beam
functions as a phase plate by altering the field in a specific region along its propagation
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Figure 2.3: Young’s double-slit experiment (top) contrasted with a setup where one of
the slits is subjected to an electric scalar potential (bottom), resulting in a variation of
the interference pattern.

path. This modification effectively introduces a phase term to the solution of eq. (2.1).
Therefore, whether we use a traditional electromagnetic lens or a double-slit aperture
with a projected potential, we essentially have a phase plate for electrons. In the following
section, we aim to explore how to take advantage of the electrostatic Aharonov-Bohm
effect further to develop a controllable spatial modulator for the electron wavefront.

2.1.3.1 Single-Element Electrostatic Phase Plates

Börsch introduced the concept of an electrostatic phase-shifting element for electron
waves in 1947 [126]. In his design, Börsch relied on the electrostatic Aharonov-Bohm
phase shift described in eq. (2.9) to modulate the phase of an electron wavefront locally.
Using this principle, an EPP for electrons can adjust the phase shift by modulating
an electric field induced by a chosen voltage. Despite the relatively simple concept
behind this EPP, Börsch pointed out the technological difficulties of creating such a
miniaturized component at that time, which delayed its realization for a few decades. As
technology advanced, Matsumoto and Tonomura materialized the idea by developing
a miniaturized Einzel lens comprising a biased metal layer between two grounded
electrodes, called 𝜆/4 phase plate [127]. An adaptation of the original schematic by
Börsch and the implementation by Matsumoto and Tonomura are shown in fig. 2.4.

Recently, the miniaturized Einzel lens has been employed to create EPPs for electron
microscopy, commonly referred to as Börsch phase plates [128,129]. Initially, this concept
aimed to adapt the Zernike phase plate [130–132] for use in the TEM to enhance contrast
in biological imaging, rather than serving as a generalized wavefront shaping device.
When the phase plate lens is positioned in the back focal plane of the objective lens, it
shifts the unscattered beam that passes through the active element (see fig. 2.4 (b)). This
setup conveniently produces an image of the sample on the image plane, emphasizing
the contrast related to the phase shift introduced by the sample. A more detailed analysis
of this concept will be presented later in chapter 5.
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Figure 2.4: Diagram of an electrostatic phase shifting element, as proposed by Börsch,
adapted from [126]. Implementations of a Zernike Phase Plate are shown using a thin
film (a) and a small Faraday cage (b). A different setup of (b) is shown in (c), where the
central and surrounding beams travel inside the cage. The miniaturized realization of
Börsch’s Einzel lens concept, as demonstrated by Matsumoto and Tonomura, adapted
from [127] (d), with a more detailed view of the layers in (e).

One of the first implementations of the Börsch phase plate was conducted by Schultheiss
et al. [133], who introduced symmetrical support beams to provide mechanical stability
to the device. Several alternative implementations of Börsch phase plates can also be
found in the literature [134–136].

Other researchers have investigated EPPs with cylindrical symmetry, taking different
approaches. For example, Tamaki et al. proposed a design in which the contact potential
of a bimetallic structure serves as the self-biasing element, projecting an electric field
into the enclosed region of the device [137].

Some researchers have explored an alternative symmetry involving a layered structure
integrated into the objective aperture, forming a protruding beam. This configuration
for an EPP is commonly known as a Zach phase plate [138]. In this setup, electrons
traveling through the device experience phase shifts corresponding to their distance
from the center of the aperture, where the protruding beam is located. This effect is
due to the potential gradient generated by this active element. Several studies have
highlighted the significant role of the Zach phase plate in phase imaging [139–143].

2.1.3.2 Multi-Element Electrostatic Phase Plates for Electrons

Single-element EPP devices have been implemented and tested in the TEM with partial
success. However, they are limited to a narrow angular range (the transmitted beam)
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when adjusting the electron wavefronts’ phase, which reduces their versatility for more
generalized wavefront shaping. To create a more versatile wavefront shaping device
closer to the capabilities of an SLM used in light optics, we need to increase the number
of individually adjustable phase-shifting elements in the EPP. The multi-element electro-
static EPP consists of an array of Einzel lenses with separate voltage sources. However,
achieving this requires fitting all the necessary supports and interconnections for con-
trolling each phase-shifting element into a device small enough to be inserted into a
conventional TEM, and these increase with the number of pixels it possesses. However,
here we will focus on the general concept, and the practical design details about the
device will be discussed later in chapter 3. Despite the technological challenge, the first
demonstrations of multi-element EPPs in a standard TEM by Verbeeck et al. showcased
a prototype device consisting of 2×2 phase-shifting elements mounted on a Dens Solu-
tions Wildfire in-situ heating chip holder positioned on an especially designed heating
chip [144] (see fig. 2.5 (b)). In their work, the EPP’s capabilities are tested by generat-
ing unique wavefront profiles by changing the potential in each programmable pixel.
Furthermore, expanding the concept to a more generalized multi-element EPP was sug-
gested, along with a list of potential applications for them. Similarly, Thakkar et al.
presented a three-element multi-layered structure that achieved similar electron wave-
front control and provided a detailed description of the manufacturing process [145]
and later improvement of it to reduce cross-talk between neighboring pixels [146].

Figure 2.5: Demonstration of a 2x2 Electrostatic Phase Plate for Electrons. The diagram
in (a) illustrates the operational principle of the device, where different voltages are
applied to each of the individual conductive cylinders. This configuration creates a
4-slit aperture Aharonov-Bohm device. Part (b) presents an SEM image of the device
mounted on the Dens Solutions Wildfire in-situ heating chip holder. Figure adapted
from [144]
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2.2 The landscape for Electron Wavefront Shaping

So far, we have explored how arbitrary wavefront shaping can be achieved, but we have
only begun to consider the potential applications and challenges that this development
aims to address. For instance, with the increasing use of plasmonic nanoparticles with
various shape complexity, phase-modulated illuminations can probe the symmetries
of various plasmonic modes through phase-shaped electron energy loss spectroscopy
(PSEELS) [107,147,148]. Another area that could benefit from electron wavefront shaping
is phase retrieval. The long-standing phase problem in electron microscopy significantly
limits the microscope’s ability to find atomic sites in a unit cell, detect light elements
without damaging the specimen, or provide high contrast for atomic species with similar
atomic numbers. Incorporating phase diversity into the electron beam could enhance
information retrieval, resulting in more dose-efficient measurements or improved phase
contrast. This topic will be discussed in detail in chapter 5.

Electron microscopes encounter several challenges, including the need for highly trained
operators and expensive components. Moreover, some electron microscopy experi-
ments, such as tomography, could take significant time and effort to yield usable data.
Like SLM in light optics, electron wavefront shaping presents a promising solution.
Adaptive EPPs could facilitate automated measurements, enhance aberration correction,
and offer a versatile alternative to some of the current electron microscope modules, as
we will cover in chapter 3 and chapter 4.

Within the scope of all concepts presented in this chapter, the main objective of this thesis
is to explore the potential application of wavefront shaping in electron microscopy. For
that, we will subdivide this exploration into three main topics:

• If we want to correct for aberrations in the TEM, how can we design an EPP to
achieve this? Additionally, how can we connect existing and emerging technologies
to reach this objective?

• What is the behavior and performance of the latest state-of-the-art EPP, and how
effectively can it be integrated with traditional TEM operation modes?

• What are the ultimate limits of electron wavefront shaping, and how do they
compare with the field’s golden standards?

Furthermore, we will provide a comprehensive overview of the technology from an
end-user’s perspective, highlighting its ease of operation and seamless integration into
various microscopy setups. Lastly, we will summarize this thesis’s key findings and
discuss the challenges and engineering obstacles that must be overcome to harness this
technology’s potential fully.
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Summary

The recent advancements in programmable electrostatic phase plates allow us to explore
their potential applications. In this chapter, we examine various designs for phase plates
with the specific aim of correcting spherical aberration in TEM. Through numerical
analysis, we investigate whether a phase plate could achieve spatial resolution as fine
as 1 Ångström on a standard uncorrected TEM. We assess some design aspects, such
as fill factor, pixel pattern, and symmetry, to understand their impact on the electron
probe size and current density. Our findings suggest that certain proposed designs can
produce a probe size as small as 0.66 Å, indicating the potential for correcting spherical
aberration beyond the 1 Å limit using a programmable phase plate composed of an array
of electrostatic phase shifting elements.

3.1 Introduction

As previously discussed in section 1.1.2, the development of the aberration corrector,
originating from the Haider-Rose-Urban project [40–42], represents one of the most
significant breakthroughs in electron microscopy. Interestingly, inspired by what has
been discussed throughout this work, we can describe the aberration corrector as a
combination of optical multipoles that apply a phase plate to the electron wavefront,
compensating for the aberrations caused by spherical electromagnetic lenses.

In this section, we build upon the concepts discussed in chapter 2 to explore a novel
method for correcting optical aberrations. Our main focus is on third-order spherical
aberration (𝐶𝑠), as lower-order aberrations can typically be managed using relatively
simple components like stigmators, deflectors, or lenses. In contrast, correcting 𝐶𝑠 poses
a greater challenge and was the primary objective of the first aberration corrector project.
To tackle this issue, we draw inspiration from SLMs and propose the design of an array
of electrostatic Einzel lenses. This array aims to apply a position-dependent phase shift
to the coherent electron wavefront.

The concepts and reasons why a programmable phase plate is attractive for electron
microscopy have been discussed briefly in chapter 2. Following this interest, several
groups have explored different means to achieve similar freedom in phase shaping of
electron beams using miniaturized multipolar lenses [149], interaction with optical near
fields [150–154], electrostatic nanofabricated elements applying a projected potential to a
region of free space [133,140,155–157], and many others to be discussed in later chapters.

In this chapter, we have chosen a technological approach that builds upon the proof
of concept established first by Matsumoto and Tonomura [127], and then extended to
multiple phase pixels by Verbeeck et al., as detailed in section 2.1.3.2 and illustrated in
fig. 2.5. We will evaluate whether an array of electrostatic phase shifters can function
effectively as a 𝐶𝑠 corrector for TEM. Demonstrating the feasibility of this solution would
allow for the integration of a small device into the TEM column with minimal alterations
to its existing configuration. Additionally, it would provide a rapid response tool that
can auto-tune and address instrument or specimen-induced drifts when combined with
adaptive algorithms. This capability could streamline experiments and improve dose
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efficiency, which will be discussed in later chapters of this work.

As simple as the idea may sound, the devil is in the details, and this chapter attempts
to give an overview of the design parameters that have to be balanced between manu-
facturability and expected performance to evaluate whether aberration correction with
a programmable electrostatic phase plate could have a future in TEM.

3.2 Methods

3.2.1 Electron Beam Parameters to be Optimized

In order to evaluate different designs for programmable phase plates, we need to first
agree on the beam parameters to optimize. For aberration-corrected STEM, we are
interested in spatial resolution and current density in the electron probe. It is convenient
to determine the spatial resolution by using the 𝑑50 metric, defined as the real-space
diameter containing 50% of the probe intensity [158]. This definition closely relates to
the full width at half maximum (FWHM) for very sharp beams. However, it also has
the added benefit of taking into account the influence of scattered current in the outer
regions of the electron probe, known as beam tails. For the case of current density, we
assume that the phase plate is coherently illuminated with a uniform incident beam.
This would result in a total probe current of 𝐼0 if a circular aperture, matching the total
diameter of the phase plate, were used instead. As the electrostatic phase plate will
block part of this beam inherent to the construction of the segments making up for it
(sketched in fig. 3.1), we get that the beam current with the phase plate is 𝐼′ = 𝐼0 𝜁 with
𝜁 the fill factor of the specific phase plate. Ideally, this fill factor should be as close to 1
as possible, meaning no blocking of the electron beam, but practical design constraints
will determine what is realistic to achieve.

The average current density, 𝐽50, in the 𝑑50 probe diameter is then given as:

𝐽50 =
4𝜁𝐼0
𝜋𝑑2

50
(3.1)

In comparison, for an ideal aberration-corrected system with circular aperture and con-
vergence half angle 𝛼, this becomes:

𝑑50,𝑖𝑑𝑒𝑎𝑙 ≈ 0.514𝜆
𝛼

(3.2)

𝐽50,𝑖𝑑𝑒𝑎𝑙 ≈ 15.152 𝐼0𝛼
2

𝜋𝜆2 (3.3)

Note that in this theoretical design exercise, we ignore other contributions to experimen-
tal probe broadening, such as those caused by source size [159], vibrations, sources of
electronic noise, thermal drifts, or chromatic aberrations that could affect the final probe
size [160].

To keep the arguments as general as possible, we focus on high-level design parameters
and avoid going into details and technical challenges arising from manufacturing.
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Figure 3.1: Sketch of a conventional round aperture versus an array of phase-shifting
elements occupying a similar area as in the round aperture case. Parameters such as
fill factor (𝜁) and angular range (Δ𝜃) are indicated along with the relation between
maximum aperture (𝜃𝑚𝑎𝑥) and radius (𝑟(𝑚)). We show where the interconnections and
supports are allocated in the aperture, thus reducing the fill factor.

3.2.2 Phase Plate Design Parameters

After listing the probe parameters we aim to study and optimize, we will now provide
insight into some phase plate design considerations to achieve probe size reduction and
increase current density. We want to pay special attention to the number of phase-
shifting elements, their width, and the percentage of the aperture they will block (all
correlated through the interconnections that deliver the bias to each element). A simple
rule of thumb is that more segments come with more interconnections, thus blocking
more of the incoming electron beam. However, as mentioned before, we will discuss the
mathematical implications of the design choices for the phase plate segments, leaving
the manufacturing of the phase plate itself out of the scope of this study.

3.2.2.1 The Role of the Fill Factor

As mentioned above, adding material to the beam’s path is inevitable if we aim to break
the symmetry constraints imposed by the Maxwell equations on fields in free space,
which leads to the concept of the fill factor (𝜁). This modulation of the local amplitude
of the electron beam will inevitably lead to a broadening of the probe as long-range tails
are introduced.

If we try to estimate this effect, we can begin with a wavefunction on the probe forming
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aperture with a constant amplitude:

𝜓𝑖𝑛(k) =
1√
𝐴
𝑎(k)𝑒 𝑖𝜙(k) (3.4)

With 𝑎(k) a function defining the aperture’s shape being either 1 (k < 𝛼) or 0 (k > 𝛼),
𝐴 =

∫
𝑎(k)𝑑2k is the total area of the aperture, 𝜙 the local phase, and k a vector in the

aperture plane. The wavefunction in real space then becomes:

Ψ (r) =
∫

𝜓𝑖𝑛(k)𝑒 𝑖k·r𝑑2k (3.5)

We consider as the ideal case a circular aperture and a flat phase (i.e., the diffraction
limit). In this case, the probe will be the sharpest and the wave will have a value at the
central point:

Ψ𝑖𝑑𝑒𝑎𝑙 (0) =
1√
𝐴

∫
𝑎(k)𝑑2k =

√
𝐴 (3.6)

Now, suppose we want to describe the situation of a pixelated phase plate with the same
outer dimensions. In that case, we can put a mask 𝑀 over the ideal aperture, which
is either 1 (electron transparent) or 0 (not electron transparent). Again, we assume the
ideal case where the pixelated phase plate can still provide a flat phase in those areas
where the plate is electron transparent, we get:

𝜓𝑝𝑝(k) = 𝜓𝑖𝑛(k)𝑀(k) (3.7)

This mask changes the maximum of the real space wave function to:

Ψ𝑝𝑝(0) =
√
𝐴𝜁 (3.8)

With 𝜁 =
∫

𝑀(k)
𝑎(k) 𝑑

2k the fill factor of the phase plate.

Now, let us consider the resulting probe, which consists of the sum of the ideal corrected
wave and an unwanted tail part:

Ψ𝑝𝑝(r) = 𝜁Ψ𝑖𝑑𝑒𝑎𝑙(r) +Ψ𝑡𝑎𝑖𝑙𝑠(r) (3.9)

Where 𝜁 describes the scaling of the central maxima with respect to the ideal corrected
case. We can now write the intensity of the probe as:

𝐼𝑝𝑝(r) ≈ 𝜁2𝐼𝑖𝑑𝑒𝑎𝑙(r) + 𝐼𝑡𝑎𝑖𝑙𝑠(r) (3.10)

With any given intensity being 𝐼𝑖 = |Ψ𝑖 |2, and assuming that the current of the tails does
not overlap with the central spot. This assumption is reasonable given that the ideal
probe is a maximally compact function near the center, and the tails come from the high
spatial frequencies of the mask, which are much smaller than the total aperture radius.

If we normalize the total current illuminating the round aperture 𝐼𝑖𝑑𝑒𝑎𝑙,𝑡𝑜𝑡𝑎𝑙 = 𝐼0 = 1 for
simplicity, the total intensity in the probe then becomes:

𝐼𝑡𝑜𝑡,𝑝𝑝 ≈ 𝜁2 + 𝐼𝑡𝑜𝑡,𝑡𝑎𝑖𝑙𝑠
𝜁 ≈ 𝜁2 + 𝐼𝑡𝑜𝑡,𝑡𝑎𝑖𝑙𝑠

𝐼𝑡𝑜𝑡,𝑡𝑎𝑖𝑙𝑠 ≈ 𝜁(1 − 𝜁)
(3.11)
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If we normalize the tails relative to the total intensity in the probe, we get:

𝐼𝑡𝑜𝑡,𝑡𝑎𝑖𝑙𝑠 ,𝑟𝑒 𝑙 ≈ 1 − 𝜁 (3.12)

In other words, the unwanted tail part of the probe formed by a pixelated phase plate
scales approximately as 1 − 𝜁, as illustrated in fig. 3.2. These tails will form a low-
resolution background signal to any scanned probe setup. This background is un-
desirable for most conventional imaging methods, such as HAADF-STEM, because it
increases counting noise. Additionally, these tails are particularly problematic for spec-
troscopic methods as they introduce counts from electrons situated away from the probe
center. To prevent these tails, we want to create a mask with the highest possible fill
factor. For the same reason, to optimize the value of 𝑑50, we need a 𝜁 > 0.5, and the
ideal case would be to bring this value as close to 1 as possible. Cutting off the tails with
an aperture placed lower in the TEM column could be another option, but this would
require cutting apertures with an equivalent real space diameter only slightly larger
than the probe size, which seems extremely difficult to obtain if we aim for Å probes,
especially when considering that working in another (magnified) plane than the sample
plane will introduce inevitable lens aberrations.

3.2.3 Phase Plate Pixel Pattern

In order to best compensate for the lens aberrations in a pixelated phase plate, it is
important that each phase-changing segment can locally correct for the phase error of
the other lenses in the microscope as well as possible. This will naturally lead to pixel
patterns that mimic the aberration function’s symmetry. Starting from the aberration
function 𝜒(𝜃) and considering only the defocus 𝐶1 = (Δ 𝑓 ) and 𝐶3 = 𝐶𝑠 terms, eq. (1.15)
becomes:

𝜒(𝜃) = 𝜋
𝜆

[
−Δ 𝑓 𝜃2 + 𝐶𝑠

2 𝜃4
]

(3.13)

We now look for the highest angle that still can be corrected by a segment in the phase
plate, and we assume a cylindrically symmetric set of segments covering an angular
range between 𝜃𝑖 and 𝜃𝑖+1. A second-order Taylor expansion of the aberration function
around 𝜃𝑖 leads to:

𝜒 |𝜃𝑖 (Δ𝜃) ≈
𝜋
𝜆

[
−Δ 𝑓 𝜃2

𝑖 +
𝐶𝑠

2 𝜃4
𝑖

]
+

2𝜋
𝜆

[
−Δ 𝑓 𝜃𝑖 + 𝐶𝑠𝜃3

𝑖

]
Δ𝜃+

𝜋
𝜆

[
−Δ 𝑓 + 3𝐶𝑠𝜃2

𝑖

]
Δ𝜃2 + . . .

(3.14)

3.2.3.1 Zeroth-Order Phase Correction

Suppose we use a zeroth-order phase plate, producing a constant phase shift which
is programmable per segment. If we allow for a maximum phase error 𝜖 within each
segment, we get the maximum angle up to which we can correct:

𝜒 |𝜃𝑖 (Δ𝜃) < 𝜖 (3.15)
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Figure 3.2: Representation of the effect of the Fill Factor (𝜁) on probe intensity. Due to
the amplitude modulation, the resulting probe intensity, represented as |Ψ𝑝𝑝 |2, will have
a portion of its intensity in the central lobe, with maximum intensity (𝐼𝑚𝑎𝑥) proportional
to 𝜁. The contrast of the probe arrays shown on the right has been adjusted arbitrarily
to enhance the visibility of the much lower-intensity tails. Additionally, a cumulative
integrated intensity is shown below. The shaded areas roughly indicate the wanted sharp
probe section (green) and the unwanted longer-range tails (red), with a diffraction-limited
probe shown in black for comparison.
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𝜋
𝜆

[(
−2Δ 𝑓 𝜃𝑖 + 2𝐶𝑠𝜃3

𝑖

)
Δ𝜃 +

(
−Δ 𝑓 + 3𝐶𝑠𝜃2

𝑖

)
Δ𝜃2

]
< 𝜖 (3.16)

This puts an upper limit on the maximum angle that can be corrected depending on how
small we can make Δ𝜃. If we assume only 𝐶𝑠 needs correction, we can choose Δ 𝑓 = 0,
and consider the first-order Taylor expansion to be sufficient. We then get:

Δ𝜃 <
𝜖𝜆

𝜋2𝐶𝑠𝜃3
𝑖

(3.17)

For a typical 𝐶𝑠 = 1 mm, 𝜃𝑖=15 mrad, and 𝜖 = 2𝜋/10, we obtain a Δ𝜃 < 58𝜇𝑟𝑎𝑑. This
would require feature sizes of the segments of only 0.3% of the total aperture diameter
and could become rather difficult to manufacture. Alternatively, we can express the
maximum angle for a given minimum size of Δ𝜃:

𝜃𝑚𝑎𝑥 <

(
𝜖𝜆

2𝜋𝐶𝑠Δ𝜃

) 1
3

(3.18)

This leads to 5.8 mrad for Δ𝜃 = 1 mrad, giving us the maximum aperture angle we can
correct with a flat phase within the given error 𝜖.

3.2.3.2 First-Order Phase Correction

If, on the other hand, we allow for first-order correction in each phase segment, meaning
a linear projected potential ramp in the radial direction and thus requiring at least two
independent potential electrodes per segment, the situation changes. In this case, the
phase could be corrected up to the first order, and we get the phase error:

𝜒 |𝜃𝑖 (Δ𝜃) < 𝜖 (3.19)
𝜋
𝜆 |

(
−Δ 𝑓 + 3𝐶𝑠𝜃2

𝑖

)
|Δ𝜃2 < 𝜖 (3.20)

Δ𝜃 <
√

𝜖𝜆
𝜋(Δ 𝑓+𝐶𝑠3𝜃2

𝑖 )
(3.21)

For simplicity, we choose Δ 𝑓 = 0 , which yields:

Δ𝜃 <

√
𝜖𝜆

3𝜋𝐶𝑠𝜃2
𝑖

(3.22)

For a typical 𝐶𝑠 = 1 mm, 𝜃𝑖=15 mrad and 𝜖 = 2𝜋/10, we get Δ𝜃 < 0.76 mrad which is
≈13 times larger as compared with zeroth-order correction. Following the steps of the
previous section, we can express the maximum angle for a given minimum size of Δ𝜃:

𝜃𝑚𝑎𝑥 <

√
𝜖𝜆

3𝜋𝐶𝑠Δ𝜃2 (3.23)

This leads to 11.46 mrad for Δ𝜃 = 1 mrad, nearly double its zeroth-order counterpart.

We give a simplified sketch of the main building blocks needed to make up for both
a zeroth- and first-order phase-shifting elements in fig. 3.3. Furthermore, we show a
plot of eq. 3.17 & eq. 3.22 in fig. 3.4 for two different phase errors 𝜖. To put this into
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perspective, we give the resolution ranges for some manufacturing techniques (shaded
regions).

In order to translate the previous results to meters, we can take a scaling factor to relate
angle (mrad) and physical distance (meters), assuming that the widest area we can
coherently illuminate is in the order of 100𝜇m (so, despite the maximum aperture angle
𝜃, we still illuminate the same area in meters). With this in mind, and looking at the
right axis scale on fig. 3.4, we can get a value for the physical dimension corresponding
to the minimum Δ𝜃 needed to keep the phase error under a specific error (𝜖).

Figure 3.3: Sketch of zeroth- and first-order phase element as the main building blocks
of an array of programmable phase-shifting segments.

3.3 Results

Integrating the design rules discussed above, we numerically simulated a set of different
electrostatic phase plate designs to test their capabilities to correct 𝐶𝑠 at 300 keV with two
approaches: (1) applying constant phase shift (zeroth-order) and (2) a combination of
constant and linear ramp shift (first-order) segments. As𝐶𝑠 is rotationally symmetric, the
proposed designs all consist of concentric rings to make maximum use of the symmetry
of the problem.

For reference, these proposed concentric segments shown in fig. 3.5 (a-d) are analogous
to those labeled in fig. 3.1 as individual phase segments, with the only difference being that
we reduce the spacing between segments arbitrarily for our study, and their working
principle is the same as the one sketched in fig. 3.3.

After some design iterations, we narrowed down the study to compare three apertures:
zeroth-order concentric rings (fig. 3.5 b), a hybrid design (fig. 3.5 c), and a simplified
version of the latter (fig. 3.5 d). We show the resulting probe profiles from the apertures
in fig. 3.5 (i). This figure shows how the probe from all proposed designs approaches
that of a corrected instrument, visibly improving over a non-corrected instrument. It
should be mentioned that fig. 3.5 (i) only gives a view of an azimuthally integrated
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Figure 3.4: MinimumΔ𝜃 needed to correct for𝐶𝑠 as a percentage of the total aperture for
different phase errors 𝜖 (left axis, log scale). These can be translated to minimum segment
feature sizes when assuming a total aperture diameter of 70 𝜇m (right axis). The shaded
regions (green, violet, red) show the approximated region where photolithography,
extreme ultraviolet (EUV) lithography, and electron beam lithography (EBL) would be
required to make such features [161].

intensity which is normalized to the maximum intensity of each probe for scale (y-axis)
and shows only the tails of the lower spatial frequency features (x-axis).

The fill factor (𝜁) displayed in fig. 3.5 was calculated by counting the number of pixels
in the matrix with a value different than 0 and dividing it by the total number of pixels a
round aperture with the same radius will have. Furthermore, the spacing between holes
shown in fig. 3.1 is arbitrarily reduced for simplicity.

The calculated probe size (𝑑50) for the different proposed designs is shown in fig. 3.6,
under optimal conditions (i.e., Scherzer’s defocus). The 𝑑50 value is thus simulated
for each of the plates, with an increasing opening angle. We find that all the proposed
designs offer some𝐶𝑠 correction. However, the linear phase profile obtained by applying
first-order correction can keep the phase relatively flat for higher opening angles, further
reducing the probe size. More specifically, we reach a 𝑑50 value of 0.93Å at 15 mrad for
the zeroth-order phase plate, a 𝑑50 of 0.66Å at 21 mrad for the hybrid design and a 𝑑50 of
0.75Å at 18 mrad for the simplified hybrid design. These values represent a 40%, 57%,
and 52% improvement in spatial resolution, respectively, compared to a non-corrected
instrument. At higher opening angles (i.e., larger than 21 mrad), we must reduce the
width of the segment to reduce the phase error, and this will eventually become an issue
for fabrication.

The relative current density can be calculated from eq.3.1 and is plotted in fig.3.7 as-
suming 𝐼0 =50 pA, all the proposed designs increase this value. More specifically, 6.4x
for the zeroth-order phase plate, 28x for the hybrid phase plate shown, and 16.4x for the
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Figure 3.5: Simulated performance of different apertures at 300 keV. (a) The aberrations
over a corrected round aperture at 21 mrad with 𝐶𝑠 = 1𝜇𝑚 and Scherzer’s defocus. The
aberrations for (b,c,d) are 1.2 mm 𝐶𝑠 with Scherzer’s defocus as well. (b) A zeroth-order
phase plate with 19 segments and ≈ 77% fill factor at 15 mrad opening angle, (c) and
(d) hybrid correction phase plates with four central zeroth-order segments followed by
eight first-order segments and ≈ 89% fill factor at 21 mrad in the case of (c), and one
central zeroth-order hole followed by eight first-order segments and ≈ 92% fill factor at
18 mrad for (d). (e-h) The simulated probe intensities below the corresponding phase
plate responsible for them; the simulation box is 6x6Å . (i) A radially integrated profile
for each of the abovementioned figures. The proposed alternatives improve the spot
size compared with the aberrated instrument. However, it is important to mention that
the feature size of the smallest segment in (b) is ≈ 270𝑛𝑚, whereas the hybrid plates’
segments are 1.5𝜇𝑚 wide. The color wheel inset in (a) shows the scale used to represent
both phase (hue) and amplitude (intensity).
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simpler hybrid design, compared to a non-corrected round aperture at 10 mrad. This
relative current density is highly important for, e.g., spectroscopic methods where the
increased current in a small probe can lead to a vastly improved signal-to-noise ratio on
top of the gain in spatial resolution.

Figure 3.6: Simulated probe size 𝑑50 assuming 300 keV, 𝐶𝑠 = 1.2 mm, and Scherzer
defocus for the phase plates and non-corrected aperture. The black line shows the
1Å limit. All proposed phase plate designs are capable of a probe size below this limit
(blue, yellow, green lines). However, they are still outperformed by a multipole corrector
(red line).

3.4 Discussion

This design exercise shows that having an adaptive phase plate in the condenser aperture
plane can correct 𝐶𝑠 . Not only did we numerically obtain a probe size below the
1Å limit, but we also increased the relative current density more than 20x. However,
implementing a tool like the one proposed in this study poses several challenges. The
most critical issue is the possibility of manufacturing a device with all the necessary
electrical connections to control each phase segment separately. As the aperture angle
increases, we quickly reach regions of rapid changes in the aberration function. This then
requires narrower segments to keep the phase error within a reasonable range. However,
reducing the segment size or going from zeroth-order segments to first-order segments
will increase the number of interconnections needed to control such implementation,
ultimately reducing the attainable fill factor.

We show the relation between probe size (𝑑50) and fill factor (𝜁) in fig. 3.8. We can observe
how the probe size for a plate with a 𝜁 < 0.5 cannot even match the performance of a non
corrected instrument in terms of 𝑑50 for small angles. Nevertheless, at angles > 11 mrad,
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Figure 3.7: Current density 𝐽50 for the different phase plate designs at different 𝜃𝑚𝑎𝑥
assuming a total incoming current up to 50 pA. All proposed designs significantly im-
prove compared with a non-corrected aperture; the red (dotted) line shows the corrected
instrument’s performance.

this less-than-ideal phase plate can still significantly improve 𝑑50 and hence increase 𝐽50
when compared with the non corrected situation. This may be of interest in cases where
current density is more important than ultimate resolution.

In general, from section 3.2.2.1, we can see that if we aim to achieve any significant
correction up to a certain 𝑑𝑥 , we must adjust the fill factor accordingly. Suppose we aim
to mitigate the effect of the tails to enclose 70% of the current. In that case, we must
design a phase plate with a given symmetry to correct aberrations, with a fill factor of
at least 70%, as any less would mean that we need to include a portion of the long-range
tails to enclose the desired probe current. This is relevant because often, when contrast
is the primary concern, we seek a signal-to-background (SBR) ratio that enables us to
visualize the sample.

It is important to note that the fill factor has a double negative effect on the probe current.
On the one hand, it lowers the current in the beam due to partial blocking by a factor
𝜁. On top of this, the beam that gets through is split into the desired part (central spot)
and a tail part, which further lowers the intensity of the desired part of the beam to 𝜁2.
Often, more than enough beam current is available, and the sample may limit how much
current can be used. In such cases, the initial loss due to the finite transparency of the
phase plate is not a problem. The tails argument still holds then, as they will lead to a
degraded image contrast while still the full probe current beam damage is still induced.

Increasing the number of segments (more interconnections) or reducing their size brings
the fabrication process closer to the resolution limit of photolithography (≈ 1𝜇𝑚) as
indicated in fig.3.4. For this reason, one must be careful with the phase plate design
since high-complexity designs will require higher-resolution methods such as EUV or
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Figure 3.8: 𝑑50 value for different 𝜁 using a zeroth-order phase plate. We kept the same
design as in fig. 3.5 b. for the segments, only increasing the width of the lines going
outwards in the radial direction and thus keeping the sampling on 𝜃 the same. We can
observe how the 𝑑50 is heavily affected by 𝜁, making it difficult for a zeroth-order phase
plate to obtain a sub-Å probe for 𝜁 < 0.70

e-beam lithography [161]. For instance, a zeroth-order correction requires only one
electrode to create an Einzel lens inside the region of the segment. In contrast, a first-
order implementation would require a plate capacitor-like arrangement to achieve the
required phase ramp. Another way to increase the fill factor is to tie the different
electrodes together with a fixed resistor string, saving multiple interconnection lines. The
drawback of this solution is that it would take away the ability to fine-tune each segment
individually. If the projected potentials do not meet expectations, correcting them is
challenging unless resistor values can be adjusted, such as through laser trimming,
to achieve the desired gain. Furthermore, having a significant 𝐶𝑠 correction seems
unreasonable for phase plates with less than 50% fill factor since most of the current will
land on the tails of the probe, as shown above. However, we demonstrate here that the
number of segments needed to achieve sub-1Å correction can be kept relatively low, thus
reducing the design complexity significantly over the design proposed in a previous
study [144], (fig.5). The predicted resolution should be taken with some reservation
as effects like source size broadening, vibrations, chromatic aberration, higher-order
aberrations, and thermal/electronic noise were not considered for the theoretical study
and will further lower the actual attainable resolution in practice.

An advantage of the proposed designs is that the performance of an electrostatic phase
plate is relatively insensitive to the quality of the voltage sources driving the segments
[144]. We test this claim in the zeroth-order design in fig. 3.9 by adding different
normally distributed phase noise to each of the phase segments and calculating the
resulting 𝑑50 and the difference between a case where no noise is present. We note that
the increase in probe size to such noise remains under 0.1Å for most aperture angles.
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Assuming an electronic system is designed to provide a maximum of 200𝜋 phase shift,
such precision and noise requirements would easily be met even, i.e., with a humble
12-bit digital-to-analog converter.

Figure 3.9: Average probe size 𝑑50 including different levels of phase noise 𝜖 for the
zeroth-order ring phase plate. The shaded area represents the 2𝜎 variation for 10 random
realizations of the phase noise, and the black line shows the performance of the phase
plate without any phase noise (lower limit). The plot shows that sub-Å performance is
possible for all but the highest noise level simulated here.

3.5 Conclusion

We have numerically demonstrated how a programmable electrostatic phase plate can
correct third-order spherical aberration in the TEM with phase plates of modest com-
plexity consisting of 19 segments (zeroth-order) and as few as 8 segments for a hybrid
design. All the proposed designs are capable of flattening the electron wavefront up to
relatively high opening angles, providing sub-1Å probe sizes.

We discussed the benefit of moving from zeroth-order to first-order phase shifters to
contain the phase error within some error margin. On top of this, we showed how the
segment width for a first-order element does not necessarily need to have unreasonably
small dimensions to correct 𝐶𝑠 with acceptable performance. In terms of shape, we can
expect that a circularly symmetric design compensates for the phase shift caused by 𝐶𝑠
since it mimics its symmetry, thus correcting the aberrations more efficiently within each
segment. In practice, some breaking of this symmetry would otherwise also be helpful
to compensate for non-cylindrical aberrations. However, this would further increase the
number of phase-shifting elements, and the complexity of getting interconnects to each.
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We found that, to achieve 𝐶𝑠 correction to any significant extent, the phase plate has to
have a fill factor 𝜁 ≥ 0.75 to achieve 𝑑50 ≤ 1Å . Moreover, we demonstrated a significant
increase in current density, which is crucial for applications such as STEM-EELS, even
for cases where the fill factor is low. When the current density at the center of the probe
is important, we argued that it scales as 𝜁2, since the total current and the amount of
current in the probe tails scale with the fill factor.

We investigated the robustness of the correction versus noise on the electrostatic poten-
tials of the phase-shifting elements, showing that, for a zeroth-order phase plate, we
get excellent results for 𝜖 ≤ 2𝜋/24, which is well within reach of even simple digital-
analog converter circuits. For instance, we can refer to traditional optics, where the
Strehl ratio [162–164] serves as a standard measure of the degradation of the PSF of an
optical system (i.e., the probe). A variation of 𝜋/10 radians indicates excellent optical
performance.

This study demonstrates that an adaptive optical device can enhance the performance
of a non-corrected instrument without requiring significant changes to the column’s
optical configuration. However, further development and testing are needed to assess
its reliability and lifespan before it can be considered a viable solution. Additionally,
incorporating adaptive optical elements in an electron microscope increases flexibility
and performance, allowing for a broader range of experimental setups and ultimately
expanding the microscope’s capabilities.

Besides (adaptive) aberration correction, one of the potential applications for electro-
static phase plates is to shape the beam to either enlarge the depth of focus or increase
the z-resolution. This first idea has been demonstrated before using a spatial light mod-
ulator that can generate Bessel-like beams invariant with propagation length [165, 166].
However, we can also attempt to correct higher-order aberrations with a phase plate to
increase the opening angle, potentially enhancing the z-resolution (which scales as the
inverse of the squared opening angle).

Another possible application is to use the phase plate for phase retrieval experiments,
which will be discussed thoroughly in chapter 5. This idea has already been studied
in optics [167–169], and it has been hinted that the possibilities of fast and reliable
wavefront tuning with the electrostatic phase plate can allow us to do the same in the
electron microscope [170].

Increasing selectivity in inelastic scattering experiments by differential experiments that
rapidly change the probe between two or more configurations is another class of appli-
cations that could shed light on the magnetic, chiral, and optical response of materials
at the nanoscale [107, 147]. Furthermore, having such adaptive apertures allows for
automatic correction and optimization, self-tuning the phase of each of the segments to
match the user’s needs.

The performance of the proposed designs in terms of 𝐶𝑠 correction capabilities is inferior
to that of a modern multipole corrector. Still, the proposed setup would offer several
significant advantages, such as small size (1 mm scale), low power consumption (1 W
scale), high speed (up to 100 kHz, extendable to much higher), no hysteresis, vastly
reduced precision constraints on drive electronics (12 bit suffices), negligible drift, and
potentially low production cost.
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These observations will guide further practical implementations with the experimental
realization of phase plate-based aberration correction on the nearby horizon.
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Summary

In this chapter, we present a 48-element programmable phase plate designed for coherent
electron waves. This device results from a combination of photolithography and focused
ion beam techniques. Building on the concept introduced by [144], this section leads
to a more generalized solution for electron wavefront shaping. The phase plate chip is
mounted on an aperture rod in the C2 plane of a transmission electron microscope that
operates within the 80-300 kV range. We characterize the phase plate’s behavior using the
Gerchberg-Saxton algorithm, which demonstrates a phase sensitivity of 0.075 rad/mV
at 200 kV and a phase resolution of approximately 3×10−3 𝜋. Additionally, we provide
a brief overview of potential use cases supported by both simulated and experimental
results.

4.1 Introduction

So far, we have explored electron wavefront shaping, emphasizing its potential appli-
cations and the benefits it may provide. However, while we have outlined the design
parameters and linked them to current manufacturing technology capabilities, we have
not yet discussed the performance and capabilities of a state-of-the-art electron wave-
front modulator.

Besides canceling geometric aberrations, the ability to arbitrarily shape the electron
wavefront is gradually gaining attention with the hope of improving contrast or selec-
tivity in electron microscopy setups. There has been a renewed surge of such phase
modulators and their applications in the past few years. In soft material imaging, dif-
ferent phase plates such as Zernike [171, 172], Boersch [128, 133], Zach [139, 142], or
Volta [173–175] have been implemented in the TEM to imprint a constant phase shift
to a (central) part of the electron wave, to increase the contrast when imaging weak
phase objects. Some other designs with relatively higher complexity may modify both
the amplitude or phase configuration of the electron wave to create an electron probe
of specific shape [176], to increase contrast [177, 178], or to extract specific information
from the electron-sample interaction [179, 180], to name a few. Some of these complex
modulators even exhibit control over the parameters or magnitude of the modulation.
The electrostatic phase plate reported by Verbeeck et al. [144] has demonstrated changes
in interference between 4 partial waves by altering their mutual phase relation. In a dif-
ferent approach to electrostatic phase plates, reported by Tavabi et al. [181], a tuneable
azimuthal phase was demonstrated by setting up specific electric field boundary con-
ditions, which can be interpreted as adding orbital angular momentum to the electron
beam. Moreover, Barwick and Batelaan [182] showed that a pulsed laser beam could
induce a phase shift in the electron beam and that the contrast of the formed image
can be optimized by tuning the intensity of these laser pulses. Different realizations of
using the ponderomotive force to change the phase of an electron beam appeared as
well [150, 183–185].

In this chapter, we report on an adaptive electrostatic phase plate based on the proof of
principle demonstration by Verbeeck et al. [144], but with significantly increased com-
plexity, performance, and practical usefulness. The phase plate consists of 48 openings,
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or pixels, transparent to an incoming coherent electron wave. The vertical walls of the
pixels are made into electrodes so that an electric potential can be established inside,
locally changing the wavelength of that part of the transmitted wave. Since separate
voltage sources control each of the 48 pixels, the phase of the entire transmitted coherent
electron wave can be programmed at will. This design and the electrostatic nature grant
the phase plate several advantages, such as short response time, the ability to realize
complex and arbitrary phase configurations, low power dissipation, compactness, and
high stability and repeatability.

The experimental part of the chapter provides a concise summary of the reported phase
plate. First, the design of the phase plate is described, as well as the components and
mechanism for creating a phase shift on an electron wavelet. The manufacturing design
choices are briefly discussed in relation to the scope of the challenges faced. The device’s
optical performance is then evaluated regarding its phase sensitivity and response time.

We discuss some potential applications in electron microscopy. Using the unique prop-
erties of a fast, hysteresis-free, programmable phase plate, we demonstrate how novel
imaging setups can expand or improve imaging modalities in TEM. We provide sim-
ulated examples and early experimental attempts towards electron wave modulation,
complex sampling schemes, adaptive optics, and phase-coded ptychography to hint at
what phase plates could bring to the electron microscopy community.

4.2 Experimental considerations

4.2.1 Description of the Electrostatic Phase Plate

The basic working principle of the phase plate is sketched in fig. 4.1-a. A coherent
incoming electron wave is made to interact with an insulating membrane that has several
holes. The top and bottom surfaces of the membrane are covered with a ground shield,
while the inside of the holes is coated with a conductive layer that can be put to a
controlled electrostatic potential (𝑉1 and 𝑉2 in the simplified sketch). The potential
surrounding the holes creates a landscape of potential for fast electrons, accelerating
them upon entry and decelerating them upon exit. Therefore, the change in wavelength
will be localized. This will cause a phase change between the partial waves leaving these
holes where one could imagine them as coherent Huygens sources that will constitute a
now phase-programmed wave upon propagation in free space. As discussed in eq. (2.9),
the phase shift 𝜙 obtained is given by the electrostatic Aharonov-Bohm shift:

Δ𝜙𝐴𝐵 =
𝜋𝑒
𝜆𝐸0

∫
Γ

𝜙(r)𝑑𝑙 (4.1)

For an electron wave with wavelength 𝜆 and energy 𝐸0, crossing a region of space with
an electrostatic potential 𝜙(r) along a trajectory Γ. In the case of a weak perturbation,
the electron’s trajectory is not altered by this field, and the phase shift becomes directly
related to the projected electrostatic potential. The goal of a pixelated phase plate is
to create a potential profile that, in projection, leads to a constant phase shift within a
phase pixel, proportional to the voltage applied to each pixel element. This occurs if
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the projected potential changes as little as possible over the region covered by each hole,
which can be obtained by choosing a high aspect ratio (height/diameter> 1).

From a practical perspective, the AdaptEM WaveCrafter phase plate [186] comprises
three main elements shown in fig. 4.1b-e: a dedicated condenser aperture holder con-
taining the phase plate chip, a 48-channel programmable voltage source, and a remote
computer for control and user interface, respectively. The phase plate used in this work
comprises 48 independent, active elements, or pixels, arranged in 4 concentric rings
and 12 petals (see fig. 4.1b). Each element consists of a layered structure similar to the
one described by Matsumoto and Tonomura for a single phase-shifting element [127].
An aspect ratio (depth of the hole to the diameter of the hole) of approximately two
was chosen to minimize lensing and crosstalk effects between pixels, as the fringe fields
around each segment could affect the phase shift of that phase pixel. Additionally, a total
active area diameter of 50 𝜇𝑚 ensures that a modern electron microscope can coherently
illuminate the entire device.

Figure 4.1: Sketch of the working principle of the phase plate (a). Only 2 pixels are
drawn. 3D render of the setup (b) and the main components, including the phase plate
(c), the voltage sources (d), and the phase controller computer (e). A reference bar of
30 𝜇m is presented in (c).

One considerable advantage of this phase plate design lies in the relatively low voltage
(in the mV range) required to induce a phase shift of 2𝜋. This avoids high electric field
breakdown issues in the nanoscale features of the chip and has the benefit that readily
available voltage sources, which are simultaneously precise, stable, low power, fast and
reliable, can be used.

4.2.2 Characterization

To experimentally examine the projected potential profile, a phase reconstruction based
on the Gerchberg-Saxton (GS) algorithm [187,188] was performed on a set of TEM images
of the phase plate, where each pixel is excited with increasing electrostatic potential (48
pixels, 11 voltage levels, 528 images in total). For the characterization, the phase plate
is inserted in the sample plane of an FEI Tecnai Osiris S/TEM operating at 200 kV and
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illuminated with a parallel electron beam. The images are taken from the back focal plane
of the objective lens (diffraction mode), while the objective lens is largely defocused so
that the detector can capture the near-field diffraction pattern of the phase plate. This
experiment is aimed to characterize the projected potential on the phase plate, while
varying the phase inside each pixel in a range between 0 and 2𝜋. A rough estimation of
the voltage corresponding to a 2𝜋 phase shift was first found by assigning a gradually
increasing voltage to half of the pixels randomly and repeatedly. Theoretically, a 2𝜋
phase shift should not result in any difference in the diffraction pattern formed by the
phase plate. Thus a visual inspection of the voltage at which the pattern shows the least
variation over time is a reasonable estimation of the value at which the pixels yield a 2𝜋
phase shift. Once this voltage𝑉2𝜋 was found, a series of images with different potentials
equally spread between 0 and 𝑉2𝜋 was taken for each pixel.

The defocused condition was specifically chosen so that outgoing waves from the elec-
trodes interfered strongly with each other, and the phase difference between separate
neighboring wavelets is significantly encoded in the recorded intensity images (see sec-
tion 4.4). This choice of detection plane was preferred over recording at an in-focus
condition that interferes all of the wavelets together (far-field) for several reasons. First
of all, at the right focus, the transmitted electrons are concentrated in a very small re-
gion (less than 1 % of the size of the recorded defocused images), and creating a high
enough camera length to sufficiently sample such patterns on a pixelated camera for
phase retrieval is not trivial. On top of that, the inversion invariant nature of the wave
intensity in the reciprocal space would also challenge obtaining a unique reconstruction
and greatly hinder the retrieval algorithm’s convergence [189].

The result of the reconstruction is summarized in fig. 4.2. The phase response of all
pixels, as they were individually excited, is fitted using a linear function, representing
the phase sensitivity of that pixel to the applied voltage. A phase sensitivity matrix
can be constructed showing the phase sensitivity of pixel 𝑖 upon exciting pixel 𝑗. The
phase sensitivity matrix in fig. 4.2 shows a strong response on the diagonal, meaning
that a given excited pixel is the only one showing a significant linear phase shift against
a voltage applied to itself. An average phase sensitivity of 0.075 rad/mV is found,
which translates to a theoretical phase resolution of approximately 3·10−3 𝜋 according
to the smallest step size provided by an ideal 16-bit Digital to Analog Converter (DAC)
(maximum 2.5 V, smallest step 2.5 × 2−16 V). The error matrix, also shown in fig. 4.2,
indicates response deviation from the expected linear behavior, mainly resulting from
imperfections in the phase retrieval process, such as the finite pixel size and non-ideal
detector response. These can cause a difference between the recorded intensity and the
actual waveform. The error is calculated by the root mean square error of the fitted
result, which is found, at maximum, to be 3% of 2𝜋 (0.19 rad), while on average less than
0.5% of 2𝜋 (0.027 rad).

Besides the expected response of the phase plate, it is equally important to characterize
any non-ideal behavior. The inhomogeneity describes the phase deviation within the
pixel area from the ideal constant, homogeneous expectation. We evaluate the standard
deviation of the reconstructed phase within each activated pixel and find it to be < 1.7%
of 2𝜋. The cross-talk refers to the phase response within a pixel region caused by the
voltage applied to another pixel. We estimate this as the maximum linear response
of a non-excited pixel as a function of any other excited pixel. The off-diagonal lines
found exactly 12 pixels away from the main diagonal in both matrices in fig. 4.2 indicate
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Figure 4.2: Phase sensitivity matrix and the corresponding root mean squared error of
the linear fitting.

that the strongest cross-talk is, unsurprisingly, found between neighboring pixels due
to how the pixels are ordered in the matrix (see section 4.4). The cross-talk is measured
to be < 0.012 rad/mV, which amounts to 15% of the response of the excited pixel.
In summary, the inhomogeneity only creates phase error much less than 2𝜋

10 , which is
generally accepted as very good in light optics [162, 164], while the cross-talk is clearly
the biggest contributor to a non-ideal response. This behavior could be significantly
improved in the next design iteration, where an additional top-ground layer could
shield the effects from neighboring pixels and the conductive tracks leading to those
pixels.

Characterizing the temporal response of the phase plate is also important for appli-
cations that rely on rapid switching between different electron probe shapes or phase
configurations. Since the phase shift results from the projected potential in the elec-
trodes, the response of the phase plate can be characterized by the time required to build
up the potential. With the criterion of phase error < 2𝜋

10 , the response time is measured
to be less than 1.3 𝜇𝑠 for reaching from 10 % to 90 % of𝑉2𝜋 and is entirely dominated by
the settling time of the DAC.

4.3 Application Examples

4.3.1 Designer Electron Waveforms

To demonstrate the capability and visualize the effects of a freely programmable phase
plate, we recorded the far-field diffraction patterns of various phase-modulated electron
waves in a TEM (fig. 4.3). These patterns form rather complex configurations compared
to ones formed by commonly-used round apertures, even when all phase plate elements
are at ground potential. This is due to the amplitude modulation created by the set of
holes, which produces highly delocalized tails. In the previous chapter, we showed how
the proportion of the electrons in these tails is directly related to the fill factor (% of
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the electron wave not blocked by the material of the phase plate) of the probe forming
aperture chapter 3. Although improvement has been made on the fill factor (current
design approximates 30%, while the proof of concept 2x2 version from 2018 [144] had
only 17%), a large proportion of the electrons can still be expected in the tails.

Figure 4.3: Realization of various electron quantum states. The three rows of figures,
from top to bottom, are the phase configurations set on the phase plate, the simulated
probe shapes, and the resulting experimental probe images, respectively. Note the
excellent agreement between expected and obtained results showing successful arbitrary
wavefront shaping.

A match between the general profiles of the experimental and simulated intensities
profiles is found. From fig. 4.3, columns (b-e) show a phase shift of 𝜋 applied to half of
the total pixels with different patterns; therefore, the original single intense spot in the
diffraction pattern is split into multiple parts due to destructive interference. Double-
spots (b), quadruple-spots (c), and even a 12-spot (d) consisting of six 0 − 𝜋 pairs are
shown. By taking into account the radial distribution of the rings, a checkerboard-like
pattern (e) can be created. These patterns cover a few instances of the 48-dimensional
Hadamard basis set [190], which defines an orthogonal basis consisting entirely of pixels
with either 0 or 𝜋 phase. Lastly, (f) shows the result of a vortex setup with an orbital
angular moment equal to 1 [157, 191]. This is done by creating a phase ramp from 0 to
2𝜋 in the azimuthal direction. The vortex can be verified by the signature singularity
point at the center of the resulting probe approximating one member of the Laguerre-
Gaussian orthogonal basis set [192]. Despite not having a reference for the dimension
of such probes due to the optical calibration of the camera, it can be expected from the
convergence angle (i.e., 1mrad) that they are a few nanometers in size.

The phase plate can also create a phase profile imitating geometric optical elements and
aberrations. Typically they can be modeled by a phase shift that follows a Zernike poly-
nomial [130] in the angle with respect to the optical axis [15]. How faithfully the phase
plate can recreate such polynomials at different angles has been discussed theoretically
in detail in chapter 3 and relates to parameters such as the order of aberration, the fill
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factor, number of pixels, and pixel shape. Here, a defocus effect (second-order in angle)
is introduced by either the conventional electromagnetic objective lens of the microscope
or by the phase plate to demonstrate this concept. The resulting probe shapes are shown
in fig. 4.4, respectively. The two rows show good resemblance with each other up to
200 nm defocus. Further defocusing causes a steep phase ramp within the area of the
individual pixels, which can not be faithfully reproduced anymore by the phase plate.
For this reason, the phase plate can not replace an actual (round) lens of any significant
strength.

Figure 4.4: Defocused probes formed by defocusing the microscope lenses (top row)
and the phase plate (bottom row) at 300 kV acceleration voltage and an opening angle
of 1 mrad. Note the close similarity of both, showing that the phase plate can mimic the
action of a round lens to up to 200 nm defocus.

4.3.2 Object Sampling with Different Wavefunctions

As introduced before, electron microscopy is a technique for analyzing an unknown
material by employing an electron wave. When the incident electron wave interacts with
the object being examined, information from that object is imprinted onto the wave. This
interaction redistributes the intensity and phase of the incident electron wave compared
to the wave that has passed through the object. When the measurement result of the
interaction between the object and a beam with a given electron waveform provides
insufficient information about the sample, a selection of different waves can be used to
interrogate the object. For example, in-line holography [193–195] is done by recording
the intensity of the beam post-interaction, while varying its phase in reciprocal space,
i.e., through a focal series done with the objective lens. STEM essentially describes
a process to accumulate information about the material by a dense sampling while
spatially scanning a localized electron beam. In both cases, multiple measurements while
changing the incoming electron wave enriches the acquired information and eliminates
confusion that can sometimes not be resolved with a measurement process that only
uses a single static waveform.

Such multi-waveform sampling schemes rely entirely on the ability to alter the wave-
function of the beam electron states. Even though some form of modulation of the
wavefunction is present in any electron microscope (e.g., defocus, beam tilt, beam shift,
or aberration correctors), they often rely on electromagnetic elements, which can suffer
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from slow settling times and hysteresis effects. For example, in the acquisition of images
in a focal series, an update rate in the order of seconds to minutes is typically applied to
induce small focal changes in the objective lens [196,197].

The phase plate presented here can update to an entirely new pattern in a few 𝜇s without
hysteresis so that complex sampling schemes can be realized efficiently. For instance,
the phase plate can cycle over a few different wavefront settings for each probe position
in a STEM recording. Compared to through-focal TEM acquisition, where the focus is
changed between recording image frames, we could now update multiple focus levels
for each probe position in a STEM scan, providing, i.e., increased depth of field [198].
This dramatically reduces the difficulty of realigning each image, especially in cases of
severe sample drift, and also avoids inconsistencies caused by contamination building
up on the sample over time.

Changing the defocus is just one of the possible manners of forming a selection of wave-
functions to sample an object of interest. As it consists in a non-orthogonal influence, it
could be argued that this is not even an optimal choice of basis. The adaptability and
rapid response of the phase plate can be extended to a wide variety of orthogonal basis
sets that can be specifically chosen to efficiently encode selected knowledge about the
sampled object into the probing electron waves.

A similar concept is widely used in light microscopy and is an essential cornerstone for
techniques such as stimulated emission depletion (STED) microscopy [199–201]. Two or
more waveforms sequentially illuminate the sample, and the sharp feature created by the
difference between the illuminating waves can be exploited to increase the resolution of
the final image. The main difference is that the proposed method is simply an incoherent
subtraction of two signals, despite the complexity of the subtraction or deconvolution
employed to interpret the final signal. In contrast, in, e.g., STED, both signals are
inherently combined through the optical process responsible for shaping the PSF. This
seemingly small implication could play a vital role when discussing dose efficiency, as
the noise increases with each recording, which is not the case for optical methods. A
similar approach to what we discuss here is given by switching laser mode microscopy
(SLAM) [202, 203], where the subtraction between the two PSF occurs once the signal is
recorded.

Indeed, changing between a probe state with and without orbital angular momentum
will slightly improve image resolution due to differential imaging with both probes
(super-resolution). But more importantly, this method also cancels the long probe tails
arising from the amplitude modulation of the pixel shapes, as these tails are nearly
identical for both probe wavefunctions. This is a far more critical effect as it dramatically
increases the practical resolution that can be obtained even when the fill factor of the
phase plate is not ideal and shows a way to significantly outperform the results presented
earlier for the single waveform aberration correction prospects of programmable phase
plates for electrons chapter 3. The result of this differential scheme is demonstrated
with (HAADF)-STEM simulation (fig. 4.5). Electron probes are generated from the
far-field diffraction of three illuminating wavefunctions created by a phase plate. These
wavefunctions comprise a zero phase, a vortex phase, and a conventional round aperture.
This study uses these probes to scan a single-layer hexagonal boron nitride sample with
an electron beam energy of 200 keV. The experiment operates with a spherical aberration
coefficient 𝐶3 of 1.2 mm and at Scherzer defocus, similar to the settings of a typical
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uncorrected TEM. The convergence angles of the electron probes are set to 9.5 and
11 mrad for the round aperture and the phase plate, respectively. We select a larger
opening semi-angle for the phase plate since its capability to correct aberrations yields
an optimal imaging condition at 11 mrad. The subtraction of the vortex image from
the plain phase plate is then presented as the difference image. Although the dose and
stability requirements for the experiment increase, with this method, we can potentially
increase the resolution of a non-corrected microscope by combining this technique with,
e.g., the findings from chapter 3, broadening the possibilities for the implementation of
this technology, as we could circumvent the use (and cost) of an aberration corrector in
some cases.

Figure 4.5: Simulated ADF images of various probe shapes (see the insets) and their
Fourier transforms. The line profiles (orange lines) are taken at the position of the white
dashed line in each image. Note that the intensity profile in the round aperture image
is halved for better presentation and that the black line in the difference image indicates
zero, while in other images, zero is set at the bottom of the figures.

The simulated images are juxtaposed to illustrate the effect of the tails, and an intensity
profile (orange line) is drawn across each image (at the position of the white dashed
lines). Both images from the phase plate have non-zero intensity in the vacuum area
(the left half of the simulation box) due to the tails’ interaction with the crystal. The
profile from the image formed with the round aperture shows much faster decay as the
intensity distribution of an aberrated Airy probe is more concentrated. The difference
image demonstrates good cancellation of this background, and the intensity profile
quickly converges to zero, with minor fluctuations due to slight differences between the
tail configuration of the two probes. The resolution is significantly improved compared
to the non-corrected round aperture, though this comes at the cost of some signal
loss due to the fill factor and a reduction in low-frequency sample information. This
showcases the potential for aberration correction using a device that is much smaller
(less than 5 mm), lighter, faster (operating in microseconds), and more energy-efficient
(less than 5 W, owing to the resistance of the tracks). Moreover, this device requires
much less stringent control over the precision of the voltage and current sources than
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current multipole correctors. This is because the phase profile is local and does not
rely on meticulous adjustments of the boundary conditions across the entire numerical
aperture.

4.3.3 Adaptive Optics

Using the fast and hysteresis-free phase programming offered by the electrostatic phase
plate opens the attractive possibility of adaptive optics. As a proof of concept, such a
setup is realized experimentally (fig. 4.6). An algorithm repeatedly reshapes the electron
probe with the phase plate in order to reach a higher variance in the HAADF image,
which is taken as a figure of merit that links with image sharpness [204].

Figure 4.6: Schematic of the adaptive probe correction with phase plate. The flowchart
displayed in (a) demonstrates the fundamental steps of the algorithm being employed.
The HAADF images before (b) and after (c) the correction are shown below.

The algorithm sequentially adds phase modifications from a list of discretized low-order
Zernike polynomials to the latest best-performing phase configuration. Zernike polyno-
mials are chosen since they exhibit close similarity to common aberrations in the electron
microscope and form a complete, orthogonal basis. An HAADF image is consequently
recorded with every new probe. If the variance is higher in the new image, the current
best is replaced with this new variation. Once all the configurations are tested, their
magnitudes in terms of phase value are reduced by half for a further refinement step, in a
binary search-like manner within the chosen set of Zernike polynomial coefficients. The
process is demonstrated by inserting the phase plate in the C2 aperture of a probe- and
image-corrected 1 FEI Titan operating at 300 kV in microprobe mode with a convergence

1In corrected instruments, aberration corrector modules are usually located either before the sample (probe-
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angle of 1 mrad (to minimize the effect of aberrations and partial coherence effects).
The HAADF image is taken from a commonly used calibration sample in STEM (gold
cross-grating) with a deliberately introduced initial defocus of approximately 1 𝜇m. The
result of the correction is shown in fig. 4.6(c). The process converges after 32 iterations
with a sharper resulting image, even though 1 𝜇m defocus cannot be entirely compen-
sated by the phase plate due to the steep phase profile. The result shows the feasibility of
counteracting the lens defocus automatically. The process takes approximately 1 minute,
but this time is currently dominated by sub-optimal software communication between
scan engine control, image readout, and phase plate control, and can be dramatically
improved in the future. As an estimate, with the assumption that an update can be made
by evaluating a minimum area of 100x100 scan points at 1 𝜇s dwell time (a reasonable
dwell time to produce HAADF images with an acceptable noise level), the update rate
for the correction scheme would be 1 kHz. This frequency is easily within reach of the
phase plate, which currently offers a maximum update rate of 100 kHz, limited by the
electronics. This would result in an adaptively optimized image within 10 ms, a small
fraction of the time to take a full 1024x1024 frame. Of course, this time depends on
the beam current, as enough image quality is required to make good decisions on the
next step. Further work is needed to evaluate the best goal function and most optimum
control loop, but the proof of concept demonstrates the scheme’s feasibility.

This process could bring significant benefits for the automation of microscopy exper-
iments. Automatic data acquisition and feature identification are widely used for life
science [205–207] research and quality control in the semiconductor industry [208, 209].
With them, the analysis of large amounts of samples can be done without operator in-
tervention, and the demonstrated probe correction scheme can be utilized to maintain
the optical system’s image quality over a much longer operation time.

This iterative optimization process can also be extended to any technique in electron
microscopy where a specific quantifiable property is related to the shape or phase of
the electron probe. For example, in electron energy loss spectroscopy, the intensity of
a specific plasmon peak can be tracked while reshaping the electron probe until the
optimal probe shape selectively highlights the corresponding plasmon mode [107,147].

4.3.4 Phase programmed Ptychography

Besides shaping a focused electron beam, the phase modulation capability of the phase
plate operating under parallel-beam conditions can bring new opportunities for other
microscopy applications. For example, coherent diffractive imaging (CDI) [210–212] and
ptychography [213–215] can benefit from using the phase plate as a "modulator" or a
"diffuser" to break symmetry in the illuminating beam and thus increase the robustness
and convergence rate of the reconstruction. The benefit of a modulator has been widely
reported and studied in the field of light microscopy [216] and electron microscopy [217–
219]. Among the reported realizations of ptychography in electron microscopy, with
or without a modulator, the reconstruction of the complex object relies on repeated
sampling at different locations of the object, with the criterion that the illuminating
beam partially overlaps with the sampling at a nearby position [220]. This overlap
creates the so-called "information redundancy" [221, 222], which eliminates the twin-

corrected) or after the sample (image-corrected), and sometimes both are present, as illustrated in fig. 1.8.
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image artifact [223] that originates from the central symmetry of the illuminating beam.
On the other hand, such symmetry can be easily broken by a random phase configuration
introduced by the phase plate instead of the displacement of the beam or the sample.

We hereby demonstrate this concept by performing phase reconstruction on simulated
diffraction patterns from a target pure phase object (fig. 4.7a). The diffraction patterns
are generated by different illuminating waves, formed with a round aperture, the phase
plate without any phase (amplitude modulation only), and one randomly generated
phase configuration. The phase reconstruction is again based on the GS algorithm, and
the resolved objects are obtained after 50 iterations. The results are shown in fig. 4.7(b-d).
Neither a round aperture nor a zero phase plate could generate a convincing reconstruc-
tion result, as the geometry of both apertures is centrosymmetric. However, introducing
a random phase configuration increases the reconstruction quality significantly despite
the sample being only illuminated at one beam position.

Figure 4.7: Simulated ptychographic phase reconstruction from recorded diffraction
patterns with various illuminating beams. (a) The ground truth phase image of the
object. (b-d) Reconstruction results from illuminating beams formed by a conventional
round aperture, flat phase plate, and phase plate with random phase configuration,
respectively. The dark region indicates the opaque part of the aperture. Note the
significant improvement in phase reconstruction quality when the incoming beam is
phase randomized. As the object is only illuminated once, reconstruction is only possible
in those areas where the amplitude is not zero.

The amplitude modulation of the phase plate inevitably results in unsampled areas for
the reconstructed object, which could be filled by moving the beam or the sample to
illuminate the whole region of interest at least once. It should be noted here that the
phase plate is placed in front of the sample, and all electrons interacting with it are
recorded. This means that the limited fill factor does not reduce the dose-efficiency nor
increase beam damage on the sample.
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4.4 Conclusion

We report the successful realization of arbitrary wavefront shaping of electrons with a
novel 48-pixel programmable electrostatic phase plate. The phase plate is capable of in-
troducing a phase shift of more than 60𝜋, as well as fine-tuning the phase value with step
size as small as 3·10−3 𝜋 for 300 keV coherent electron beams. Cross-talk between pixels
was shown to be < 15% and can be improved further with better shielding electrode
geometries. This brings modern adaptive light optics concepts into the domain of elec-
tron beam instruments. The rapid response of the device allows up to 100 kHz update
rates, making it possible to do on-the-fly auto-tuning of differential contrast schemes
without a noticeable recording time penalty for the user. The examples demonstrate
the potential for a rich field of emerging applications offered by the phase degree of
freedom. Immediate use cases focus on electron microscopy, but other electron beam
instruments, such as, e.g., e-beam lithography or semiconductor inspection tools, could
also profit significantly from this realization. With an even broader perspective, we
demonstrate here the arbitrary preparation of coherent quantum states that might be
exploited in novel quantum information/computing schemes over a much wider range
of electron energies than the ones demonstrated here.
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4.A. DEFOCUSED IMAGES OF THE PHASE PLATE

4.A Defocused Images of the Phase Plate

The defocused images of the phase plate with a voltage applied to one pixel in each ring
and the difference map between images with and without excited pixel. The changes
in the interference patterns imply a local phase shift which is revealed by the phase
reconstruction algorithm.
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4.B Pixel Index

Positions of the pixels and their corresponding indices.
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Summary

The challenge of imaging low-density objects in an electron microscope without causing
beam damage is significant in modern TEM. This is especially true for life science
imaging, where the sample, rather than the instrument, still determines the resolution
limit. Here, we explore whether we have to accept this or can progress further in this
area. To do this, we use numerical simulations to see how much information we can
obtain from a weak phase object [224] at different electron doses. Starting from a model
with four phase values, we compare Zernike phase contrast with measuring diffracted
intensity under multiple random phase illuminations to solve the inverse problem. Our
simulations have shown that diffraction-based methods perform better than the Zernike
phase contrast method, as we have found and addressed a normalization issue that,
in some other studies, led to an overly optimistic representation of the Zernike setup.
We further validate this using more realistic 2D objects and found that random phase
illuminated diffraction can be up to five times more efficient than an ideal Zernike
implementation. These findings suggest that diffraction-based methods could be a
promising approach for imaging beam-sensitive materials and that current low-dose
imaging methods are not yet at the quantum limit.

5.1 Introduction

In this chapter, we aim to revisit the longstanding issue of phase reconstruction in
TEM [189,210,225–228] and examine it from the perspective of information transfer. As
mentioned in section 1.1.3, in electron microscopy we detect electron events as their wave-
function collapses onto an electron detector. More specifically, the amplitude squared
of the wavefunction gives the distribution across camera space. The problem arises
from the loss of the phase during the detection process, which significantly restricts the
information obtainable from an electron microscope experiment. This issue is particu-
larly challenging in electron diffraction experiments, as it hinders the extraction of the
projected periodic potential of a crystal. Moreover, it is also highly relevant in imaging
non-periodic thin objects in TEM, where the object’s projected density information is
predominantly encoded in the phase profile imparted on the coherent plane wave il-
lumination. Recent attempts to apply diffraction-based imaging, e.g., to viruses [229]
or in single particle analysis [230, 231] show great potential and are accompanied by
promising simulation studies [232–234].

We will use the toolset of parameter estimation, which has shed light on similar problems
in TEM, like investigating point resolution in the presence of noise [235], the advantage
of a monochromator on the spatial resolution in TEM [236], determining the precision
of measuring atomic positions from exit waves [237], or even determining elemental
concentrations from electron energy loss experiments [238,239].

The issue of phase retrieval under dose-limited conditions has sparked significant debate
within the scientific community. Egerton et al. conducted groundbreaking research to
assess the instrument’s limitations [240] and evaluated different commonly used TEM
and STEM imaging methods on beam-sensitive specimens [241]. In the following years,
more theory was incorporated to assess the efficiency of phase retrieval by incorporat-
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ing robust mathematical concepts such as the Fischer Information (FI) and Cramér-Rao
Lower Bound (CRLB) [242–244]. Based on these mathematical concepts, Koppell and
Kasevich constructed a function to assess the inherent frequency transfer of the imaging
system [245]. More recently, Dwyer and Paganin directly compared Zernike Phase Con-
trast (ZPC) and 4D-STEM with a phase-structured illumination [246]. All this notable
work has paved the way and opened the debate for a more comprehensive assessment
of phase retrieval in the TEM, with the general conclusion that ZPC seemed to be the
best method to maximize information transfer. Ultimately, this conclusion has put limits
on the hope for ptychographic methods to create a breakthrough in low-dose phase
imaging [189, 215, 247–250]. Here, we revisit this problem by conducting a series of nu-
merical exercises. Furthermore, we will carefully consider the normalization conditions
to enable a fair comparison between image-based reconstruction using ZPC and phase
retrieval through diffraction-based recording. We demonstrate that at least under the
idealised conditions considered here, a significant improvement over ZPC in low-dose
phase imaging is possible with diffraction-based detection.

5.2 Setup

In the following section, we want to present this process as a type of game where the
sample is imagined to contain a hidden message consisting of𝑁 phase values, denoted as
𝜙𝑖 in fig. 5.1. We illuminate the sample with an electron wave and observe the outcome
of this interaction on 𝑀 ideal electron detectors, labeled as 𝐼𝑖 in fig. 5.1. From this simple
setup, two natural questions arise:

• How many electrons do we need to fire onto the sample to obtain the secret message
at the required precision and accuracy?

• How can the experiment be set up to achieve the best precision and accuracy with
the fewest electrons and, thus, the least beam damage?

These questions are fundamental in modern electron microscopy, as the resolution of
EM is in many practical cases limited by beam damage and not anymore by the instru-
ment [86, 230, 231, 251–255]. This means we must either learn new techniques to limit
beam damage or utilize the most efficient imaging methods to maximize the use of the
electron dose the sample can withstand [256] (preferably a combination of both).

In this study, we will avoid all complications regarding the scattering that happens within
the sample, details of imperfect optical systems [257,258], propagation effects [259,260],
multiple scattering in the sample [89, 261–264], inelastic scattering [265–270], partial
coherence [221, 271–275], and details of the algorithmic implementation [170, 276] to
gain some clarity on how far we are from fundamental limits.

We start with a conceptual exercise to estimate four hidden phases as sketched in fig. 5.1.
We compare two typical setups: On the one hand, we use a Zernike Phase Plate (ZPP) for
phase contrast imaging, which is commonly considered the golden standard in real-space
phase imaging and is used extensively in, e.g., life science imaging [131, 132, 171, 172].
The benefit of this method is that it results directly in an image of the sample with a
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contrast that relates approximately linearly to the phase shift, which is proportional to
the projected electrostatic potential of a weakly scattering thin sample in a TEM.

On the other hand, we can detect the scattered electrons in the diffraction plane, as is
commonly done to investigate symmetries and periodicity in crystals. This pattern also
encodes the information of the specimen, albeit in a different way, and requires some
inverse algorithm to link the recorded intensities to the projected sample potential we
are interested in.

In either case, retrieving the absolute phase will be impossible as we have no unperturbed
reference beam to compare. Due to this lack of a reference beam, only three of the four
unknown phases are independent, somewhat simplifying the problem from𝑁 to (𝑁−1)
unknowns represented as 𝜙𝑁 = −∑𝑁−1

1 𝜙𝑖 .

Because either a translation or an inversion of the object leaves the diffraction intensities
unchanged, we have a good chance of ending up with a wrong guess of the secret sample
for the diffraction-based setup [223,277]. A typical way to solve this is to oversample the
diffraction plane (𝑀 > 𝑁), which stabilizes the solution at the expense of requiring more
detector pixels. Another way to proceed is by introducing an amplitude [278–280] or
phase [144, 281, 282] modulator capable of encoding the electron wavefront for 𝑁𝑐𝑜𝑛 𝑓 𝑖𝑔.

sets of conditions. In this section, we concentrate on pure phase modulation and do not
examine the specifics of how to construct a programmable phase modulator, as that has
already been covered in chapter 3 and chapter 4. We will assume the modulator works
perfectly, similar to our assumption for the ZPP.

Figure 5.1: Sketch of the setup. The aim is to measure the𝑁 phases of the unknown object
by illuminating it with a coherent electron wave and detecting the arrival of electrons
with an ideal detector consisting of 𝑀 independent pixels. The left-side setup shows
the configuration with an ideal ZPP, while the right-side setup describes the detection
in the diffraction plane with a programmable phase input wave. We will compare the
performance of both setups in terms of phase error on the estimate as a function of the
amount of electrons we have available in the experiment.
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Suppose we choose a number of known Random Phase Illumination (RPI) conditions
𝑁𝑅𝑃𝐼 , and we solve the inverse problem by taking into account the 𝑁𝑅𝑃𝐼 independent
measurements to resolve one unique estimate of the object phase. We now obtain some
robustness against inversion and translation since the extra configurations yield𝑀×𝑁𝑅𝑃𝐼

measurement points (far more than the 𝑁 unknown phases we want to recover).

In order to implement this scheme, we use a non-linear Maximum Likelihood (ML) fitting
algorithm with (𝑁 − 1) unknown phases and a likelihood function assuming Poisson
counting noise that describes how likely it is that a given experimental realization of
𝑀×𝑁𝑅𝑃𝐼 diffraction intensities could have been produced when assuming a given set of
(𝑁 − 1) sample phases [283,284]. This iterative non-linear fitting process is significantly
slower than the more common Gerchberg-Saxton (GS) [187] algorithm. Still, it allows
the correct treatment of the Poisson statistics and obtaining estimates for the connection
between phase errors and the counting statistics through the use of the CRLB [284,285].
We can use this to compare the behavior of the GS algorithm with ML prediction,
further confirming that it approaches the same fundamental limit while providing the
significant speed-up necessary for realistic image sizes.

5.3 Recovering the phase and estimating its precision

Our objective is to accurately determine the unknown phase from either a real-space
or diffraction-space intensity recording. We will use the ZPC method for real-space
as a standard, and in the case of the diffraction experiment, we will need to solve
the inversion problem. To do so, we will utilize parameter estimation to understand
its statistical properties and, later, use a GS algorithm that can approach these while
providing a significant numerical speed advantage.

5.3.1 Zernike Phase Contrast

In Zernike phase contrast [131, 132], a phase plate is placed in the BFP of the objective
aperture, which shifts only the low-frequency component of the wave by 𝜋/2. As a
result, the image contrast now reveals the phase of the object.

Although ZPC presents a seemingly straightforward process for image formation, ac-
counting for its dose efficiency can be quite complex due to the various normalization
factors that come into play. In this section, we will numerically derive the image forma-
tion process for ZPC and highlight the key assumptions that must be made to properly
normalize it and evaluate its dose efficiency.

We begin by assuming a coherent circular area of illumination on a sample with radius
𝑅:

𝑀(𝑟) = Π

( 𝑟
2𝑅

)
(5.1)

With Π(𝑥) the Heavyside Pi step function (or rect function) being one for |𝑥 | < 1
2 .
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And the sample transmission function can be approximated as a phase object:

𝑂(r) = 𝑒 i𝜙(r) (5.2)

Illuminating a sample with a coherent circular electron wave in the BFP will then result
in:

Ψ(k) = 𝑀̃(k) ⊗ 𝑂̃(k) = 2𝐽1(𝑘𝑅)
𝑘𝑅

⊗ 𝑂̃(k) (5.3)

With ˜ designating the Fourier transformed function and 𝐽1 a Bessel function of the
first kind. Experimental implementations of a ZPP in the TEM, such as the Volta
Phase Plate, typically exhibit a smooth phase profile resembling an Airy function [174,
286, 287]. Nonetheless, in our case, to create an idealized ZPP, we define a maximum
passband frequency, 𝑘max, which represents the highest spatial resolution achievable,
and a minimum frequency, 𝑘𝑍 . Below this minimum frequency, we introduce a required
phase shift of 𝜋/2, modeled as a Heaviside step function. An ideal ZPP would have
𝑘𝑍 −→ 0 and 𝑘𝑚𝑎𝑥 −→ ∞. However, as we will discuss later, these parameters are crucial
for normalization and play a significant role in the context of quantum information.

Following this, we can then write the maximum passband and the ZPP in the BFP as:

𝑍(k) = Π

(
𝑘

2𝑘𝑚𝑎𝑥

)
exp

[
i𝜋2 Π

(
𝑘

2𝑘𝑧

)]
(5.4)

For 𝑘𝑚𝑎𝑥 > 𝑘𝑧 , and we can rewrite this as:

𝑍(k) = Π

(
𝑘

2𝑘𝑚𝑎𝑥

)
+Π

(
𝑘

2𝑘𝑧

)
(i − 1) (5.5)

Applying this phase plate in the BFP leads to:

Ψ𝑍(k) =
[
2𝐽1(𝑘𝑅)
𝑘𝑅

⊗ 𝑂̃(k)
]
𝑍(k) (5.6)

And, transforming this back to the image plane, we get:

Ψ̃𝑍(r) = [𝑀(r)𝑂(r)] ⊗ 𝑍̃(r) (5.7)

Now, we can rewrite the Fourier transform of the ZPP as:

𝑍̃(r) = 2𝐽1(𝑟𝑘𝑚𝑎𝑥)
𝑟𝑘𝑚𝑎𝑥

+ 2𝐽1(𝑟𝑘𝑧)
𝑟𝑘𝑧

(i − 1) (5.8)

The first term will produce a replica of the object with a spatial resolution limit of 1/𝑘max.
In contrast, the second term will create a blurred version of the illuminated area, with
the blurring determined by a Bessel function with a width of 𝑅𝑍 = 1/𝑘𝑍 . This blurred
version will act as a reference wave, enhancing the phase contrast when it interferes with
the first term.

Notably, the blurring will draw intensity from the illuminated area as well as from the
surrounding area, which does not carry any useful information. This aspect is crucial
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for understanding the impact of counting noise since not all electrons will contribute to
the desired ZPC signal.

The blurring reduces the local intensity by a factor C, which can be estimated in the
center of the image as:

𝐶 =

∫ 𝑅𝑘𝑧

0

2𝐽1(𝑘)
𝑘

𝑑𝑘 (5.9)

= [𝜋𝑅𝑘𝑧𝐻0(𝑅𝑘𝑧) − 2]𝐽1(𝑅𝑘𝑧) (5.10)
+ 𝑅𝑘𝑧[2 − 𝜋𝐻1(𝑅𝑘𝑧)]𝐽0(𝑅𝑘𝑧) (5.11)

𝐶 ≈ 𝑅𝑘𝑧 (5.12)

With 𝐻0 and 𝐻1 Struve functions of zeroth and first order, respectively [288]. The
simplification in the final step becomes an accurate approximation when 𝑅𝑘𝑧 < 1. To
ensure this condition is met, we can set 𝑅𝑘𝑧 = 𝑅

𝑅𝑧
≤ 1

2 . This choice is essential to retain
all frequency components except for the DC frequency, as choosing higher values would
lead to the loss of low-frequency components. Under these conditions, the exit wave for
𝑟 ≤ 𝑅 can be rewritten as:

Ψ(r, 𝑟 ≤ 𝑅, 𝑅/𝑅𝑧 ≤ 1/2) = 𝑂(r) + (i − 1)𝐶2 ⟨𝑀(r)𝑂(r)⟩ (5.13)

With 𝐶 ≈ 𝑅/𝑅𝑧 and ⟨𝑀(r)𝑂(r)⟩ the averaged exit wave inside the illuminated patch
𝑀 caused by the convolution of the Heavyside and Airy pattern with radius 𝑅 and 𝑅𝑧 ,
respectively. This convolution will re-scale this reference wave by a factor𝐶2 because part
of this wave now ends up outside the illumination patch in the image plane. Applying
the Weak Phase Object Approximation (WPOA) and assuming the phase of the object
does not contain spatial frequency variations above 𝑘𝑚𝑎𝑥 we get:

𝑂(r) ≈ 1 + i𝜙(r) (5.14)
Ψ(r, 𝑟 ≤ 𝑅, 𝑅/𝑅𝑧 ≤ 1/2) ≈ 1 + i𝜙(r) + (i − 1)𝐶2 (5.15)
𝐼𝑧(r, 𝑟 ≤ 𝑅, 𝑅/𝑅𝑧 ≤ 1/2) ≈ |Ψ(r, 𝑟 ≤ 𝑅, 𝐶 ≤ 1/2)|2 (5.16)

≈ (1 − 𝐶2)2 + (𝜙(r) + 𝐶2)2

≈ 1 − 2𝐶2 + 2𝐶4 + 2𝐶2𝜙(r)
+𝜙(r)2

≈ 1 − 2𝐶2 + 2𝐶4 + 2𝐶2𝜙(r)
+ . . .

Where, due to the WPOA
(
𝜙(r) < 1

)
[224,289], we assume that a Taylor series expansion

up to the linear term is sufficient to approximate our object. The 𝐼𝑧(r, 𝑟 ≤ 𝑅, 𝐶 ≤ 1/2) term
represents the observed intensity in the image plane within the illuminated area, and the
average intensity within the illuminated patch is 𝐼𝑧(r, 𝑟 ≤ 𝑅, 𝐶 ≤ 1/2) ≈ 1 − 2𝐶2 + 2𝐶4.

We can recover the phase from the intensity as:

𝜙(r, 𝑟 ≤ 𝑅) ≈ 𝐼𝑧(r, 𝑟 ≤ 𝑅) − 1 + 2𝐶2 − 2𝐶4

2𝐶2 (5.17)
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Furthermore, in a practical implementation, the intensity will be recorded on a pixelated
camera, where we assume 𝐼𝑧 to be scaled so that, if the ZPP were removed, there would
be an average of one electron per pixel. This allows us to estimate the standard deviation
of the phase error as:

𝜎𝜙 =
1

2
√
𝑁𝑒/𝑛2

√
1 − 2𝐶2 + 2𝐶4

𝐶2
(5.18)

Where the last term is a correction term that takes care of the role of 𝐶, which depends
on the parameters of both illumination size and scale of the phase shifting part of the
phase plate.

The critical thing to note here is that section 5.3.1 only agrees with the conventional
ZPC for 𝐶 = 1. However, in that case, the formula is not valid, as crucial low-frequency
information would be missing across the illuminated area because the reference wave
generated by the central Zernike phase discontinuity would not be homogeneous. Only
if we admit to being interested in a subregion of the illuminated area can we recover
the conventional formula at 𝐶 = 1. It is important to stress here that, in such a case, we
create a situation that can no longer act as a fair comparison with the diffraction setup
for the following reasons:

• We are illuminating and damaging areas of the sample outside the field of view.
We might need those areas later on.

• We use electrons outside the field of view to help create a reference beam inside
the field of view. This effectively creates a setup similar to an off-axis holography
experiment [290–292] and results in an inappropriate counting of the incoming
amount of electrons needed per area. Suppose such an external reference wave
can be added at no penalty. In that case, this option should also be offered to
the diffraction setup, i.e., by assuming that part of the illuminated field of view is
known to be constant or of no interest. This would lower the amount of unknowns
and increase the precision as well.

• Even if the area of the sample around the region of interest can be considered
uninteresting or sacrificial, the electrons hitting there can still cause damage inside
the area of interest via delocalized inelastic scattering [293–295] and diffusion
effects [296–298]

Consequently, to recover all spatial frequencies within the illuminated area without
creating an implicit reference wave, we choose to take the optimal value of 𝐶 = 1/2
for the remainder of this work. With that normalization in mind, we can estimate the
standard deviation of the phase error for 𝑁𝑒 electrons as:

𝜎𝜙,𝑍,2𝐷 =

√
1 − 2𝐶2 + 2𝐶4

2𝐶2
√
𝑁𝑒/(𝑁 − 1)

𝐶=1/2
→

√
10

2
√
𝑁𝑒/(𝑁 − 1)

(5.19)

Which is
√

10 ≈ 3.16 times higher than what we would get assuming the wrongly nor-
malized conventional solution. Note that, for a 1D case, the normalization penalty is
less severe:

𝜎𝜙,𝑍,1𝐷 =

√
1 − 2𝐶 + 2𝐶2

2𝐶2
√
𝑁𝑒/(𝑁 − 1)

𝐶=1/2
→

√
2

2
√
𝑁𝑒/(𝑁 − 1)

(5.20)
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Numerical implementation of Zernike contrast

In addition to the previous section’s discussion, the numerical implementation of ZPC
is essential for accurately estimating the method’s dose efficiency. In the numerical
case, an additional aliasing error often arises due to the incorrect assumption that both
the illumination and the sample repeat periodically and indefinitely. In reality, this
assumption presents challenges, as we typically do not work with perfectly periodic
structures; otherwise, diffraction-based measurements would be more suitable. Even
in scenarios where periodic structures are relevant, it is nearly impossible to align the
illumination box with the periodic boundaries perfectly.

These assumptions create a situation similar to the 𝐶 = 1 case but without the disadvan-
tage of losing low-frequency information. This ultimately leads to overestimating the
information obtainable from a ZPC implementation. This subtle error may explain why
previous numerical studies have provided an overly optimistic perspective on the influ-
ence of counting noise [246, 299]. To address this issue, we offer a numerical reference
implementation alongside this work [300].

As the intensity recording involves a modulus squared, which relates to the autocor-
relation in the image plane, proper zero padding is only guaranteed with at least 𝑛/2
padding on all sides for an 𝑛 × 𝑛 illumination area. Padding more will worsen the
counting statistics further; padding less will lead to a nonphysical situation as it cannot
be replicated in an actual experiment.

In a numerical experiment, we can use the crudest approximation of a ZPP by creating
a 𝑀 = 𝑚 × 𝑚 filter matrix in the discrete Fourier plane with all ones and only the DC
component in the top left corner equal to the complex i. We can decompose this filter
into a sum of a matrix with all ones and another matrix with all zeros except for the DC
component, which we take as (i − 1). Fourier transforming this will result in the sum
of two matrices, one of which has only a DC component equal to 1 and the other a flat
matrix with elements (i−1)/𝑀 (see fig. 5.2). We can now simulate the action of this filter
by convolving this real space representation of the Zernike filter kernel with an object.
If we choose the object first to be the same size as the filter kernel (𝑀 = 𝑁), we get:

Ψ𝑍(r) = 𝑂(r) +𝑀 (i − 1)
𝑀

< 𝑂(r) > (5.21)

Ψ𝑍(r) = 1 + i𝜙(r) + i − 1 (5.22)
Ψ𝑍(r) = i + i𝜙(r) (5.23)
𝐼𝑍(r) = 1 + 2𝜙(r) + 𝜙(r)2 (5.24)
𝐼𝑍(r) ≈ 1 + 2𝜙(r) (5.25)

From which we can derive the phase unambiguously from the intensity:

𝜙(r) ≈ 𝐼𝑍 − 1
2 (5.26)

And this looks exactly like we would expect from a ZPP. Consequently, the standard
deviation on the phase now becomes:

𝑠𝑡𝑑(𝜙(r)) = 1
2
√
𝑁𝑒/𝑀2

(5.27)
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Figure 5.2: Sketch of a numerical 2D implementation of ZPC imaging that avoids aliasing
effects that would lead to errors in estimating the quantum efficiency of the ZPC imaging
process.
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Again, this result is why ZPC is believed to outperform diffraction-based methods
in [301].

If, on the other hand, we choose to limit the illumination of the object only to fill𝑁 = 𝑛×𝑛
pixels, we get a different result with 𝐶 =

√
𝑁/𝑀, which is again the oversampling factor

shown in section 5.3.1.

If 𝑀 ≥ 4𝑁 , the averaging kernel smears the object over the entire matrix but does not
extend beyond its borders, thus avoiding aliasing. In physics terms, the reference wave
used to reveal the phase is derived solely from the illuminated 𝑛 × 𝑛 patch rather than
neighboring sample areas. This is an improvement over the 𝑁 = 𝑀 case, where the
sample is incorrectly assumed to be periodic.

While it might seem acceptable that the averaging process does not require the sample
to be perfectly periodic, the use of electrons from neighboring areas introduces issues,
including potential damage to those regions. Additionally, the averaged reference wave
spreads over a larger image plane area (𝑚 × 𝑚, provided 𝑚 ≥ 2𝑛), which exceeds the
𝑛 × 𝑛 illuminated region of interest. Consequently, a significant fraction of electrons
falls outside the region of interest, contributing no meaningful information about the
illuminated sample area.

We are now able to estimate what fraction of the illumination contributes to the ZPC
phase signal. Outside and inside the illuminated area, we get an average intensity of:

𝐼𝑍,𝑜𝑢𝑡 ≈ 2𝐶4 (5.28)
𝐼𝑍,𝑖𝑛 ≈ 1 − 2𝐶2 + 2𝐶4 (5.29)

For an oversampling of 𝐶 = 1/2, the average intensity is 1 − 2/4 + 1/8 = 5/8 inside and
3/8 on the outside, as demonstrated in fig. 5.3. All intensity is now spread over 4 times
more area in real space than before, and only the central quarter will contain information
on the sample phase. That central patch only contains 5/8 of the illumination, but even
that 5/8 contributes less than in the aliased (and therefore wrong) ZPC case because the
strength of the averaged reference beam is also reduced.

For 1D, we have 𝑁 = 𝑛, 𝑀 = 𝑚, and C=1/2. This would be 1/2 inside and 1/2 outside,
leading to half the intensity not contributing to the area of interest.

The standard deviation on the phase now becomes:

𝑠𝑡𝑑(𝜙𝑍,𝑎𝑙𝑖𝑎𝑠𝑒𝑑) =
1

2
√
𝑁𝑒/𝑁

(5.30)

𝑠𝑡𝑑(𝜙𝑍,2𝐷)
𝑠𝑡𝑑(𝜙𝑎𝑙𝑖𝑎𝑠𝑒𝑑)

=

√
1 − 2𝐶2 + 2𝐶4

𝐶2 (5.31)

𝑠𝑡𝑑(𝜙𝑍,1𝐷)
𝑠𝑡𝑑(𝜙𝑎𝑙𝑖𝑎𝑠𝑒𝑑)

=

√
1 − 2𝐶 + 2𝐶2

𝐶
(5.32)

For the minimal required oversampling of 𝐶 = 1/2, we get
𝑠𝑡𝑑(𝜙𝑍,2𝐷)
𝑠𝑡𝑑(𝜙𝑎𝑙𝑖𝑎𝑠𝑒𝑑)

=
√

10 (5.33)

𝑠𝑡𝑑(𝜙𝑍,1𝐷)
𝑠𝑡𝑑(𝜙𝑎𝑙𝑖𝑎𝑠𝑒𝑑)

=
√

2 (5.34)
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Figure 5.3: Example of a correctly sampled ZPC image of a random phase object of
64 × 64 zero-padded to 128 × 128 with 𝑁𝑒 = 5 × 105. The central 64 × 64 area contains
the actual phase-related image and 5/8 of the total dose with which the object was
illuminated. The other 3/8 lands outside the central area and does not contribute to the
desired information.

Identical to the real space derivation as it should be.

5.3.2 Phase Retrieval through inversion

After discussing the implementation of ZPC from both physical and numerical perspec-
tives, we will introduce a diffraction-based methodology as an alternative approach. As
mentioned earlier, our main objective is to extract the hidden phase values from a model.
This methodology allows for a fair comparison of different techniques, enabling us to
evaluate the maximum amount of information each method can provide and how this
aligns with the theoretical limit.

While dose efficiency remains a critical factor, if we set it aside, we can highlight another
challenge: Interpreting diffraction data is inherently less straightforward than using
the ZPC method, as it requires inversion to be meaningfully represented in real space.
Therefore, it is essential to carefully describe our inversion method to fully understand
how the phase is recovered from the diffraction measurements.

Inversion via parameter estimation

Estimating the parameters of a forward model is a simple method for determining the
unknown phases from a recorded diffraction pattern [302]. We can model the object as
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a discrete pure-phase object:

𝑆𝑖 = 𝑒 i𝜙𝑖 (5.35)

Then, we can describe the illumination over this object with a wave function:

Ψ𝑖 = 𝐴𝑖𝑒
i𝛼𝑖 (5.36)

Where 𝐴𝑖 represents the amplitude of the illuminating wave, and the exponential term
accounts for the spatially encoded phase over the illumination patch (𝛼𝑖 → 𝛼𝑖(r)). To
enable both amplitude and phase modulation, although only phase is utilized here, we
can express the exit wave of the object as:

Ψ𝑖 = 𝐴𝑖𝑒
i(𝜙𝑖+𝛼𝑖 ) (5.37)

Moreover, we record the diffraction intensities as follows:

𝐼𝑚𝑜𝑑𝑒𝑙, 𝑗 = |ℱ𝑗Ψ𝑖 |2 (5.38)

With ℱ𝑗 representing the Fourier transform operator, which projects the wave onto the
BFP where the detection process occurs.

Inversion via the Gerchberg-Saxton algorithm

The GS algorithm and its variations are iterative methods used to recover phase in-
formation from intensity measurements of a complex-valued wave function [187, 188,
303–305]. In our case, starting from a set of intensity recordings in diffraction space
𝐼 = {𝐼1 , 𝐼2 , · · · , 𝐼𝑁𝑅𝑃𝐼 }, and their corresponding known illumination patterns in real space
Ψ̂ = {Ψ1 ,Ψ2 , · · · ,Ψ𝑁𝑅𝑃𝐼 }, we aim to retrieve the (𝑁 − 1) missing phases of an object 𝑆̂.
To do this, we can start by guessing our solution 𝑆̂★0 as a set of 𝑁 complex numbers
with amplitude 1 and random phases 𝜙𝑖 ∈ [−𝜋,𝜋), illuminated by the complex-valued
waves from each 𝑁𝑅𝑃𝐼 measurement in diffraction space. And, in general, for any given
iteration:

𝜑̂★
𝑜𝑢𝑡,𝑖 = ℱ [𝑆̂★𝑖 Ψ̂] (5.39)

From this, we can impose the constraint of our recording in diffraction space and re-
construct our guessed 𝜑̂★

𝑜𝑢𝑡,𝑖+1 as:

𝜑̂★
𝑜𝑢𝑡,𝑖+1 =

𝜑̂★
𝑜𝑢𝑡,𝑖

∥𝜑̂★
𝑜𝑢𝑡,𝑖

∥

√
𝐼 × Phase

(
𝜑̂★
𝑜𝑢𝑡,𝑖

)
(5.40)

Where the Phase operator returns the phase of the given array, respectively. From this,
we can back-propagate 𝜑̂★

𝑜𝑢𝑡,𝑖+1 to real space and obtain a new estimate for the object:

𝑆̂★𝑖+1 = Average
(
ℱ −1[𝜑̂★

𝑜𝑢𝑡,𝑖+1]Ψ̂
†
𝑖𝑛

)
(5.41)

With Ψ̂†
𝑖𝑛

being the complex conjugate of the transposed illumination pattern wave
set. This process is then carried out iteratively until a set number of iterations or a
convergence condition is met.
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It is important to note that in eq. (5.41), the update takes the average contribution
from each of the 𝑁𝑅𝑃𝐼 illuminating patterns. This helps reduce the typical twin and
translational artifacts in the Fourier transform when 𝑁𝑅𝑃𝐼 > 1. For 𝑁𝑅𝑃𝐼 = 1, we will
encounter a similar problem to that of ZPC, where oversampling is needed to solve all
𝑁 phase values in our object.

5.3.3 Maximum Likelihood model under Poisson noise

After establishing our inversion models for the interaction between our sample and
object, we can define a maximum likelihood estimator (MLE) based on the assumption
that detection in the diffraction plane is governed by counting noise and that each
detector pixel is independent. By establishing this, we can assess our phase retrieval
method’s accuracy and dose efficiency, as it provides the ultimate limit in information
transfer for a given electron budget (𝑁𝑒 ).

We can write the log-likelihood 𝑙 [306] as:

𝑙 = −
𝑁∑
𝑙

(𝐼𝑒𝑥𝑝,𝑙 ln(𝐼𝑚𝑜𝑑𝑒𝑙,𝑙) − 𝐼𝑚𝑜𝑑𝑒𝑙,𝑙) (5.42)

With 𝐼𝑒𝑥𝑝,𝑙 the experimental observation and 𝐼𝑚𝑜𝑑𝑒𝑙,𝑙 the model prediction, which is based
on a set of detector pixel 𝑙 parameters. We can derive 𝐼𝑚𝑜𝑑𝑒𝑙,𝑙 from the exit wave as:

Ψ𝑖 = 𝐴𝑖𝑒
i(𝜙𝑖+𝛼𝑖 ) (5.43)

𝐼𝑚𝑜𝑑𝑒𝑙,𝑙 =

���ℱ𝑙𝐴𝑖𝑒 i(𝜙𝑖+𝛼𝑖 )
���2 (5.44)

𝐼𝑚𝑜𝑑𝑒𝑙,𝑙 =

�����∑
𝑖

𝐴𝑖𝑒
i(𝜙𝑖+𝛼𝑖 )𝑒2𝜋iri ·kl

�����2 = |Ψ̃𝑙 |2 (5.45)

Differentiating the log-likelihood from the parameters of the model gives:

𝜕𝑙

𝜕𝜙𝑖
= −

∑
𝑙

(
𝐼𝑒𝑥𝑝,𝑙

𝐼𝑚𝑜𝑑𝑒𝑙,𝑙
− 1

)
𝜕𝐼𝑚𝑜𝑑𝑒𝑙,𝑙
𝜕𝜙𝑖

(5.46)

By differentiating the model intensities from the model parameters, we get:

𝜕𝐼𝑚𝑜𝑑𝑒𝑙,𝑙
𝜕𝜙𝑖

= −2𝐴𝑖ReΨ̃ sin(𝜙𝑖 + 𝛼𝑖 + 𝑟𝑖 𝑘𝑙)

+2𝐴𝑖ImΨ̃ cos(𝜙𝑖 + 𝛼𝑖 + 𝑟𝑖 𝑘𝑙) (5.47)

Suppose we constrain the last phase value 𝜙𝑁 to maintain an average phase of zero (the
absolute phase has no meaning, and fitters typically struggle with duplicate parameters).
In that case, we need to take into account this dependent variable. So, we proceed now
with (𝑁 − 1) independent parameters:

𝜕𝐼𝑚𝑜𝑑𝑒𝑙,𝑙
𝜕𝜙𝑖

= −2ReΨ̃𝑙[𝐴𝑖 sin(𝜙𝑖 + 𝑟𝑖 𝑘𝑙 + 𝛼𝑖) − 𝐴𝑁 sin(𝜙𝑛 + 𝑟𝑛 𝑘𝑙 + 𝛼𝑛)]

+2ImΨ̃𝑙[𝐴𝑖 cos(𝜙𝑖 + 𝑟𝑖 𝑘𝑙 + 𝛼𝑖) − 𝐴𝑁 cos(𝜙𝑛 + 𝑟𝑛 𝑘𝑙 + 𝛼𝑛)] (5.48)
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Using this analytical derivative as a Jacobian input for the non-linear fitter significantly
speeds up the process and improves convergence.

We can now derive the Fisher information matrix [307]:

𝐹𝑖 , 𝑗 = −𝐸
[

𝜕2𝑙

𝜕𝜙𝑖𝜕𝜙 𝑗

]
(5.49)

=
∑
𝑙

𝜕

𝜕𝜙 𝑗

(
𝐼𝑒𝑥𝑝,𝑙

𝐼𝑚𝑜𝑑𝑒𝑙,𝑙
− 1

)
𝜕𝐼𝑚𝑜𝑑𝑒𝑙,𝑙
𝜕𝜙𝑖

+
(
𝐼𝑒𝑥𝑝,𝑙

𝐼𝑚𝑜𝑑𝑒𝑙,𝑙
− 1

)
𝜕𝐼𝑚𝑜𝑑𝑒𝑙,𝑙
𝜕2𝜙 𝑗𝜕𝜙𝑖

(5.50)

= −
∑
𝑗

1
𝐼𝑚𝑜𝑑𝑒𝑙,𝑙

𝜕𝐼𝑚𝑜𝑑𝑒𝑙,𝑙
𝜕𝜙𝑖

𝜕𝐼𝑚𝑜𝑑𝑒𝑙,𝑙
𝜕𝜙 𝑗

(5.51)

Moreover, we can obtain the (𝑁 − 1) × (𝑁 − 1) covariance matrix:

𝑐𝑜𝑣 = 𝐹−1 (5.52)

From which the diagonal elements represent the CRLB [284, 308] of the variance on the
individual phase estimates 𝜙̃𝑖 . This allows us to write a lower limit for the standard
deviation on the estimated parameters as:

𝜎𝑀𝐿 ≥
√

Tr(𝑐𝑜𝑣)
𝑁 − 1 (5.53)

With Tr() the Trace operator.

We can further estimate the CRLB from a more fundamental perspective. We detect in
the reciprocal plane where, in principle, information related to the phase of the object is
encoded in both amplitude and phase in that plane. As a result, we can, at best, obtain
an average of half of the information, as we have assumed no prior information about
the object. We could, therefore, assume that the CRLB will be close to the following:

𝐶𝑅𝐿𝐵 ≈
√

2
2
√
𝑁𝑒/(𝑁 − 1)

(5.54)

This was also given in Eq. 5.20 as the correction for the 1D case in a ZPC system with
𝐶 = 1/2. However, we will numerically test this idea further on.

This CRLB can estimate the optimal precision of a measurement for a given electron
dose. In other words, it indicates the minimum standard deviation achievable from
independent measurements of an unknown parameter. The CRLB can then be compared
to the actual outcome of a numerical experiment to evaluate whether we can attain it in
practice. It can also aid in comparing alternative algorithms (e.g., parameter estimation,
GS, or ZPC) to evaluate how close they can approach this limit and check if bias is
introduced.
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5.4 Numerical exercise for 4 unknown phases (1D)

An example of an outcome of this numerical experiment is given in fig. 5.4 for𝑁𝑅𝑃𝐼 = 16.
We note a logarithmic behavior between phase errors as a function of the total number
of electrons, as expected. Furthermore, for this 1D case, both RPI and ZPC perform
similarly. This performance also shows that the corrected error prediction for ZPC in
section 5.3.1 describes the propagation of the counting noise to the estimated phase quite
well. For higher doses (above 𝑁𝑒 = 104 here), the ZPC phase error does not decrease
anymore; This is because we have reached the limit of the linearization of the ZPC
formula (Eq. section 5.3.1), which also depends on the range of phase modulation 𝛿 by
the sample (here±𝜋/10). We are, however, more interested in the low-dose performance.
Both the ML and GS results are well predicted by the CRLB, showing that, on average,
we approach the statistical limit for 100 repeated experiments per electron dose value.
It also shows that our rough estimate in section 5.3.3 is reasonably accurate (in this case,
it coincides with the ZPC corrected prediction) albeit slightly higher than the actual
CRLB that is based on the detailed model. The fact that GS nearly attains the CRLB also
gives confidence in this much faster algorithm, which will be needed for larger systems
later. We investigated the role of𝑁𝑅𝑃𝐼 in the number of random phase illuminations and
observed that from 𝑁𝑅𝑃𝐼 ≥ 2, we converge to the optimal phase error. This convergence
confirms the theoretical prediction in reference [170]. Increasing 𝑁𝑅𝑃𝐼 leads only to
faster convergence, which might benefit larger systems. However, from here on, we will
assume 𝑁𝑅𝑃𝐼 = 16 unless otherwise noted. Furthermore, we found that convergence is
best for random phases from a uniform distribution between 0 and 𝜋. However, other
phase modulation ranges for the illumination were tested with similar results, provided
that the object’s phase range is fixed. Other phase patterns were attempted, such as
illuminating with only 1 pixel at a random phase between −𝜋/2 and +𝜋/2 for each RPI
configuration or using an orthogonal set of waves (e.g., a Hadamard basis set [190]),
both of which also yielded good results.

5.5 Numerical exercise for a small 2D case

Changing to a more common 2D configuration, we attempt a 4 × 4 pixel phase object
shown in fig. 5.5.

The diffraction-based recording performs better than the corrected ZPC intensity, in-
creasing dose efficiency by 5. Comparing ML RPI with GS RPI shows that GS attains
the CRLB rather well, which gives faith in the algorithm as a faster alternative to ML,
allowing for reconstructing larger objects in a reasonable time. The higher number of
unknowns also stabilizes the statistical errors, and the observed behavior for 100 ran-
dom weak phase object realizations results in an average behavior that closely follows
the CRLB and ZPC error predictions. In this case, we barely start appreciating the sys-
tematic linearization error for the ZPC setup as the overall error has increased due to
the higher number of unknowns, which shifts this point to higher doses.
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Figure 5.4: Numerical simulation of the average RMS phase error as a function of total
electron dose. The object is considered a random phase object with four unknown
phase values and a limited phase range of ±𝜋/10 to stay within the linear approximation
of the ZPC formula. The simulation is repeated 100 times for each electron budget
with a different random object. Random phase illumination is done with 16 random
illumination patterns that stay the same throughout the simulation set. Note how ZPC
and RPI’s results closely follow the predicted statistical error and show a similar noise
performance up to about 𝑁𝑒 = 104, where systematic errors due to the linearization of
the ZPC formula start to show. Note also how ML RPI and GS RPI perform remarkably
similarly, giving confidence in the GS approach for larger systems.

5.6 A more realistic 2D object

Due to computational limitations, only the GS algorithm was used for larger objects.
As observed in previous examples, it closely approximates the ML CRLB, in agreement
with, i.e., ref. [309]. In fig. 5.6, we display the observed Root Mean Squared (RMS) phase
error for a 64 × 64 random phase object with a ±𝜋/10 phase variation. Both methods
effectively retrieve the object at high electron doses, but the standard deviation of the
phase error remains about

√
5 higher for the correctly sampled ZPC case. We observe a

similar systematic error when 𝑁𝑒 ≥ 107, which is expected at higher doses compared to
the 𝑁 = 4 1D case. This is because we have to estimate approximately 1000 times more
phases, so the experiment requires a dose 1000 times higher to have the same phase
error in each pixel. On the low-dose end, we note a peculiar deviation from the error
prediction for both ZPC and GS. This occurs because, in both cases, the phase error
is bounded. For ZPC, this happens when we get zero counts in a pixel. In that case,
the phase is fixed at 𝜙𝑖 = −10/8 rad (for the 2D case), as is obvious from section 5.3.1.
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Figure 5.5: Numerical simulation of a 4 × 4 phase object encoding 100 different real-
izations of random phase noise with a range of ±𝜋/10 for each electron budget. The
electron budget is divided over 16 random phase illumination patterns. Note the sig-
nificant difference with ZPC due to the normalization correction and the close relation
between the ML RPI and the much faster GS RPI.

Suppose we now calculate the standard deviation of a truncated normal distribution.
In that case, we get an RMS value lower than expected from noise considerations only.
This leads to a plateau at a very low dose. Note that this plateau does not mean we
gained anything regarding information retrieval but is merely an effect of truncation.
This effect is clearly visible in a ZPC image of the famous cameraman [310] (see the top
rows of fig. 5.7). When using the lowest dose, most pixels are stuck at the lowest value
(−10/8 for the ZPC case), resulting in a low phase error for an object with limited phase
variation. However, these pixels do not contain exploitable information about the object
either.

The situation is more complex for the RPI measurements. In a GS implementation, we
consider RPI a series of 𝑁𝑅𝑃𝐼 individual measurements. Each of these measurements
will have only a fraction of the total dose and, therefore, show a higher error individually.
The truncation described above now happens for each realization individually, leading
to a phase error plateau lower by

√
𝑁𝑅𝑃𝐼 for the low-dose cases. Naturally, this does not

happen for the ML implementation because there is only one model with N phases that
are bound between −𝜋 and +𝜋, and the 𝑁 ×𝑁𝑅𝑃𝐼 detected intensities are correctly dealt
with through the Poisson log-likelihood function, which does not suffer from truncation
issues. In order to get the most accurate recorded intensities, it is best to avoid working
with dose levels that lead to this plateau. If we need to use GS for computational
efficiency, we can do so by choosing 𝑁𝑅𝑃𝐼 = 2 for low-dose cases. Another option is to
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Figure 5.6: RMS phase error for a single 64 × 64 random phase object with 𝜋/10 phase
range, illuminated with 𝑁𝑅𝑃𝐼 = 2, 16, 64. We note that ZPC and GS closely follow their
predicted error behavior as a function of the total dose. We note a remarkable trend
at low doses where the phase error shows a plateau depending on 𝑁𝑅𝑃𝐼 , which is a
consequence of phase wrapping in the individual 𝑁𝑅𝑃𝐼 realizations.

use ML and a higher value of 𝑁𝑅𝑃𝐼 to use the available information fully. However, this
will require a longer computation time and does not lead to a significant error reduction.
Note that the plateau is also misleading here, as it could lead to the assumption that its
lower value, when 𝑁𝑅𝑃𝐼 is high, constitutes a desirable noise suppression. However, it
is merely a truncation or phase-wrapping artifact that obfuscates the actual signal.

When we examine the visual output of the retrieved phase for the cameraman object
in fig. 5.7, we can clearly see some significant differences between ZPC and RPI. At the
highest dose, both methods accurately retrieve all object details. In the case of ZPC, the
intensity is dispersed outside the region of interest, which makes it less effective than
the diffraction-based method. We find that only 62.5% of the intensity is within the
region of interest, with the remaining 37.5% not contributing useful information from
the object. Now we see that, at low doses (marked with a★ in fig. 5.7), the ZPC displays
a flat phase of −10/8 rad wherever no electron was detected. While this flat value may
seem like low noise due to the absence of contrast variation, in reality, it indicates a lack
of information in those areas. This is why we observe a plateau in fig. 5.6 for ZPC. In
the case of GS RPI, this effect also arises from phase wrapping of the noise, but it is less
prominent, which is also visible in the figure indicated with a ★ in fig. 5.7 for RPI.

Furthermore, we also show the detected intensity for the ZPC case to demonstrate the
normalization effect that was derived in this chapter. fig. 5.3 shows the detected intensity
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of the random phase object of 64 × 64. As mentioned above, with correct oversampling
of 𝐶 = 1/2, we notice the intensity outside of the illuminated area to be 37.5% of the
total illumination intensity. This effect occurs as a result of the phase discontinuity that
is essential for ZPC to work but leads to a decrease in dose efficiency, as only a fraction
of all electrons take part in the actual formation of the central phase-encoded part of
the image and, even there, the contrast is lower. Omitting this oversampling by 2 in
all directions will wrongly create an aliasing of the reference part of the wave, which
will result in a seemingly 50/50 distribution between the object and the reference part of
the wave. This distribution will result in apparently much better counting statistics but
consists of an aliasing artifact that can not be reproduced in an actual experiment.

5.7 Discussion

Following the previous derivation and results, we can now extract common features from
these numerical exercises and discuss the effect of each parameter on the reconstruction.

5.7.1 The role of dose

The role of dose follows the expected 1/
√
𝑁𝑒/𝑁 trend, albeit with different pre-factors

for either ZPC or diffraction-based measurements. This trend shows that the number
of detector pixels 𝑀 should be carefully balanced against the required sampling and
desired field of view. We observe a deviating trend at a very low dose due to phase
wrapping, which truncates the phase error and leads to a plateau in the error prediction.
This plateau indicates a situation where noise is maximized, and it is unlikely that one

Figure 5.7: Comparison of ZPC and GS RPI phase retrieval as a function of dose on a
more realistic 2D object. At high doses, both methods retrieve the object effectively. The
top figures marked with a ★ do not adhere to the color bar scaling to aid visualization.
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would recover any meaningful signal in this range. This truncation effect is more severe
for the GS RPI method as it acts on the 𝑁𝑅𝑃𝐼 individual experiments, while this does not
appear for the ML RPI method. This finding is significant, as it guides the experimenter
to use a lower 𝑁𝑅𝑃𝐼 for very low-dose imaging to optimally distribute the available dose
among each phase configuration in the illumination. Ideally, ML RPI would always be
used, but our current implementation is too slow to be practical on realistically sized
objects. Further algorithm development in this direction would be useful. As a side note,
we speculate that these effects also occur for ptychography with overlapping probes, as
also here, one records multiple instances of the same part of the object with different
phase encoding [255,311–314].

5.7.2 Is RPI the best we can do?

In our study, we employed the RPI method to solve the issue of under-determination in
the inverse problem, which helps eliminate translation and point symmetry uncertain-
ties [170]. Although this method provides a five-fold improvement over ZPC, it raises
the question of whether it would be more efficient to devise a new illumination scheme
based on insights gained from previous experiments rather than recording 16 random
phase illumination variants. We explored variations of this approach, such as using the
complex conjugate of the current phase estimate, employing orthogonal basis sets like
Hadamard and Fourier, and using only ±𝜋 phase illumination akin to a charge flipping
algorithm [189]. However, these attempts yielded nearly identical results to our simpler
random phase illumination scheme.

It is intriguing to consider how we can efficiently encode a phase message using 𝑁𝑒

electrons. Assuming that each electron represents one bit of information, then 𝑁𝑒

electrons could convey a message with 2𝑁𝑒 variations. If we distribute this across the
𝑁 = (𝑛 × 𝑛) independent pixels, we get:

𝜎𝜙,𝑏𝑖𝑛𝑎𝑟𝑦 =
2𝜋

2
𝑁𝑒

𝑛2
(5.55)

This encoding would be significantly more efficient in terms of electron dose, but as-
sumes that:

• For each electron, we encode one bit of information in one detector bin (1), and for
the rest, we get no reading (0).

• We have a way to control the phase of the incoming electron wave precisely.

• We have a way to set up an experiment to find out if the modulo of the phase shift
of the sample with respect to the local incoming phase of the wave is higher or
lower than some value.

Another approach involves arranging multiple passes of the electron wave through the
sample, as proposed in the framework of the quantum microscope [315–318]. Further
improvements are anticipated with the use of a beam splitter and squeezed or entangled
electron states [319], where the wavefunction’s distribution variation is only one quantum
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number. This minimization of variation between electron states sets the theoretical limit
down to Heisenberg uncertainty, resulting in higher contrast, as the redistribution of the
weighted wavefunction (i.e., phase-shifted) becomes more pronounced. However, the
practical implementation of this approach currently appears to be highly challenging,
as any thermal noise and other physical effects could break most of the assumptions
needed.

5.7.3 Technological difficulties to realize this

In this chapter, we have looked at the fundamental counting noise limits and have
assumed that we can create an ideal phase plate acting on the phase of the illuminating
wave and an ideal but correctly normalized version of the ZPC that acts on the exit wave
in the BFP. Several technological obstacles have to be overcome to realize these ultimate
predictions for the ZPC case:

• The ideal Airy disc-like Zernike phase profile is difficult to realize.

• The ideal Zernike phase shift may differ from 𝜋/2 (see Bellegia [320]).

• The ZPP profile should adapt in width to the illumination size to obtain the best
performance while avoiding loss of low frequencies.

Also, for the RPI, several obstacles will hinder a straightforward implementation:

• As stated in previous chapters, a programmable phase plate has considerable
limitations regarding the fill factor, meaning that we also imprint amplitude mod-
ulation into the probe. However, this may be beneficial in some cases [278, 280].
This could be overcome by scanning the amplitude and phase-modulated probe in
focused-probe-ptychography-style to illuminate all the sample with some overlap
between the probe positions.

Phase plate charging problems, gradual phase drift, and contamination are potential
issues in both scenarios.

5.7.4 A note on re-normalisation

In this chapter, we have examined a sample as a collection of random phases without
making any assumptions about the relationship between pixels or the probability of
certain patterns occurring. In reality, the set of actual images is smaller than the total
number of potential random phase formations. In other words, there is some underlying
regularity in the sample. If we correctly describe this regularity, we can significantly
gain in terms of signal-to-noise as this constitutes prior knowledge about the sam-
ple [275, 321–323]. However, we need to be careful and compare similar situations. For
example, if we use regularization in an RPI setup, we should use the same assumptions
in the case of ZPC. Failing to do so will inevitably lead to biased results, as was the
case in compressed sensing [324–326], which also relies on regularization arguments.
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This makes it impossible to compare to a situation where normal sampling is applied
unless the regularization prior is included [327]. For this reason, we will not discuss
regularization here. However, significant gains can be achieved if such prior knowledge
is available and valid [275].

5.8 Conclusion

We have demonstrated that there is a clear benefit in terms of dose-efficiency in recording
multiple diffraction patterns over the more conventional ZPC imaging. We stress here
that we have shown just one possible way of improving the dose efficiency of ZPC
imaging without making claims on related ptychographic or other diffraction-based
setups. Nevertheless, breaking this limit for one case demonstrates that ZPC is not the
ultimate limit, and this should invite further research. Note also that we have assumed
the weak phase object approximation throughout, which is known to be a very limiting
assumption in practice. We found the benefit in terms of dose efficiency to be a factor of
5, which would allow a very significant shifting of the beam damage boundaries that are
hindering progress in, e.g., life sciences, but also in many materials science areas such
as battery materials, polymer science, zeolites, perovskites, metal-organic frameworks
and many more.

This improvement factor is mainly attributed to a subtle normalization issue that occurs
in ZPC imaging. This issue makes ZPC less dose-efficient, as it seems to be the case
if we make a fair comparison where the sample is illuminated with exactly the same
dose over exactly the same area of illumination. This chapter avoids discussing actual
implementation details, and it might well be possible to improve this benefit further if,
i.e., the illumination can be updated to take into account information from the partial
experiment that was already performed. Whether the gain from the diffraction-based
recordings proposed here can also be obtained in practice remains to be seen, as many
practical details will influence the actual dose-efficiency. Nevertheless, there has been
much promising progress in ptychography over the last few years, and it relies on
diffraction-based detection, albeit with a different illumination scheme than the RPI
suggested here.

One possible advantage of detecting in the diffraction plane while adjusting the phase
of the probe is the potential for a simpler, smaller, and more cost-effective electron
microscope specifically designed for life science imaging. In this scenario, the camera
could have significantly fewer pixels, and the projector system could be removed entirely
(along with the image corrector) as long as some form of scanning system or phase
plate can quickly alter the illumination. This discovery shows promise for affordable
tabletop instruments that could expand the information we can gather from beam-
sensitive nanoscale objects.
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CHAPTER 6. ELECTRON WAVEFRONT SHAPING FOR THE END-USER

Throughout this work, we have explored the potential applications of an EPP for elec-
trons, with a particular focus on its comprehensive characterization in chapter 4. How-
ever, we have not yet delved into the practical operation of the EPP. To address this, we
dedicate this brief chapter to provide the reader with insights into the hands-on operation
of an EPP. Additionally, we will discuss the various designs offered by AdaptEM’s Wave-
Crafter [186], one of which was at the core of the experiments presented in chapter 4.

6.1 State of the Art Electrostatic Phase Plate for Electrons:
AdaptEM WaveCrafter

The device showcased in chapter 4 consists of an array of 48 programmable Einzel lenses,
contained within a circular area of approximately 50 𝜇m. However, the technology is
designed to support different geometries, offering a significant advantage in terms of
upgradeability. Furthermore, as discussed in chapter 3, the system can be customized for
specific applications based on the required illumination parameters within the current
technological limitations.

Different commercially available EPP designs were tested. These include the segmented
device with 48 pixels, a Cartesian geometry design with a 6×6 grid of circular holes,
and a simplified segmented design featuring 12 triangular segments. These configura-
tions are presented in fig. 6.1, along with focused and defocused images of the probes
they produce. Additionally, an overview of the main parameters for each geometry is
provided in table 6.1.

Design # of Elements Fill Factor Radial
Sampling

Azimuthal
Sampling

Segmented 48 48 ≈30% ++ ++
Cartesian 36 36 ≈36% + -

Segmented 12 12 ≈60% – ++

Table 6.1: Comparison of EPP Designs. The last two columns refer to the phase plate
capabilities to apply a phase profile along the azimuthal and radial coordinates of the
condenser aperture, qualitatively ranging from very efficient (++) to unefficient (–).

As the technology is designed to operate with any geometry, the designs depicted in
fig. 6.1 can be driven with the same controller setup and software, facilitating upgrades or
replacements with relative ease. A screenshot of this user interface software is included
in fig. 6.2. Additionally, regardless of the microscope type or manufacturer, the device
operation remains the same once installed.

This brief chapter highlights that once the device is installed in the microscope, it can
be operated intuitively, as it does not interact directly with its controls. Moreover, the
software allows for incorporating routines that can, e.g., directly receive feedback from
the detector or communicate with a scan engine. This feature offers significant versatility
with relative ease, as demonstrated by the adaptive routines shown earlier in chapter 4.
Notably, the development efforts invested in the controller provide a significant advan-
tage for other users’ adoption and testing, as the system can be efficiently designed and
optimized for various applications in both hardware and software.
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Figure 6.1: Commercially available EPP designs by AdaptEM [186]. The left column
features the Segmented 48 design used to obtain the experimental results presented in
chapter 4. The middle column displays the Cartesian 36 design, while the right column
presents the Segmented 12 design. The electron wavefront resulting from each design,
without any voltage applied to its phase pixels, is illustrated with three configurations:
the top row shows the plane wave (CTEM), the middle row features the convergent
probe (STEM), and the bottom row displays the defocused convergent probe (Defocused
STEM).
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Figure 6.2: Snapshot of the Phase Plate controller software adapted for the Segmented
48 design. The Control panel on the left shows different presets for common probe
geometries. On the top right, a display with the current geometry of the phase plate
(condenser plane) and the probe (sample plane) is shown to serve as a reference to the
user. Additional settings include each phase pixel’s gain and offset values and dynamic
routines that enable automatic correction.
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CHAPTER 7. GENERAL DISCUSSION AND CONCLUSIONS

7.1 Summary and Overview of this Work

This thesis explores the potential of adaptive wavefront shaping in electron microscopy.
The first chapter focuses on the construction of the instrument. Our aim in this chapter
was to investigate the possibilities and limitations that may arise during the routine
operation of a TEM, which then serves as the main framework for the rest of the work.
Additionally, we discuss electron optics from a particle perspective, which helps us
understand the fundamental principles of electron lenses and other active elements.

In Chapter Two, we delve deeper into the concepts of electron optics by exploring the
potential of generalized wavefront shaping. We provide examples demonstrating how
this approach has revolutionized various research fields. Next, we examine electron
wavefront manipulation from the quantum mechanical perspective of matter waves.
We now describe the propagation of electron waves through the Schrödinger equation
and link its potential term to Young’s double-slit experiment and the Aharonov-Bohm
effect. These foundational concepts lead us to an understanding of the Einzel lens, which
serves as a fundamental building block for our wavefront shaping strategy. Finally, we
introduce the multi-element EPP for electrons, which will be the starting point for further
exploration of the concept in the subsequent chapters.

After establishing the framework and discussing the benefits of electron wavefront shap-
ing in electron microscopy, we proceeded with the main body of this work. There, we
focus on the concept of multi-element EPPs, introduced by Verbeeck et al. [144], exam-
ining their design and functionality and the challenges that this technology may help
overcome in the future.

To analyze EPP, we first assessed their capability to correct spherical aberration in the
TEM. The framework outlined in chapter 3 guides the design for current and future
EPPs, with spherical aberration serving as the primary example due to its significant
impact on resolution, as highlighted early on by Scherzer [28]. This is particularly
relevant for instruments without an aberration corrector, where the proposed EPP may,
in the future, be a viable alternative. Generally, we could list the main findings from this
design exercise:

• An EPP with zeroth-order order elements can potentially correct spherical aberra-
tion and enhance an uncorrected TEM.

• The main improvement for aberration correction involves incorporating a first-
order phase profile, necessitating two electrodes for each phase segment. Although
this increases the complexity due to the higher number of connections needed for
each segment, it is a worthwhile upgrade, as this enhancement can significantly
reduce the number of segments required to achieve sub-Å STEM probes.

After reviewing notions fundamental to an EPP’s design, we tested its practical capa-
bilities in a TEM. For this, we utilized AdaptEM’s Segmented 48 device. Our primary
objective was to characterize the phase and responsiveness of each segment within the
device. We employed a Gerchberg-Saxton algorithm on several intensity recordings
and obtained a phase sensitivity of 0.075 rad/mV at 300 kV, with a phase resolution of
approximately 3×10−3 𝜋.
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Furthermore, to demonstrate the device’s wavefront shaping capabilities, we recorded a
series of probes forming part of a Hadamard basis set and some well-known Hermite-
Gaussian and Laguerre-Gaussian profiles. Furthermore, we realized an experimental
setup where the device was set to enhance a HAADF-STEM image automatically. While
not reaching any remarkable feat in terms of resolution, we achieved unprecedented
automated correction while utilizing a phase plate for electrons. Notably, despite lack-
ing a top ground and having a limited fill factor, the device was still fully capable of
generating complex probe shapes in a repeatable manner. It is reasonable to expect
that with further refinements in the manufacturing process and the adoption of more
advanced techniques, the efficiency of these devices will significantly improve.

On the controller side, the speed at which we can manipulate the phase profile of the
electron wavefront is primarily constrained by the electronics, particularly the settling
time for the DAC. Addressing this issue (i.e., by pre-loading specific phase configurations
into the controller’s memory) could achieve much higher update speeds. This improve-
ment presents a promising opportunity for adaptive TEM experiments, especially when
coupled with emerging fast detector technology [328–332].

In chapter 5, we took a more theoretical approach to discussing electron wavefront
shaping as a concept extending beyond any limitation of an EPP set. From an information
perspective, we explored whether there is any possibility of surpassing the established
limits set by the gold standard for phase imaging, which is Zernike phase contrast.

Interestingly, a small normalization error can lead to inaccurate conclusions regarding
dose-efficient measurements. Minor misunderstandings can result in overly optimistic
assumptions when we operate near the information limit. Specifically, the low-frequency
scattering of electrons at the back focal plane by the finite-sized Zernike phase plate and
the inherent creation of a reference beam creates a situation where the improper nor-
malization of electrons that exit the boundaries of the object array is not considered in
the overall assessment of dose efficiency. This oversight can lead to incorrect conclu-
sions about the measurement’s precision. The potential five-fold improvement in dose
efficiency provided by a set of known, random phase-structured waves, compared to a
Zernike phase contrast method, reignites the discussion around this topic. This positions
electron wavefront shaping as a promising approach for enhancing diffraction-based
measurements and improving low-dose experiments overall.

7.2 Outlook and Future Prospects for Electron Wavefront
Shaping

The findings summarized in the previous section highlight the significant potential of a
generalized electron wavefront-shaping device to transform electron microscopy. How-
ever, the widespread adoption of this technology is still hindered by several engineering
challenges (i.e., contamination, fill factor, cross-talk, degradation) that require advanced
technological and manufacturing solutions. While substantial progress has been made,
as shown by the state-of-the-art multi-element EPP discussed in chapter 4, the technol-
ogy is not yet capable of providing a comprehensive solution to the various challenges
faced in electron microscopy.
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While there are engineering challenges, physics offers a more optimistic outlook. These
devices could significantly improve current technology regarding aberration correction,
yielding a two-fold advantage over traditional aberration correctors. First, with a suffi-
cient fill factor (i.e., above 70%), even a small number of segments can provide adequate
correction for most applications. Such a device could reduce the cost and complexity
of instruments needed for tasks like atomic resolution imaging. Second, the aberration
correction provided by these devices would be more reliable regarding response, power
consumption, and stability. Correcting aberrations with multipole correctors requires
meticulous alignment and careful tuning of boundary conditions. In contrast, using an
electrostatic phase plate only necessitates updating the voltage in the phase segments
accordingly, with near-live update speeds. In summary, from the standpoint of aberra-
tion correction, such a device could revive previously limited instruments in line with
modern standards or enable entirely new, cost-effective designs.

Additionally, improving dose efficiency can significantly decrease the electron dose
needed to obtain information from dose-sensitive samples reliably. As electron mi-
croscopy becomes a crucial characterization method in biology and interest in the prop-
erties of 2D materials increases, adopting wavefront modulation strategies could lead
to significant breakthroughs in both fields. Furthermore, structured illumination has
recently emerged as a promising solution for many phase retrieval problems, as noted
in several studies [278–281]. This indicates a growing trend towards using wavefront
modulation to enhance convergence and efficiency in these experiments.

While not directly addressed in this work, various emerging applications investigate the
potential of electron wavefront shaping. These include phenomena such as PSEELS [107,
147,148,333,334], enhancements in X-ray radiation [66,335], and even the manipulation
of Rydberg atoms using free electrons [336], among others. This trend demonstrates
how advancements in electron wavefront shaping technologies stimulate theoretical and
practical developments, promoting further technological progress. This development
loop is also evident throughout this work, tracing back to the initial demonstration of
a multi-element EPP [144], which eventually led to the development of AdaptEM’s
WaveCrafter, which is commercially available for any microscopy user.

If we take a survey beyond electron microscopy or focused ion beam, advancements
in the development of electron wavefront shaping technology have significant potential
when integrated with Complementary Metal-Oxide-Semiconductor (CMOS) technol-
ogy. For instance, dynamic random-access memory (DRAM) devices consist of millions
of fast-switching gates made from capacitors and transistors [337]. While the connection
may not be immediately apparent, the proposed design for a first-order phase segment
functions similarly to a capacitor, as explained in chapter 3. It accumulates charge,
creating a linear electric field across its surface, which translates into the potential field
required to imprint localized phase-shift onto the electron beam. Moreover, control-
ling these miniaturized components is relatively straightforward because a grid-like
voltage source can individually address each circuit through x and y lines, reducing
the complexity of the controller’s hardware. Therefore, despite any initial skepticism,
DRAM technology presents a promising platform for developing future generations of
programmable phase plates for electrons, given that it meets the necessary criteria for
electron transparency (as CMOS technology is not designed to create an array of holes)
and other specific requirements dictated by the intended instrumentation.
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7.3 Conclusion

The central question we have been exploring throughout this work is whether electron
wavefront shaping can enhance electron microscopy. The short answer to this question
is yes. However, achieving this with sufficient versatility is quite challenging, as stressed
by several realizations [144,179,183,317,338].

Advancing into a new field requires considerable effort, and the technology necessary
for implementing electron wavefront shaping is developing alongside theoretical studies
demonstrating its potential applications. Notably, many of the applications mentioned,
especially low-dose imaging for biological specimens, suggest that the future of electron
microscopy will involve greater flexibility in electron wavefront modulation and the use
of adaptive optical devices.

In conclusion, approaching a problem from a different angle is often beneficial. For
example, the assumption that only the smallest probes can achieve atomic resolution
in STEM can lead us into an engineering rabbit hole, where it seems that only the most
expensive tools are capable of making groundbreaking discoveries. Thankfully, this
misconception is demonstrated by techniques such as electron ptychography [88, 222],
described in section 1.2.3. The findings presented in this work could serve as a foundation
for testing potential applications and a source of inspiration for further advancements,
broadening the instrument’s capabilities.
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1.1 The development of microscopes throughout history has been quite re-
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is dated to 750 B.C. (adapted from https://en.wikipedia.org/wiki/
File:Nimrud_lens_British_Museum.jpg by Geni). In the 17𝑡ℎ century,
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(adapted from https://www.zeiss.com/microscopy/en/products/l
ight-microscopes/super-resolution-microscopes/elyra-7.html),
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microscope was built by Ernst Ruska and is shown in (d) (adapted from
https://commons.wikimedia.org/wiki/File:Ernst_Ruska_Electr
on_Microscope_-_Deutsches_Museum_-_Munich-edit.jpg by J Brew).
In contrast, one of EMAT’s modern TEM by Thermo Fisher Scientific is
shown in (e). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Diagram showing the main components of Thermionic (a) and Field Emis-
sion (b) electron sources. The simplified circuit in (a) (similar to (b), but not
drawn for convenience) and (c) indicates the basic principle for extraction
and acceleration of the electrons for each case (adapted from [8]). . . . . . 5

1.3 Typical ray representation of a convex lens, the light emitted from an
object of width 𝑎𝑜 is bent and then replicated at a distance 𝑑𝑖 , producing
an image of size 𝑎𝑖 . The bent rays form a crossover point on both foci on
either side of the lens at a focal distance 𝑓 . . . . . . . . . . . . . . . . . . . . 7
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1.4 The diagram illustrates the cross-section of an electron lens in 2D (left).
When electrons enter the lens from a point in the focal plane (FP), they
are deflected by the magnetic field created by the current passing through
the coils. The current flowing into the page is represented by ⊗, while
the current flowing out of the page is represented by ⊙. This current
magnetizes the soft-iron pole pieces, generating a toroidal magnetic field
around the coils. The distance to the back focal plane (BFP) can be adjusted
by increasing ( 𝑓𝑎) or decreasing ( 𝑓𝑏) the current flowing through the coils.
The notation is similar to that in fig. 1.3 to emphasize the parallels between
electron and optical lenses. The diagram is extended (right) to represent
the electron velocity upon entering the lens v = (𝑣𝑟 , 0, 𝑣𝑧), the magnetic
field within the lens B = (𝐵𝑟 , 0, 𝐵𝑧), and the azimuthal (𝐹𝜙) and radial (𝐹𝑟)
forces resulting from the interaction. (adapted from [8]). . . . . . . . . . . 9

1.5 Ray diagram representation of different types of electrostatic lenses: con-
vergent (a), divergent (b), two-electrode (c), and three-electrode (Einzel
lens) (d). The figure dimensions are exaggerated to illustrate the effect of
the lens. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.6 Simulated phase aberrations constructed from eq. (1.15). The coefficients
used for the simulations are 𝐶1 = 𝐴1 = 20𝑛𝑚, 𝐵2 = 𝐴2 = 2𝜇𝑚, and
𝐶3 = 𝑆3 = 𝐴3 = 75𝜇𝑚. All phase profiles are over a semi-convergence
angle 𝛼 = 20 𝑚𝑟𝑎𝑑. The color bar on the right represents the phase, while
the amplitude is equal to one throughout the array . . . . . . . . . . . . . . 12

1.7 The diagram in (a) depicts the magnetic field lines (in black) in a quadrupo-
lar lens. As the electrons move into the page with a velocity represented
by v, they experience a radial Lorentz force 𝐹𝑟 . This force can be ad-
justed by regulating the current in each solenoid (adapted from http:
//commons.wikimedia.org/w/index.php?curid=11117039 by Geek3).
In (b), there is an image of a hexapole corrector used in a TEM (source
http://commons.wikimedia.org/w/index.php?curid=16445968 by
Materialscientist). Finally, (c) shows a simplified ray diagram of a double-
hexapole aberration corrector, including the transfer lenses. . . . . . . . . . 14

1.8 Diagram showing the main optical elements of a FEI Titan1. The dia-
gram labels each component and groups them by modules, whose names
are shown with braces on the right. Most of the experimental results
contained in this thesis were obtained with this microscope. . . . . . . . . 17

1.9 The diagram below illustrates TEM’s most common operation modes. In
addition to adjusting the optical elements above the sample, a projection
system (not shown) is typically employed to magnify the image and switch
between diffraction and imaging modes. The most frequently used mode
for STEM is HAADF, where an intensity signal 𝐼𝛽 is captured for each
probe position (𝑥, 𝑦) on the sample plane. More recently, there has been
growing interest in 4D-STEM applications, where a pixelated detector
in reciprocal space acquires spatially resolved intensity (𝐼𝑘𝑥 , 𝐼𝑘𝑦 ). These
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102

http://commons.wikimedia.org/w/index.php?curid=11117039
http://commons.wikimedia.org/w/index.php?curid=11117039
http://commons.wikimedia.org/w/index.php?curid=16445968


LIST OF FIGURES

2.1 Young’s double slit experiment simulation: as the number of photon
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"It gets easier. Every day, it gets a little easier. But you gotta do it every day — That’s
the hard part... But it does get easier."
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