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Theoretical model for the structural phase transition at the metal-insulator transition
in polymerized KC60
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The recently discovered structural transition in polymerized KC60 at about 50 K results in a doubling of the

unit cell volume and accompanies the metal-insulator transition. Here we show that the (aW 1cW ,bW ,aW 2cW ) super-
structure results from small orientational charge density waves along the polymer chains and concomitant
displacements of the surrounding K1 ions. The effect is specific for the space groupPmnn of KC60 and is
absent in RbC60 and CsC60 ~space groupI2/m). The mechanism is relevant for the metal-insulator transition.
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I. INTRODUCTION

Among the alkali-metal-doped fulleridesAxC60, where
A5K,Rb,Cs, thex51 compounds1 have attracted attention
because they form plastic cubic crystalline phases with ro
salt structure at high temperature (T.350 K) and stable
polymeric phases2 of reduced symmetry at lowerT. In addi-
tion, via rapid quenching, a metastable dimer phase
obtained.3,4 It was suggested that the dimer structure sho
be a Peierls insulator.3 In the following we will restrict our-
selves to the polymer phases. There, the C60 molecules are
linked through a@212# cycloaddition and form chains alon
the former cubic@110# direction. The orientation of the poly
mer chains is characterized by the anglec of the planes of
cycloaddition with the former cubic@001# direction. The
structure of KC60 is orthorhombic5,6 @space groupPmnn;

Fig. 1~a!#; the orthorhombicaW axis is parallel to the axis o

polymerization and thecW axis parallel to the former cubic
@001# direction. ThePmnnstructure is characterized by a
ternating orientations6c of the polymer chains in succes
sive (aW ,bW ) planes and the same orientation of the cha
within one plane,ucu'45°. On the other hand, the structu
of both polymerized RbC60 ~Ref. 6! and CsC60 ~Ref. 7! is
monoclinic, space groupI2/m @Fig. 1~b!#. Here the polymer
chains have the same orientationc not only within the same
(aW ,bW ) plane but also in successive~001! planes.

In addition to the structural differences, the electronic a
magnetic properties of KC60 on one hand and RbC60, CsC60,
on the other hand, are different~for a review, see Ref. 8!.
Neither the differences in structure nor those in electrom
netic properties can be simply related to the relatively sm
differences in the lattice constants among theAC60 com-
pounds. We then conclude that more alkali-metal-spec
effects are relevant. To explain the structural differences
the polymer phases of KC60 ~space groupPmnn) and RbC60
and CsC60 ~space groupI2/m), it has turned out that the
quadrupolar polarizability of the alkali-metal ions is the d
cisive alkali-metal-specific characteristic.9,10 The quadrupo-
lar polarizability of the alkali-metal ionA1 is related to the
average radiusdA of its first valence electrond shell. Indeed,
dRb51.82 Å anddCs51.87 Å are close to each other b
0163-1829/2002/66~16!/165425~14!/$20.00 66 1654
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quite different fromdK51.47 Å. The partial occupancy o
the first excitedd state in the solids is possible because of
large interstitial space available for the alkali-metals, t
relatively large space being a unique property of theAC60
compounds.

Recently, a combined study of the electronic and str
tural properties of KC60 has been carried out by Coulo
et al.:11 x-ray diffraction studies have revealed a structu
phase transition in polymerized KC60 at 60 K<Tc<65 K,
while ESR measurements have shown the existence
metal-insulator transition atT'50 K, which stresses onc
again the close connection between structural and electr
properties in theAC60 alkali-metal fullerides. Above the
structural critical temperatureTc , the Bravais lattice of po-
lymerized KC60 is orthorhombic; atTc , the crystal changes
to a (aW 1cW ,bW ,aW 2cW ) superstructure, which can be viewed as
doubling of the basis vectorsaW andcW . Concerning the pos-
sible nature of this structural phase transition~i.e., the dou-
bling mechanism!, it was pointed out by Coulonet al.11 ~i!
that displacements of the C60 centers of mass can be rule
out and~ii ! that a combination of a charge modulation on t
C60 monomers and large correlated K displacements is
appealing hypothesis.

FIG. 1. Crystal structures projected onto the crystallograp

(bW ,cW ) plane: ~a! Pmnn, ~b! I2/m. The thick bars represent th
projection of the cycloaddition planes. Polymerization occurs alo

aW . The alkali-metals located in (bW ,cW ) planes and at6aW /2 are de-
noted by full and empty circles.
©2002 The American Physical Society25-1
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We note that such a combined structural and me
insulator phase transition has not yet been observed
RbC60.12 Bearing in mind the structural differences of th
polymer phases of KC60 and RbC60, the presence/absence
a second structural phase transition inAC60 seems to be re
lated to the precise orientations of the polymer chains
Pmnnand I2/m, respectively.

Here we propose a doubling mechanism that accounts
the observed structural phase transition in KC60 on one hand,
and for the absence of such a transition in RbC60 on the other
hand, both in agreement with the present experime
knowledge of these compounds.

II. DOUBLING MECHANISM

We consider rigid KC60 and RbC60 crystals in the poly-
merized phase. For KC60, this phase has space groupPmnn,
while for RbC60 the space group isI2/m. The I2/m space
group has a monoclinic Bravais lattice; we will treat it as
orthorhombic lattice, however, since the ‘‘monoclinic’’ ang
a590.316° of RbC60 obtained by neutron scatterin
measurements13 is extremely close to 90°. The centers
mass of theN C60 monomers are then located on the latti
points of a body-centered orthorhombic lattice with ba
vectorsaW 5aeWX , bW 5beWY , and cW5ceWZ , where (eWX ,eWY ,eWZ)
are the basis vectors of the underlying Cartesian coordi
system. The axes of polymerization are parallel toaW . A lat-
tice point is labeled by indicesnW 5(n1 ,n2 ,n3), which are
either all integer numbers or all integer numbers1 1

2 , corre-
sponding, respectively, to the corner and the center point
the unit cells. The position vector of lattice pointnW reads

XW ~nW !5n1aW 1n2bW 1n3cW . ~2.1!

To each polymer chain, a rotation anglec can be assigned
We let c50 correspond to the situation where the polym
chain is in the standard orientation, which is defined as
orientation where the plane of cycloaddition is parallel to
(aW ,cW ) plane. The anglec then measures a counterclockwi
rotation of the polymer chain aboutaW . More generally, the
orientation angle can be seen as a property of a single60

monomer; therefore we writec[c(nW ). However, since all
the C60 monomers in the same polymer chain have the sa
orientation angle and since a polymer chain can be addre
by the indices (n2 ,n3), c is independent of the indexn1.
Furthermore, thePmnn structure is characterized by an a
ternation of the orientations of the polymer chains along
cW axis only; hence for KC60 c is also independent of th
index n2:

c~nW ![c~n3!5~21!2n3cKC60
. ~2.2!

The structureI2/m is characterized by an equal orientation
all the polymer chains in the crystal. Therefore, one has
RbC60:

c~nW ![cRbC60
. ~2.3!
16542
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The chain orientation angles have been redetermined
cently by neutron scattering experiments:13 cKC60

550°,

cRbC60
546°.

Due to the charge transfer of one electron from an alk
metal atom to a C60 molecule, a charge distributionr with
total charge2e exists on every C60 monomer. For a given
C60 monomernW , we introduce a Cartesian coordinate syste
with basis vectors (eW x ,eW y ,eW z) and the center of mass of th
monomer as origin. The charge distribution can then be w
ten as

r[r„rW;c~nW !…5r„x,y,z;c~nW !…, ~2.4!

whererW5xeW x1yeW y1zeW z .
As a mechanism for the doubling of the lattice basis v

tors aW and cW , we suggest the following: while retaining th
rigid structure for theC nuclei and the closedp- ands-shell
electrons, small orientational deviations of thevalence elec-
tron densityr on every C60 monomer from this structure ar
allowed to occur, in such a way that these deviations~and
therefore equivalent lattice points! have periodicities 2aW , bW ,
and 2cW . A rotation of the electron density can occur becau
there are orbital degrees of freedom for one valence elec
on the threefold degeneratet1u lowest unoccupied molecula
orbital ~LUMO! level.14 The valence electron density de
pends on the coefficients of expansion in terms of these th
orbitals and this leads to its effective rotation. We will lim
ourselves to rotations of the charge distributions about
polymer chain axes. To denote the angular deviation of
charge distribution fromc(nW ), we use the notationDc(nW ):

r[r„rW;c~nW !1Dc~nW !…5r„x,y,z;c~nW !1Dc~nW !….
~2.5!

In order to have the desired periodicity changes, we take

Dc~n1 ,n2 ,n3!5DcS n11
1

2
,n21

1

2
,n31

1

2D
5H 1Dc0if n11n3 even,

2Dc0if n11n3 odd,
~2.6!

with n1 ,n2 ,n3PZ. In Eq. ~2.6!, Dc0 represents the angl
measuring the deviation fromc. The mechanism is illus-
trated schematically in Fig. 2. In Sec. IV we will comme
on the charge distribution model to be used.

It is convenient to introduce spherical coordinat
(r ,u,f), related to the Cartesian coordinates (x,y,z) via

y5r sinu cosf,

z5r sinu sinf, ~2.7!

x5r cosu,

since a counterclockwise rotation of the charge distributior

over an anglec1Dc about the aW axis is then simply
achieved by replacingf by f2c2Dc:
5-2
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FIG. 2. Illustration of the proposed doubling mechanism. Sho
is a projection of the C60 molecules, symbolized by circles, onto th

(bW ,cW ) crystallographic plane~compare with Fig. 1!. The alkali-
metal atoms have been omitted for clarity. The solid and das
lines in the circles represent the orientations of the charge distr
tions: ~a! KC60, ~b! RbC60. The solid lines correspond to the orig
nal ~a! Pmnn and ~b! I2/m structures, the suggested doublin
mechanism consists of angular deviations of the electronic den
distributions as indicated by the dashed lines. The proposed sch

results in a doubling of the lattice vectorcW , while the lattice vector

bW remains the same. The original~projection of the! unit cell is
shown as a solid frame, the~projection of the! unit cell taking into
account the electronic deviations is shown as a dashed frame. A

the aW axis, a doubling pattern~angular deviations of the charg

distributions! similar to the doubling along thecW axis occurs.
r„r ,u,f;c~nW !1Dc~nW !…5r„r ,u,f2c~nW !2Dc~nW !;0….
~2.8!

16542
We simplify the notation and write from now on:

r~r ,u,f![r~r ,u,f;0!. ~2.9!

III. POTENTIAL ENERGY

In order to determine whether the above-described e
tronic density distortions can occur or not, it is necessary
investigate the potential energy of the crystal. We consi
the contribution U to the potential energy arising from
C60–C60 interactions, which can be written as a sum of p
potentials:

U5
1

2 (
nW ,nW 8

U~nW ,nW 8!. ~3.1!

Since we are interested in how the potential energy of
crystal is influenced by the above-described orientational
viationsDc(nW ) of the charge distributions on all C60

2 mono-
mers, only electronic interactions have to be taken into
count~van der Waals–type interactions refer to the neutra
cores, which in our model are assumed to constitute a r
structure!. The electrostatic energy of two C60

2 monomers at
lattice pointsnW andnW 8 is given by

U~nW ,nW 8!5
1

4pe0
E drWE drW8

r„rW;a~nW !…r„rW8;a~nW 8!…

urW2rW82XW ~nW 82nW !u
,

~3.2a!

where we have introduced the notation

a~nW ![c~nW !1Dc~nW !. ~3.2b!

The integration variablesrW and rW8 in Eq. ~3.2a! refer to the
local coordinate systems associated with the respective
tice sitesnW and nW 8; hence the appearance of the relati
position vectorXW (nW 82nW )5XW (nW 8)2XW (nW ). Using the previ-
ously introduced spherical coordinates,U(nW ,nW 8) can be re-
written as

n

d
u-

ity
me

ng
tion. As
ith
U~nW ,nW 8!5
1

4pe0
E

0

`

r 2drE
0

p

sinuduE
0

2p

dfE
0

`

r 82dr8E
0

p

sinu8du8

3E
0

2p

df8
r„r ,u,f2c~nW !2Dc~nW !…r„r 8,u8,f82c~nW 8!2Dc~nW 8!…

urW2rW82XW ~nW 82nW !u
, ~3.3a!

urW2rW82XW ~nW 82nW !u5$@r cosu2r 8cosu82~n182n1!a#21@r sinu cosf2r 8sinu8cosf82~n282n2!b#2

1@r sinu sinf2r 8sinu8sinf82~n382n3!c#2%1/2. ~3.3b!

As will be discussed in more detail in Sec. IV, the charge distributionr can be expanded in even multipolesl
50,2,4, . . . . Thelowest-order term containing angular dependence will therefore be a monopole-quadrupole interac
a consequence, the angular dependent part of the potential energyU, being of the Coulomb-type, decreases fast enough w
the distance, and it is justified to consider a limited number of nearest-neighbor interactions. We write Eq.~3.1! as
5-3
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U5
1

2 (
nW

V~nW !, ~3.4!

where

V~nW !5(
mW

U~nW ,nW 1mW !. ~3.5!

The summation overmW runs over the fourteen neares
neighbor sites with relative indicesmW 5(61,0,0), (0,
61,0), (0,0,61), (6 1

2 ,6 1
2 ,6 1

2 ). An analysis of the occur-
ing orientations of the charge distributions on the vario
C60

2 monomers reveals that only two different types of l
tice sites exist: if we letn1 , n2, andn3 be integers, then al
sites with indices (n1 ,n2 ,n3) or (n11 1

2 ,n21 1
2 ,n31 1

2 ), sat-
isfying n11n3 even, have an equivalent neighborhood. W
call these sites type I sites. The other sites (n11n3 odd!,
which we label as type II sites, have also an equivalent
vironment, but one that is different from the type I neighb
hood. We summarize this observation by writing

V~n1 ,n2 ,n3!5VS n11
1

2
,n21

1

2
,n31

1

2D
5H VI if n11n3 even

VII if n11n3 odd,
~3.6!

with n1 ,n2 ,n3PZ. Note that Eq.~3.6! is consistent with the
imposed periodicity conditions~2.6!. The potential energy o
the entire crystal due to all electrostatic C60

2 –C60
2 interac-

tions is obtained by carrying out the summation of Eq.~3.4!,
which runs over all lattice points:

U5
N

4
~VI1VII !. ~3.7!

The functionsVI and VII depend only on the angleDc0,
introduced in Eq.~2.6!, which is a measure for the deviatio
from the undistorted structure. To emphasize this dep
dence, we write

U[U~Dc0!. ~3.8!

IV. CHARGE DISTRIBUTION

The key point in the proposed model is the expression
the electronic densityr(rW) of a C60

2 unit in a polymer chain.
Polymerization leads to a reduction of the symmetry~in
comparison with the icosahedral symmetry of C60) and the
charge distribution can be expanded in multipoles withl
50,2,4, . . . . In earlier theoretical work,9,10 a quadrupolar
charge distribution model was used in explaining the str
tural phase transition from the cubic~unpolymerized! to the
orthorhombic~polymerized! phase of theAC60 alkali-metal
fullerides. By using a simplified Slater-Koster tight-bindin
approach to determiner(rW), it has been shown15 that such a
quadrupolar model is a reasonable first approximation.~Due
to the D2h symmetry of a polymer chain, only even mult
poles occur.! However, by experimenting with various qua
16542
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drupolarlike electronic densities, we find that the energyU
depends very sensitively on the precise location of the p
charges used in constructing the charge distribution and
here no conclusion can be drawn based upon quadrup
models. In our view, it is necessary to go beyond the q
drupolar contribution and to take into account higher mu
poles. Indeed, if one examines the expansion of the ang
part ra(u,f) of the charge distribution in terms of spheric
harmonics, calculated in Ref. 15, one sees the relevanc
the higher-order terms. In particular, the (l 58, m58) term
seems to play an important role. The importance
relatively-high-order multipoles is not surprising: for e
ample, orientational ordering in solid C60 ~fullerite! is de-
scribed using molecular and site-symmetry-adapted fu
tions ~SAFs! belonging to the manifoldsl 56,10,12.16

Furthermore, in expanding the van der Waals interacti
between polymers inAC60 in terms of SAFs, we have re
cently discovered a similar pattern: the term with (l 58, m
58) is remarkably dominant.

These observations lead us to use the electronic densi
Ref. 15, which can be written as

r~r ,u,f!52er r~r !ra~u,f!, ~4.1a!

where the charge of the electron2e has been factored out in
order to ensure that the angular partra is dimensionless. The
radial partr r is not relevant for our purposes; we locate t
charge on a sphere with radiusR53.55 Å, which is the ra-
dius of a C60 molecule:17

r r~r !5
d~r 2R!

R2
. ~4.1b!

If a more refined model forr r is used, the main effect is a
renormalization of the intersite interactions. On the oth
hand, the angular partra is anisotropic and results in multi
pole interactions of different sign and magnitude. It is giv
by

ra~u,f!5@20.706 99Y5
1,s~u,f!10.306 59Y5

3,s~u,f!

10.637 31Y5
5,s~u,f!#2. ~4.1c!

In Eq. ~4.1c!, ra is written as the modulus squared of th
wave functionc3(u,f), which is one of the three degenera
t1u functions of a C60

2 ion.18 The real functionsYl
m,s(u,f)

are the sine spherical harmonics defined in Ref. 19. Note
Eq. ~4.1c! is exact within the framework of the tight-bindin
approach. In Fig. 3, the angular electron densityra for a
C60

2 ion in the standard orientation is shown, projected o
the (bW ,cW ) and (aW ,cW ) planes. The charge is mainly conce
trated in the equatorial region (x50 or, equivalently,u
5p/2), in agreement with recent NMR results.20 As can be
seen clearly in Fig. 3~a!, the four absolute maxima of th
charge distribution ra coincide with the centers o
pentagons,12 which is very reasonable. Indeed, it is know
that in the neutral molecule, the centers of pentagons are
electron-poor regions and any additional negative charge
periences minimal repulsion at these centers. A direct con
quence of this fact is thePa3̄ phase of solid C60: here, an
5-4
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FIG. 3. Angular partra(u,f) of the charge distribution of a C60
2 monomer in the standard orientation, plotted as a contourplot o

sphere with radiusR53.55 Å, together with the C60 cage.~a! Projection ofra onto the (aW ,cW ) plane.~b! Projection ofra onto the (bW ,cW )
plane. The coordinates (x,y,z) and (u,f) are related to each other via Eq.~2.7! and the constraintAx21y21z25R. On both projections,
one can see clearly that the charge is mainly concentrated in the equatorial region (x50). Note the local maxima in the charge density ne
the C atoms participating in the cycloaddition bonds, and the four absolute maxima located at the centers of pentagons~electron-poor regions
of the neutral C60 molecule!.
tial
s

c. II
ds
r

ini-

to

e

fo
electron-rich region of one molecule~double C–C bond!
faces a pentagon of its neighbor.21

V. POTENTIAL ENERGY CALCULATIONS

The potential energyU of two interacting C60
2 monomers

can now be written down explicitly. Combining Eqs.~3.3a!,
~3.3b!, ~4.1a!, and~4.1b!, one gets

FIG. 4. Dependence of the potential energyVI1VII ~units of
kelvin!, to which the total potential energy of the crystal due
C60

2 -C60
2 interactions is proportional, on the deviation angleDc0

~units of degrees!. The energy scale has been shifted for all curv
so that the undistorted structure (Dc050°) corresponds to zero
potential energy. The double minimum for KC60 ~solid line! shows
that an energetically more favorable configuration than thePmnn
structure exists, featuring rotated electronic densities, while
RbC60 ~dashed line! and CsC60 ~dotted line! deviations of the elec-
tronic distributions on the C60

2 monomers from the originalI2/m
structure do not lower the potential energy.
16542
U~nW ,nW 8!

5FE
0

p

sinuduE
0

2p

dfE
0

p

sinu8du8E
0

2p

df8

3
ra„u,f2c~nW !2Dc~nW !…ra„u8,f82c~nW 8!2Dc~nW 8!…

D~u,f,u8,f8;nW ,nW 8!
,

~5.1a!

with

F5
e2

4pe0
5167 100 K Å, ~5.1b!

D~u,f,u8,f8;nW ,nW 8!

5$@R cosu2R cosu82~n182n1!a#2

1@R sinu cosf2R sinu8cosf82~n282n2!b#2

1@R sinu sinf2R sinu8sinf82~n382n3!c#2%1/2.

~5.1c!

The dependence onDc0 of the quantityVI1VII , to whichU
is proportional, is shown in Fig. 4 for both KC60 (Pmnn
structure! and RbC60 (I2/m structure!. The lattice constants
used in the calculations are given in Table I. The poten
energy for KC60 exhibits a double minimum, which implie
that a deviation of the charge distributions from thePmnn
structure as described by the doubling mechanism of Se
@Fig. 2~a!# is favored. The optimal configuration correspon
to a deviation angle ofDc0'13°. On the other hand, fo
RbC60, such a deviation@Fig. 2~b!# would never lead to an
energetically more favorable structure since the energy m
mum lies atDc050°.
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For completeness, the result for CsC60 is also shown in
Fig. 4. Since theI2/m space group angle is the same for bo
RbC60 and CsC60, cRbC60

5cCsC60
546°,7,13 the only differ-

ence between RbC60 and CsC60 arises from the different lat
tice constants~Table I!. Intuitively, one would therefore ex
pect no qualitative difference between RbC60 and CsC60.
Indeed, Fig. 4 confirms the similarity between RbC60 and
CsC60. Hence our model implies the absence of aaW

1cW ,bW ,aW 2cW ) superstructure~and a concomitant metal
insulator transition! for CsC60.

At this point, we note that the essential dependence of
potential energyU due to C60

2-C60
2 interactions on the dis

tortion angle Dc0 is introduced in Eq.~2.6!. There, the
deviation anglec(nW ) at lattice sitenW is defined in such a way
that the experimentally found doubling scheme is autom
cally recovered. However, by assigning to each lattice sitnW

an order parameterS(nW )561, corresponding to a deviatio
angle Dc(nW )56Dc0, one can show rigorously that thi
doubling scheme has the lowest potential energy. This an
sis is carried out in detail in Appendix A. There it is show
that the average order parameter^S(nW )& is given by

^S~nW !&5h~21!n11n3, ~5.2!

whereh is the order parameter amplitude. The condensa
scheme~5.2! is indeed equivalent to Eq.~2.6!, expressing
periodicity doubling alongaW andcW and no change in period
icity along bW .

VI. DISPLACEMENTS OF THE ALKALI-METAL IONS

It is clear from Fig. 4 that the valence electronic dens
deviationsDc(nW ) from thePmnnstructure are already suf
ficient to account for the periodicity doubling along theaW

and cW axes in KC60 observed by the x-ray scattering me
surements described in Ref. 11. In this section we investig
the role of the alkali-metal ions.

The ability of the charge distributions on the C60
2 mono-

mers to rotate creates a picture reminiscent of rotating m
ecules in molecular crystals. It is well known that orien
tional motion of molecular ions in molecular crysta
influences the translational movements of neighboring co
terions. Here, we have an analogous situation and in K60
one expects average center-of-mass displacements of th1

ions induced by the angular deviations of the charge on
C60

2 ions.
The theory of bilinear translation-rotation~TR! coupling

TABLE I. Lattice constants of KC60 and RbC60, taken from
Ref. 7 (T56 K values for KC60 and T55 K values for RbC60),
and of CsC60, taken from Ref. 13 (T520 K values!; units Å.

a b c

KC60 9.1185 9.9010 14.3467
RbC60 9.0887 10.0843 14.1583
CsC60 9.0968 10.1895 14.1351
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in molecular crystals22,23 is the tool to examine the effect o
molecular orientations on lattice displacements of count
ons and can be applied here as well. The interactions to
considered are the Coulomb attractions between the C60

2

monomers and the K1 ions. Full details are given in Appen
dix B. The main result, Eq.~B15!, is that average displace
ments^uW A(nW A)& of the alkali-metal ions, labeled by lattic
indicesnW A5(nA1 ,nA2 ,nA3), are found to occur:

^uW A~nW A!&5S u1

0

u3

D ~21!kA. ~6.1!

HerekA is the integer part ofnA11nA3:

nA11nA35kA1
1

2
. ~6.2!

Equation~6.1! shows that there are no displacements of
K1 ions ~and therefore no periodicity doubling! along thebW

axis, and that along theaW and cW axes displacements of th
K1 ions happen in such a way that the periodicity doubli
scheme of the charge distributions on the C60

2 monomers is
respected. The average K1 displacements—a result of th
rotational deviations of the charge distributions—constit
therefore a secondary doubling mechanism and form a
of the structural change in polymerized KC60. As mentioned
in the Introduction, displacements of the K1 ions were sug-
gested by Coulonet al.11 to explain ~partly! the structural

FIG. 5. The full doubling mechanism in KC60: the charge dis-
tributions are rotated613° away from their originalPmnn struc-
ture, and the equilibrium positions of the alkali-metal ions a

shifted, resulting in a (aW 1cW ,bW ,aW 2cW ) superstructure. The charg
distributions are represented by their contourplot projections of F
3. The radius of the C60

2 units has been reduced for clarity. Th
alkali-metal ions are represented by filled and empty circles.~a!

Projection onto the crystallographic (bW ,cW ) plane~compare with Fig.

2!. ~b! Projection onto the crystallographic (aW ,cW ) plane.
5-6
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phase transition. The total doubling mechanism, now incl
ing the K1 displacements, is visualized in Fig. 5.

In RbC60 and CsC60, the charge distributions of the C60
2

monomers do not rotate away from the originalI2/m struc-
ture. The alkali-metal ions will therefore exhibit no avera
displacements, keeping theI2/m structure intact.

VII. DISCUSSION AND CONCLUSIONS

In the preceding sections, we have suggested and ex
ined the possibility of having small rotations of the valen
charge distributions on all C60

2 monomers in theAC60
alkali-metal fullerides. In KC60, these electronic density dis
tortions lower the potential energy and result in avera
center-of-mass displacements of the K1 ions. Both the ori-
entational deviations of the charge distributions and
translations of the alkali-metals occur in such a way that
‘‘new’’ structure has a doubled periodicity along theaW andcW
directions in comparison with the ‘‘old’’ structure, while th
periodicity along thebW direction does not change. These tw
structural changes can therefore account for the experim
tally observed (aW 1cW ,bW ,aW 2cW ) superstructure in KC60. In
RbC60, the potential energy is not lowered by deviations
the orientations of the charge densities. Hence, theI2/m
structure will be preserved.~Since the charge densities do n
deviate from theirI2/m equilibrium orientations, there is n
driving force to displace the Rb1 ions, which will therefore
remain at their equilibrium positions.! To summarize, the
model we present forms a possible mechanism to exp
both the experimentally observed periodicity doubling
KC60 and the absence of a similar doubling scheme
RbC60. It establishes a theoretical basis of ‘‘an appeal
hypothesis’’ discussed in Ref. 11, where a combination o
charge density wave~CDW! with large correlated K dis-
placements was suggested as a mechanism for the s
structure.

We recall that our model allows rotations of the char
distributions associated with the C60

2 monomers in the lat-
tice, while the C cores remain at fixed positions, i.e.,
structure formed by the C cores does not deviate from
original Pmnnor I2/m structure. This immediately launche
the question why the C core network and the electronic
tribution around it would behave so ‘‘independently’’~in
KC60). First, we note that the angular deviation is relative
small: the energy minimum occurs atDc0'13°. Further-
more, one can argue that any deviation angleDc0 different
from zero already causes an energy lowering, and that it m
even be so that the cores of the C60 clusters do ‘‘follow’’ the
electronic density distortions, thereby causing some resto
forces that prevent the structure from going as far as
Dc0'13° configuration but rather causing an equilibriu
situation at a smaller deviation angle. A smaller equilibriu
angle can also be the result of restoring forces that
against the change in chemical bonding between C60

2 mono-
mers, since the chemical bonding is affected by rotations
the electron distributions on the C60

2 monomers.
Concerning the accompanying metal-insulator transit

in KC60,11 we note that the periodicity doubling along theaW
16542
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axis via the mechanism described in Sec. II will affect t
electron transport properties along the polymer chains.
point out that the suggested doubling scheme along the
lymerization axis can be seen as a CDW, however, not in
usual sense of a chargequantitymodulation, but a modula-
tion of the orientation of the charge distribution along th
polymer chain, which we call an orientational charge dens
wave ~OCDW!. The charge of every C60 unit remains the
same. It is well known that a one-dimensional electron g
coupled to the underlying crystal lattice through electro
phonon interactions, is unstable. The Peierls instability le
to a CDW accompanied by periodic lattice distortions.24 In
the case of a complete charge transfer of one electron to
anion, a half-filled band leads to an instability with wav
vector q52kF52(p/2a), which corresponds to a doublin
of the unit cell from lattice constanta to 2a in real space.
The insulating state results from the opening of an ene
gap that separates the filled lower electron band from
empty conduction band. In the present case of an OCDW,
modulation of the orientations of the charge distributio
along the polymer chain and the concomitant displaceme
of the K1 ions play the role of the lattice distortions, and th
metal-insulator transition is a consequence of the struct
transformation. It is not necessarily accompanied by d
placements of the C60

2 monomers along the polymerizatio
direction. Another consequence of the rotations of the e
tron densities on the C60 units is a decrease of the transf
integrals between neighboring molecules in a polymer ch
which also results in a reduction of the conductivity duri
the phase transition.

Theoretical work9,10 on the unpolymerized→ polymer-
ized phase transition in theAC60, A5K, Rb, Cs, compounds
has revealed that the structural difference of the polym
phases~space groupPmnn for KC60, I2/m for RbC60 and
CsC60) is due to the electronic quadrupolarizability of th
alkali-metals, and not due to some other alkali-metal-spec
parameters such as lattice constants or interaction stren
In our view, the alkali-atom-specificity of the structur
phase transition~which is present for KC60 but absent for
RbC60) studied here is again not due to lattice constants,
is a direct consequence of the different space groups of
two compounds studied. One can therefore say that i
again the electronic quadrupolarizability causing
indirectly—the structural difference of KC60 and RbC60,
since it is responsible for the different space groups.

In conclusion, we have presented a model that~i! explains
the occurrence of a second structural phase transition
KC60 and the absence of such a transition in RbC60, both
observed experimentally, and~ii ! is a starting point for inves-
tigations concerning the electronic properties of the alk
metal fullerides in general and the experimentally obser
metal-insulator transition in KC60 in particular.
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APPENDIX A: CONDENSATION SCHEME
FOR THE STRUCTURAL PHASE TRANSITION

From Fig. 4, it follows that in KC60, simultaneous devia
tions of the charge distributions on all C60

2 monomers, de-
scribed by the doubling mechanism of Sec. II, lead to
energetically more favorable structure. In this appendix,
show rigorously that this scheme will indeed occur, witho
making thea priori assumption of alternating electronic d
viations along theaW and cW axes and equal deviations alon
the bW axis, expressed mathematically by Eq.~2.6!.

To each sitenW , we assign a quantityS(nW ), which takes on
the values11 and 21, corresponding, respectively, to
deviation angle of the electronic densityDc(nW )51Dc0 and
2Dc0. Allowing only the two deviation angles resulting i
minima in the potential energy curve~Fig. 4!, uDc0u
513.0208°, the interaction energyU(nW ,nW 1mW ) @Eq. ~3.2a!#
can be written as

U~nW ,nW 1mW !5
11S~nW !

2
U11~nW ,nW 1mW !

11S~nW 1mW !

2

1
12S~nW !

2
U21~nW ,nW 1mW !

11S~nW 1mW !

2

1
11S~nW !

2
U12~nW ,nW 1mW !

12S~nW 1mW !

2

1
12S~nW !

2
U22~nW ,nW 1mW !

12S~nW 1mW !

2
,

~A1!

where U61(nW ,nW 1mW ) is the value of U(nW ,nW 1mW ) when
S(nW )561 andS(nW 1mW )51. Analogously,U62(nW ,nW 1mW ) is
the value of U(nW ,nW 1mW ) when S(nW )561 and S(nW 1mW )
521. As in Sec. III, we consider 14 nearest neighbors. T
energiesU61(nW ,nW 1mW ) and U62(nW ,nW 1mW ) have been cal-
culated using Eqs.~5.1a!–~5.1c! and are listed in Table II.
Since the corner points (nW PZ3) and the center point@nW
P(Z1 1

2 )3# of the orthorhombic cells have a different cha
angle (1cKC60

and2cKC60
, respectively; see Eq.~2.2! and

Fig. 1!, they have to be considered separately.
The total energyU @Eq. ~3.1!# is then obtained by sum

ming U(nW ,nW 1mW ) over the whole lattice. It is convenient t
write the result in Fourier space. Defining the discrete F
rier transform ofS(nW ) by

S~nW !5
1

AN (
qW

eiqW •XW (nW )S~qW !, ~A2a!

S~qW !5
1

AN (
nW

e2 iqW •XW (nW )S~nW !, ~A2b!
16542
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we obtain

U5
1

2 (
nW

(
mW

U~nW ,nW 1mW !5
1

2 (
qW

J~qW !S~qW !S~2qW !1C.

~A3!

Here we have split the summation overnW into two parts:
corner pointsnW PZ3 and center pointsnW P(Z1 1

2 )3. The sum-
mation overnW in Eq. ~A2b! is understood to be a summatio
over corner points—of which there areN5N/2—only. In
Eq. ~A3!, C is an irrelevant constant and

J~qW !5Jacos~qXa!1Jbcos~qYb!1Jccos~qZc!

1JabccosS qX

a

2D cosS qY

b

2D cosS qZ

c

2D , ~A4a!

Ja52~Ja
12Ja

2!, ~A4b!

Jb5Jb
1122Jb

21Jb
22 , ~A4c!

Jc5Jc
1122Jc

21Jc
22 , ~A4d!

Jabc54~2Jabc
1 2Jabc

212Jabc
12!. ~A4e!

The coefficientsJa
1 , . . . ,Jabc

12 are related to the potentia
energiesU11, . . . ,U22 as is indicated in Table II. We now
determine the absolute minimum of the functionJ(qW ) in re-
ciprocal space. Taking into account the numerical values
Ja56 K, Jb5214 K, Jc51 K, andJabc512 K, one finds
that the absolute minimum lies atqW 5(qX ,qY ,qZ)
5(p/a,0,p/c)[qW B. The dominance ofJ(qW B) leads to a con-
densation ofS(qW ) at qW 5qW B :

^S~qW !&5hANdqW ,qW B
. ~A5!

Hereh is the order parameter amplitude. The condensa
scheme in Fourier space~A5! corresponds to the following
real space condensation scheme:

^S~nW !&5h cos@qW B•XW ~nW !#5h~21!n11n3. ~A6!

APPENDIX B:
TRANSLATION-ROTATION COUPLING IN KC 60

In this appendix, we examine the coupling between
orientational deviations of the charge distributions on
C60

2 monomers—lowering the crystal’s potential energy
KC60 ~see Fig. 4!—and displacements of the K1 ions. We
use concepts of the theory of bilinear translation-rotat
5-8
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TABLE II. EnergiesU11, U21, U12 andU22, calculated for the 14 nearest neighbors whose rela

lattice indicesmW are listed in the first column. A distinction between the corner points~upper part of the table!
and the center point~lower part of the table! of the orthorhombic cells has to be made. Because of symm
reasons, only a limited number of different numerical values occurs.

nW PZ3

mW U11(nW ,nW 1mW ) U21(nW ,nW 1mW ) U12(nW ,nW 1mW ) U22(nW ,nW 1mW )

(1,0,0) Ja
1518 203 K Ja

2518 200 K Ja
2 Ja

1

(0,1,0) Jb
11516 946 K Jb

2517 060 K Jb
2 Jb

22517 160 K
(21,0,0) Ja

1 Ja
2 Ja

2 Ja
1

(0,21,0) Jb
11 Jb

2 Jb
2 Jb

22

(0,0,1) Jc
11511 708 K Jc

2511 669 K Jc
2 Jc

22511 631 K
(0,0,21) Jc

11 Jc
2 Jc

2 Jc
22

S12,
1

2
,
1

2D Jabc
1 516 980 K Jabc

21516 954 K Jabc
12517 003 K Jabc

1

S21

2
,
1

2
,
1

2D Jabc
1 Jabc

21 Jabc
12 Jabc

1

S21

2
,2

1

2
,
1

2D Jabc
1 Jabc

21 Jabc
12 Jabc

1

S12,2
1

2
,
1

2D Jabc
1 Jabc

21 Jabc
12 Jabc

1

S12,
1

2
,2

1

2D Jabc
1 Jabc

21 Jabc
12 Jabc

1

S21

2
,
1

2
,2

1

2D Jabc
1 Jabc

21 Jabc
12 Jabc

1

S21

2
,2

1

2
,2

1

2D Jabc
1 Jabc

21 Jabc
12 Jabc

1

S12,2
1

2
,2

1

2D Jabc
1 Jabc

21 Jabc
12 Jabc

1

nWPSZ1
1

2D 3

mW U11(nW ,nW 1mW ) U21(nW ,nW 1mW ) U12(nW ,nW 1mW ) U22(nW ,nW 1mW )

(1,0,0) Ja
1 Ja

2 Ja
2 Ja

1

(0,1,0) Jb
22 Jb

2 Jb
2 Jb

11

(21,0,0) Ja
1 Ja

2 Ja
2 Ja

1

(0,21,0) Jb
22 Jb

2 Jb
2 Jb

11

(0,0,1) Jc
22 Jc

2 Jc
2 Jc

11

(0,0,21) Jc
22 Jc

2 Jc
2 Jc

11

S12,
1

2
,
1

2D Jabc
1 Jabc

12 Jabc
21 Jabc

1

S21

2
,
1

2
,
1

2D Jabc
1 Jabc

12 Jabc
21 Jabc

1

S21

2
,2

1

2
,
1

2D Jabc
1 Jabc

12 Jabc
21 Jabc

1

S12,2
1

2
,
1

2D Jabc
1 Jabc

12 Jabc
21 Jabc

1

S12,
1

2
,2

1

2D Jabc
1 Jabc

12 Jabc
21 Jabc

1

S21

2
,
1

2
,2

1

2D Jabc
1 Jabc

12 Jabc
21 Jabc

1

S21

2
,2

1

2
,2

1

2D Jabc
1 Jabc

12 Jabc
21 Jabc

1

S12,2
1

2
,2

1

2D Jabc
1 Jabc

12 Jabc
21 Jabc

1

165425-9
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~TR! coupling in molecular crystals,22,23 which is generally
used to determine the influence of molecular orientations
lattice displacements of counterions.

The starting point is the potential energy of a C60
2 mono-

mer and a K1 ion:

U~nW ,nW A!5
1

4pe0
E drWE drWA

r„rW;c~nW !1Dc~nW !…rA~rWA!

urW2rWA2XW ~nW A2nW !2uW A~nW A!u
,

~B1!

where the subscriptA refers to the alkali-metal ion. Similarly
as in Eq.~3.2a!, the integration variablesrW andrWA in Eq. ~B1!
refer to thelocal coordinate systems associated with the l
tice sitesnW and nW A , respectively, being the reason for th
appearance of the relative lattice vectorXW (nW A2nW ) and the
alkali-metal lattice displacement vectoruW A(nW A). To be con-
sistent with the earlier convention

H n1PZ

n2PZ

n3PZ
J or5

n1PZ1
1

2

n2PZ1
1

2

n3PZ1
1

2

6 , ~B2!

one must have for the alkali-metal lattice indicesnW A :

H nA1PZ

nA2PZ

nA3PZ1
1

2

J or5
nA1PZ1

1

2

nA2PZ1
1

2

nA3PZ
6 . ~B3!

We treat the K1 ion as a point charge and write for it
charge distribution:

rA~rWA!5ed~rWA!. ~B4!

Working with the charge distributionr„rW;c(nW )1Dc(nW )…
5r„r ,u,f2c(nW )2Dc(nW )… of Sec. IV for the C60

2 mono-
mer and taking into account Eq.~B4!, we get the following
expression forU(nW ,nW A):

U~nW ,nW A!5FE
0

p

sinuduE
0

2p

df
ra„u,f2c~nW !2Dc~nW !…

d~u,f;nW ,nW A!
,

~B5a!
16542
n

-

d~u,f;nW ,nW A!

5$@R cosu2~nA12n1!a2uA1~nW A!#2

1@R sinu cosf2~nA22n2!b2uA2~nW A!#2

1@R sinu sinf2~nA32n3!c2uA3~nW A!#2%1/2,

~B5b!

where the constantF is given by Eq.~5.1b!.
We consider small center-of-mass displacements of

K1 ions and expandU(nW ,nW A) in terms of the components o
uW A(nW A), retaining only the zeroth- and first-order terms:

U~nW ,nW A!

5U~nW ,nW A!uuW A(nW A)50W1(
i 51

3
]U~nW ,nW A!

]uAi~nW A!
U

uW A(nW A)50W

uAi~nW A!.

~B6!

As in Appendix A, we introduce the quantityS(nW )561,
corresponding toDc(nW )56uDc0u, with uDc0u513.0208°.
The interaction energyU(nW ,nW A) can then be written as

U~nW ,nW A!5
11S~nW !

2
U1~nW ,nW A!1

12S~nW !

2
U2~nW ,nW A!,

~B7!

where U6(nW ,nW A) is the value ofU(nW ,nW A) when S(nW )5
61. The expansion~B6! becomes

U~nW ,nW A!5
11S~nW !

2 H V1~nW ,nW A!1(
i 51

3

v i
1~nW ,nW A!uAi~nW A!J

1
12S~nW !

2 H V2~nW ,nW A!

1(
i 51

3

v i
2~nW ,nW A!uAi~nW A!J , ~B8a!

with

V6~nW ,nW A!5U6~nW ,nW A!uuW A(nW A)50W , ~B8b!

v i
6~nW ,nW A!5

]U6~nW ,nW A!

]uAi~nW A!
U

uW A(nW A)50W

. ~B8c!

The contributionUC60-A
of all electrostatic C60

2-K1 interac-
tions to the potential energy is obtained by summi
U(nW ,nW A) over the whole crystal lattice:
5-10



x

ner

li-

THEORETICAL MODEL FOR THE STRUCTURAL PHASE . . . PHYSICAL REVIEW B 66, 165425 ~2002!
UC60-A
5U R1U TR, ~B9a!

where

U R5(
nW

(
mW A

H 11S~nW !

2
V1~nW ,nW 1mW A!

1
12S~nW !

2
V2~nW ,nW 1mW A!J , ~B9b!

U TR5(
nW

(
mW A

H 11S~nW !

2 (
i 51

3

v i
1~nW ,nW 1mW A!uAi~nW 1mW A!

1
12S~nW !

2 (
i 51

3

v i
2~nW ,nW 1mW A!uAi~nW 1mW A!J . ~B9c!
16542
For a given C60
2 monomer, we limit ourselves to the si

nearest alkali-metal neighbors. The values ofV6(nW ,nW 1mW A)
and v i

6(nW ,nW 1mW A), i 51,2,3 are listed in Table III. As in
Appendix A, a distinction has to be made between the cor
points (nW PZ3) and the center point@nW P(Z1 1

2 )3# of the
orthorhombic cells.

Introducing the discrete Fourier transforms of the alka
metal ion displacements,

uW A~nA
W!5

1

ANmA
(

qW
eiqW •XW (nW A)uW A~qW !, ~B10a!

uW A~qW !5AmA

N (
nW A

e2 iqW •XW (nW A)uW A~nW A!, ~B10b!
wheremA is the mass of the K1 ion, and using in addition the discrete Fourier transform ofS(nW ), defined by Eqs.~A2a! and
~A2b!, we get for the TR term of the potential energy

U TR5
1

AmA
(

qW
S~2qW !vW ~qW !•uW A~qW !, ~B11a!

with

vW ~qW !5 iS 22D1absin~qXa/2!cos~qYb/2!@12ei (qXa/21qYb/21qZc/2)#

22D2abcos~qXa/2!sin~qYb/2!@12ei (qXa/21qYb/21qZc/2)#1D2csin~qZc/2!@11ei (qXa/21qYb/21qZc/2)#

2D3abcos~qXa/2!sin~qYb/2!@11ei (qXa/21qYb/21qZc/2)#2D3csin~qZc/2!@12ei (qXa/21qYb/21qZc/2)#
D

~B11b!
y
-

c

A,
e:
and

D1ab5v1ab
1 2v1ab

2 , ~B11c!

D2ab5v2ab
1 2v2ab

2 , ~B11d!

D2c5v2c
1 2v2c

2 , ~B11e!

D3ab5v3ab
1 2v3ab

2 , ~B11f!

D3c5v3c
1 2v3c

2 . ~B11g!
In the theory of bilinear TR coupling in orientationall
disordered crystals,23,25 it is shown that the minimal poten
tialenergy for a given orientational configuration$S(qW )% is
obtained when

uW A~qW !52M 21~qW !vW ~2qW !S~qW !, ~B12!

where M (qW ) is the dynamical matrix of the orthorhombi
crystal in absence of TR coupling. Using forS(qW ) the mini-
mal potential energy condensation scheme of Appendix
Eq. ~A5!, we find for the displacements in reciprocal spac

^uW A~qW !&52M 21~qW 5qW B!iS 24D1ab

0

22D3c

D hANdqW ,qW B
.

~B13!
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TABLE III. EnergiesV6 and derivatives of energiesv i
6 , i 51,2,3, calculated for the six nearest alkali-metal neighbors with rela

lattice indicesmW A . A distinction between the corner points~upper part of the table! and the center point~lower part of the table! of the
orthorhombic cells has to be made. Only a limited number of different numerical values occurs.

nW PZ3

mW A V1(nW ,nW 1mW A) v1
1(nW ,nW 1mW A) v2

1(nW ,nW 1mW A) v3
1(nW ,nW 1mW A)

S12,
1

2
,0D Vab

1 524 665.3 K 2v1ab
1 522481.7 K Å21 2v2ab

1 522606.9 K Å21 1v3ab
1 585.8 K Å21

S21

2
,
1

2
,0D Vab

1 1v1ab
1 2v2ab

1 1v3ab
1

S21

2
,2

1

2
,0D Vab

1 1v1ab
1 1v2ab

1 2v3ab
1

S12,2
1

2
,0D Vab

1 2v1ab
1 1v2ab

1 2v3ab
1

S0,0,
1

2D Vc
1523 685.6 K 0 K Å21 1v2c

1 558.3 K Å21 2v3c
1 523476.6 K Å21

S0,0,2
1

2D Vc
1 0 K Å21 2v2c

1 1v3c
1

mW A
V2(nW ,nW 1mW A) v1

2(nW ,nW 1mW A) v2
2(nW ,nW 1mW A) v3

2(nW ,nW 1mW A)

S12,
1

2
,0D Vab

2 524 821.3 K 2v1ab
2 522531.4 K Å21 2v2ab

2 522636.5 K Å21 1v3ab
2 549.1 K Å21

S21

2
,
1

2
,0D Vab

2 1v1ab
2 2v2ab

2 1v3ab
2

S2 1

2
,2

1

2
,0D Vab

2 1v1ab
2 1v2ab

2 2v3ab
2

S12,2
1

2
,0D Vab

2 2v1ab
2 1v2ab

2 2v3ab
2

S0,0,
1

2D Vc
2523 279.3 K 0 K Å21 1v2c

2 5148.3 K Å21 2v3c
2 523253.7 K Å21

S0,0,2
1

2D Vc
2 0 K Å21 2v2c

2 1v3c
2

nWPSZ1
1

2D 3

mW A
V1(nW ,nW 1mW A) v1

1(nW ,nW 1mW A) v2
1(nW ,nW 1mW A) v3

1(nW ,nW 1mW A)

S12,
1

2
,0D Vab

2 2v1ab
2 2v2ab

2 2v3ab
2

S2 1

2
,
1

2
,0D Vab

2 1v1ab
2 2v2ab

2 2v3ab
2

S2 1

2
,2

1

2
,0D Vab

2 1v1ab
2 1v2ab

2 1v3ab
2

S12,2
1

2
,0D Vab

2 2v1ab
2 1v2ab

2 1v3ab
2

S0,0,
1

2D Vc
2 0 K Å21 2v2c

2 2v3c
2

S0,0,2
1

2D Vc
2 0 K Å21 1v2c

2 1v3c
2

165425-12
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TABLE III ~Continued).

nWPSZ1
1

2D 3

mW A V2(nW ,nW 1mW A) v1
2(nW ,nW 1mW A) v2

2(nW ,nW 1mW A) v3
2(nW ,nW 1mW A)

S12,
1

2
,0D Vab

1 2v1ab
1 2v2ab

1 2v3ab
1

S21

2
,
1

2
,0D Vab

1 1v1ab
1 2v2ab

1 2v3ab
1

S2 1

2
,2

1

2
,0D Vab

1 1v1ab
1 1v2ab

1 1v3ab
1

S12,2
1

2
,0D Vab

1 2v1ab
1 1v2ab

1 1v3ab
1

S0,0,
1

2D Vc
1 0 K Å21 2v2c

1 2v3c
1

S0,0,2
1

2D Vc
1 0 K Å21 1v2c

1 1v3c
1

l

ing
The numerical values ofD1ab and D3c follow from
Table III: D1ab5249.7 K Å21 and D3c5222.9 K Å21.
SinceqW B[(p/a,0,p/c), the scheme~B13! becomes in rea
space

^uW A~nW A!&

52
1

AmA

M 21~qW 5qW B!S 24D1ab

0

22D3c

D h ie2 ip(nA11nA3).

~B14!
ov

-

ro

16542
The alkali-metal ions are located on a sublattice obey

nA11nA35kA1
1
2

with kAPZ @see Eq.~B3!#. Therefore, one

hase2 ip(nA11nA3)52 i (21)kA, yielding

^uW A~nW A!&52
1

AmA

M 21~qW 5qW B!S 24D1ab

0

22D3c

D h~21!kA

5S u1

0

u3

D ~21!kA. ~B15!
.

em.

ett.
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