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Monolayer NiI2 garners large research interest due to its multiferroic behavior stemming from
the interplay between its non-collinear magnetic order and the spin-orbit coupling. This prompts
an investigation into the stability of the magnetic order in NiI2 and similar materials under ex-
ternal stimuli. In this work, we report the effect of biaxial and uniaxial strain on the magnetic
ground state, the critical temperature, and the magnonic properties of the NiX2 (X = I, Br, Cl)
monolayers. For all three materials, we reveal intricate strain-dependent phase diagrams, including
ferromagnetic, helimagnetic, and skyrmionic phases. Moreover, we discuss the necessity of consid-
ering the biquadratic exchange interaction in the latter analysis. We reveal that the biquadratic
exchange significantly alters both the magnetic ground state and the critical temperature of the mag-
netic order, and we demonstrate that its importance becomes even more explicit when monolayer
Ni-dihalides are strained. Finally, we calculate the magnonic dispersion for the predicted magnetic
states, showing that the skyrmionic phase functions as a magnonic crystal, and demonstrate the
presence of strain-tunable soft magnon modes at finite wavevectors in the helimagnetic phase.

I. INTRODUCTION

Inspired by the successful synthesis of atomically thin
CrI3 [1], and Cr2Ge2Te6 [2], magnetic van der Waals
(vdW) materials have attracted a widespread interest in
both experimental and theoretical research, providing a
platform for the exploration of long-range magnetic or-
der down to the ultimate two-dimensional (2D) limit,
and showing promise for the development of spintronic
devices and technological applications [3–6].
A notable subset of magnetic vdW materials are the

nickel dihalides (NiX2, where X = I, Br, Cl). These in-
sulating 2D magnets are composed of nickel cation layers
with partially filled 3d electronic shells, paired with non-
magnetic halide anions (Cl, Br, and I). The octahedral
coordination of nickel ions leads to a division of the d-
shell electronic states into two distinct sets of orbitals,
namely three fully-occupied t2g orbitals and the two par-
tially occupied eg orbitals, equipping the Ni2+ ions with
a nominal magnetic moment of 2 µB [7].

Bulk NiX2 crystals show various magnetic ground
states, including helimagnetism, also known as a spiral
(SP) phase, in both NiI2 and NiBr2 and ferromagnetism
(FM) in NiCl2 [7–12]. The SP phases in NiI2 and NiBr2
are especially interesting, as they break inversion sym-
metry, creating a finite polarization, and thus, exhibiting
multiferroic behavior [12–16]. Interestingly, recent stud-
ies have shown that both the magnetic and the multifer-
roic properties of bulk NiX2, persist down to the mono-
layer limit [12, 17–20]. Furthermore, recent theoretical
studies further suggest that the NiX2 monolayers could
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potentially host chiral magnetic phases such as skyrmions
(Sk) and antibiskyrmions (A2Sk), even in the absence of
an antisymmetric contribution to the exchange, which
is better known as the Dzyaloshinskii-Moriya interaction
(DMI) [21].

On the other hand, strain engineering has emerged as
a powerful technique for tuning the properties of nano-
materials, employing flexible substrates [22–25] to in-
duce uniaxial strain or the piezo-substrates [26–28] to
generate biaxial strain. This technique is particularly
highlighted in various 2D van der Waals (vdW) magnets
such as CrX3 [29–33], CrTe3 [34], Cr2Ge2Te6 [35], and
Fe4GeTe2 [36], where their remarkable mechanical flexi-
bility provides a convenient way to precisely tune mag-
netic exchange interactions and anisotropy. However,
previous theoretical studies on the magnetic behavior of
strained NiX2 monolayers [37–41] have largely employed
simple spin Hamiltonian models, such as the Ising model
including only nearest-neighboring (NN) exchange inter-
actions. Such models have not only neglected interac-
tions beyond the NN, which are crucial for understand-
ing magnetic frustration in these materials but also over-
looked higher-order terms such as the biquadratic (BQ)
exchange interaction. Recent studies [12, 42] have high-
lighted the importance of these higher-order terms for a
comprehensive understanding of the magnetic properties
of 2D magnets, especially those with edge-shared octahe-
dra. Therefore, to accurately predict magnetic properties
such as the ground-state spin configurations and critical
temperature of strained NiX2 monolayers, it is essential
to extend the spin hamiltonian model to include all sig-
nificant interactions. This includes the BQ interaction
and contributions due to the spin-orbit coupling (SOC),
such as the single-ion anisotropy (SIA), the DMI, and the
exchange anisotropy.
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In the present work, we have conducted system-
atic first-principles calculations using Density Functional
Theory (DFT) to parameterize a Heisenberg spin model
that includes the BQ exchange, and subsequently per-
formed the Monte Carlo (MC) simulations, to study the
effect of both biaxial and uniaxial strain on the ground-
state spin configuration and the critical temperatures of
the NiX2 monolayers. We found that magnetic frustra-
tion due to the competing FM NN exchange and the
antiferromagnetic (AFM) third-nearest neighbor (3NN)
exchange can be significantly tuned by the application
of both biaxial and uniaxial strain. Such tuning leads
to various magnetic states, including SP, FM, and even
A2Sk phases. Further, by comparing strain-dependent
phase diagrams for both cases with and without the in-
clusion of a BQ coupling term in the Hamiltonian, we
demonstrate the role played by the BQ exchange in re-
ducing frustration, thereby influencing not only the mag-
netic ground state but also the critical temperature of the
NiX2 monolayers. Finally, we investigate the behavior of
magnons in FM, SP, and A2Sk phases, revealing a gapped
dispersion for the latter which confirms the magnonic
crystal functionality of skyrmion lattices [43–45]. In ad-
dition, we confirm the recent prediction of soft magnon
modes in the SP phase of NiI2 [46] and predict the same
modes for the SP phases of NiBr2 and NiCl2. We show
that these modes can be significantly enhanced, induced,
or removed by application of biaxial and uniaxial strain.
These soft magnon modes are a potentially rich source of
novel physics manifestations, as they could host magnon
Bose-Einstein condensates or drive magnetic phase tran-
sitions at finite temperatures [46].
This paper is organized as follows. In section II, we

detail the computational methodology used in this work,
including discussions of the Heisenberg spin model, the
performed DFT and MC simulations, and the numerical
calculations of the magnonic dispersions. Further, in sec-
tion IIIA, we discuss the exchange parameters, the mag-
netic ground state, and the critical temperature of the
pristine NiX2 monolayers in section IIIA 1, and discuss
how these properties evolve as a function of biaxial and
uniaxial strain in sections IIIA 2 and IIIA 3 respectively.
Finally, in section III B, we discuss the magnonic prop-
erties under both biaxial and uniaxial strain (in sections
III B 1 and III B 2 respectively). Section IV summarizes
our results.

II. METHODOLOGY

The magnetic interactions of the NiX2 monolayers are
described by the following Heisenberg spin Hamiltonian:

H =
∑

i

S⃗i · Aii · S⃗i

︸ ︷︷ ︸

SIA

+
∑

i<j

S⃗i · Jij · S⃗j

︸ ︷︷ ︸

Hex

+
∑

i<j

Kij(S⃗i · S⃗j)
2

︸ ︷︷ ︸

BQ

,

(1)

where S⃗i represents the spin unit vector at the ith lat-
tice site, Aii and Jij are the SIA and exchange ten-
sors, respectively, and the last term accounts for the
BQ exchange interaction. Due to the inherent rota-
tional symmetry of the systems under scrutiny, only the
out-of-plane component of the SIA tensor is non-zero
(Azz

ii ≡ Azz ∀ i). However, when the rotational symme-
try is broken, for example, by applying uniaxial strain,
the full SIA-tensor needs to be calculated. The exchange
part of the Hamiltonian can be decomposed into three
contributions as:

Hex =
∑

i<j

[

JijS⃗i · S⃗j + D⃗ij · (S⃗i × S⃗j) + S⃗i · Γij · S⃗j

]

,

(2)

where the first term is the isotropic exchange coupling
(Jij = 1

3
TrJij), the second term represents the DMI,

which is calculated as D⃗ij =
1
2
(Jij −J T

ij ) but vanishes in
all the systems under investigation in this work due to the
presence of inversion symmetry between all considered
Ni-Ni pairs, and the last term accounts for the anisotropic
part of the exchange tensor Γij = 1

2
(Jij + J T

ij ) − Jij1.
Note that, for the exchange tensor, we consider interac-
tions up to 3NN pairs as exemplified in Figure 1(a). For
the BQ exchange, we only include the NN interactions,
which has been shown to be sufficient for the systems
under scrutiny [12, 42, 47–50].
In order to determine the magnetic parameters spec-

ified in Eq. (1), we utilized the four-state energy map-
ping (4SM) methodology, which involves selecting four
distinct spin configurations for each exchange parame-
ter of every spin pair and mapping the DFT energies
of these configurations to the corresponding Heisenberg
Hamiltonians [51, 52]. For both the biaxial and the uni-
axial cases, we applied strain values ranging from -8%
compressive strain to 8% tensile strain. For each strain
value, the atomic positions were fully relaxed. In the con-
text of biaxial strain, which is uniformly applied along
both the a- and b-axes, the system’s inherent charac-
teristics, such as rotational symmetry and bond equiva-
lency, are conserved. Hence, in all systems under biax-
ial strain, it suffices to calculate only one exchange ten-
sor, Jij and derive the other exchange parameters, i.e.
J ′
ij = Rz(

2π
3
)·Jij ·R

T
z (

2π
3
) and J ′′

ij = Rz(
2π
3
)·J ′

ij ·R
T
z (

2π
3
)

(see Figure 1(a)), using the rotation matrix around the
out-of-plane axis Rz. The uniaxial strain in this study is
applied in such a way that strain is only applied along
the b-direction while the a-direction remains unchanged.
This application of strain breaks the rotational symme-
try and results in changes in bond equivalence. As a
result, all exchange pairs must be calculated indepen-
dently. The same argument holds for the BQ interaction,
yielding only one parameter in the systems under biaxial
strain and three unique parameters when uniaxial strain
is applied.
For all DFT calculations, we used the projector-

augmented wave (PAW) method [54] as implemented in
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FIG. 1. Top view (a) and side view (b) of the crystal struc-
ture of a NiX2 monolayer. The nickel and halide atoms are
depicted with black and gray spheres, respectively. Corre-
sponding exchange pairs are indicated in the figure. Blue,
red, and dark-green solid (dashed) lines correspond to the
NN (3NN) exchange, respectively. Light-green, purple, and
yellow lines correspond to the 2NN pairs. The unit cell is
marked with a black dotted line. The crystal structure was
drawn using vesta [53].(c) Shows a fragment of a triangular
lattice of magnetic spins. The solid angle (Ω) corresponds to

the area of a spherical triangle formed by the spin vectors S⃗1,
S⃗2, and S⃗3 located at the vertices of the triangular plaquette.

the Vienna Ab initio Simulation Package (VASP) [55–
57]. We employ the Perdew-Burke-Ernzerhof (PBE) [58]
exchange-correlation functional within the generalized
gradient approximation (GGA). A plane-wave cutoff of
550 eV was used for all the studied cases. We selected
sufficiently large supercells (6×6×1) to ensure accurate
results and to avoid periodic interactions between Ni-
atoms and their periodic images. The Brillouin zone
(BZ) was sampled by a 12×12×1 Monkhorst-Pack k-
point mesh for simulations on a unit cell and a 2×2×1 k-
point mesh when using supercells. To account for the pe-
riodic boundary conditions in the out-of-plane direction,
we include 15 Å of vacuum in the unit cell. The effec-
tive Hubbard parameter Ueff (Ueff= U – J) is imposed on
the 3d orbitals of the Ni-ions using Dudarev’s approach
[59, 60]. To estimate Ueff, we adopted the linear response
method [61], yielding values of 4.84 eV, 4.59 eV, and 4.47
eV for NiI2, NiBr2, and NiCl2, respectively, which are in
good agreement with earlier studies [7, 12]. All structures
were optimized using DFT calculations with FM spin or-
dering until the energy differences between consecutive
ionic steps were less than 10−6 eV/supercell. For the
4SM calculations, we performed non-collinear DFT cal-
culations with the inclusion of SOC in the constrained
local moment approach.

In order to evaluate the dynamical stability of the
strained structures, we computed the force constants of
(6×6×1) supercells in real space using density functional
perturbation theory (DFPT) [62] as implemented in the
PHONOPY code [63]. The phonon dispersion curves,
which confirm the stability of the structures under inves-

tigation, are presented in section SIII of the Supplemen-
tary Material [64].
The critical temperature and spin configurations

were obtained through parallel tempering Monte Carlo
(PTMC) [65] simulations, utilizing the Esfahan spin sim-
ulation package (ESpinS) [66], an open-source classical
spin MC software. MC simulations were carried out on
40×40×1 supercells with periodic boundary conditions.
We used 106 MC steps per spin for thermal equilibration
and data collection. In the PTMC algorithm, we allowed
the spin configurations at different temperatures to swap
after each 40 MC step.
The topological nature of the obtained magnetic struc-

tures is assessed by computation of the topological
charge. This charge is determined using the discrete lat-
tice model [67], where the topological contribution from
each triangular plaquette is given by the solid angle Ω
subtended by three neighboring spins. The solid angle is
determined using the following expression[21]:

tan

(
Ω

2

)

=
S⃗1 · S⃗2 × S⃗3

1 + S⃗1 · S⃗2 + S⃗2 · S⃗3 + S⃗1 · S⃗3

. (3)

where S⃗1, S⃗2, and S⃗3 are the unit vectors representing
the spin directions at the vertices of a triangular plaque-
tte (see Fig.1(c)). The total topological charge is then
obtained by summing over all plaquettes within the mag-
netic unit cell.
Additionally, to differentiate between magnetic phases,

we computed the spin structure factor as:

S(q⃗) =
1

N

∑

α

〈∣
∣
∣
∣
∣

∑

i

Sα
i e

−iq⃗·r⃗i

∣
∣
∣
∣
∣

2〉

, (4)

where r⃗i is the position of spin S⃗i, N is the total number
of spins in the MC simulation cell, and the summation
runs over the spin components α = {x, y, z}.
We investigate the magnonic properties of the different

magnetic phases using spinw [68], a code based on lin-
ear spin-wave theory that includes an algorithm to calcu-
late the magnonic dispersion for single-q incommensurate
magnetic structures, which can therefore be conveniently
applied to the SP and FM phases under scrutiny in this
work. Further, the method can be extended to multi-q
magnetic structures by constructing q = 0 magnetic su-
percells [68], however, for incommensurate multi-q struc-
tures, like the A2SK phase discussed in this work, this
yields an approximate solution. Additionally, note that,
spinw does not allow for inclusion of the BQ exchange
for magnetic structures with q ̸= 0. The main effect of
the BQ term is that it can result, for some strain val-
ues, in a different magnetic ground state (see Sec. III A),
which will evidently result in different magnonic behav-
ior. Further, the BQ exchange can change the energies of
the magnon modes that will be discussed in Sec. III B, as
has also been shown by Cong and Shen [46], however, we
are confident that the strain dependence of these modes
will be qualitatively similar even without inclusion of the
BQ term.
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III. RESULTS

A. Magnetic properties

1. Pristine NiX2 monolayers

The crystal structure of a NiX2 monolayer is depicted
in Figure 1. These materials are characterized by the
P3m1 space group, which has a sandwiched (X-Ni-X)
structure where the halide ions are located in a close-
packed structure, and the nickel atoms occupy the octa-
hedrally coordinated interstitial positions. DFT calcu-
lations yield relaxed in-plane lattice constants for NiI2,
NiBr2, and NiCl2 equal to 3.97 Å, 3.69 Å, and 3.47 Å,
respectively, which are in agreement with previous stud-
ies [7, 12, 21, 41].
In Table I, we report the magnetic parameters obtained

by the 4SM method. Negative (positive) values of the
exchange parameters refer to FM (AFM) magnetic inter-
action, while positive (negative) values of Azz indicate
easy-plane (easy-axis) anisotropy.
The main contributors to the magnetic behavior of

these systems are the NN exchange (JNN) and 3NN ex-
change (J3NN), which are FM and AFM interactions, re-
spectively. J3NN is comparable to JNN as it involves eg-
eg hoppings, as explained in detail in Ref. [69]. The
relatively small (or negligible) value of J2NN compared
to JNN and J3NN arises from the t2g-eg hopping, which

TABLE I. Magnetic parameters for the pristine NiX2 mono-
layers including the isotropic NN (JNN), 2NN (J2NN), and
3NN (J3NN) exchange parameters, the NN anisotropic ex-
change parameters Γxx

NN, Γ
yy

NN
, Γzz

NN and Γyz

NN
, the SIA parame-

ter for each spin site Azz, and the NN-BQ exchange parameter
KNN. Further, several important ratios as well as the critical
temperatures for both with and without the inclusion of the
BQ exchange are presented. The magnetic parameters and
temperatures are expressed in units of meV and K, respec-
tively.

NiI2 NiBr2 NiCl2

JNN -3.49 -2.97 -2.60

J2NN -0.15 -0.09 -0.05

J3NN 2.50 1.28 0.77

Γxx
NN -0.42 -0.04 0.00

Γyy

NN
0.52 0.04 0.00

Γzz
NN -0.09 0.00 0.00

Γyz

NN
-0.59 -0.05 0.00

Azz 0.07 0.02 0.02

KNN -0.67 -0.64 -0.66

|J3NN/JNN| 0.72 0.43 0.30

Γyz

NN
/JNN 0.17 0.02 0.00

KNN/JNN 0.20 0.22 0.25

TKNN ̸=0

c 6.60 4.10 15.50

TKNN=0

c 11.60 5.20 4.00

results in a weak ferromagnetic interaction [69]. In agree-
ment with prior investigations [12, 21], competition be-
tween JNN and J3NN terms, characterized by the frus-
tration ratio |J3NN/JNN|, exhibits a growing trend with
higher atomic number of the halide, attributed to the ex-
pansive ligand p orbitals facilitating the superexchange
mechanism [70]. Similarly, there is a trend of increas-
ing exchange anisotropy with stronger ligand SOC along
the halide series [21]. NiCl2 displays full isotropic mag-
netic behavior, while NiBr2 is mostly isotropic with mi-
nor deviations (Γxx

NN ≈ Γyy
NN ≈ Γzz

NN, and Γzy
NN ≈ Γyz

NN

≈ 0). The minor anisotropy observed in NiBr2 is es-
sentially negligible (it is almost two orders of magni-
tude smaller than its isotropic parameters). In contrast,
NiI2 demonstrates significant anisotropic behavior, where
the anisotropic parameters associated with the nearest-
neighbor exchange interaction are one order of magnitude
larger than in NiBr2. The ratio Γyz/JNN, indicating the
canting of the anisotropy axes from the direction per-
pendicular to the monolayers, increases with the ligand
variation (from 0.00 for NiCl2 to 0.17 for NiI2). This
anisotropic contribution becomes negligible in the inter-
actions of the second and third nearest neighbors. Given
the relatively small magnitude of the SIA in comparison
to other interactions, its role in stabilizing the magnetic
ground states is negligible.

The obtained NN-BQ exchange parameters (KNN) ex-
hibit similar magnitudes for NiI2, NiBr2, and NiCl2 and
have the same sign as JNN, meaning that the BQ term
is promoting a collinear spin orientation and reinforces
the FM alignment of the spins. Upon comparison of
the KNN/JNN and |J3NN/JNN| ratios, it becomes evident
that for NiCl2, these ratios are nearly identical, contrast-
ing the NiBr2 and NiI2 cases where the KNN/JNN ratio is
approximately 2 and 3 times smaller than the |J3NN/JNN|
ratio, respectively. This comparison suggests that in
NiCl2, the BQ exchange is strong enough to mitigate
or even overcome magnetic frustration. In contrast, for
NiBr2 and NiI2, the BQ interaction is insufficient to coun-
teract the frustration, resulting in a less significant im-
pact on spin alignment. In order to investigate the influ-
ence of NN-BQ interaction on the ground-state spin con-
figurations and the critical temperature, we performed
PTMC simulations with and without considering the NN-
BQ exchange interaction within the Hamiltonian of Eq.
(1). Consistent with previous studies [12], it is found
that for NiCl2 monolayer, the NN-BQ term overcomes
the frustration and stabilizes FM order. Consequently,
this results in a substantial difference in critical temper-
atures predicted for each case, namely TKNN ̸=0

c = 15.5 K
and TKNN=0

c = 4.0 K. In contrast, in NiI2 and NiBr2 sys-
tems, the NN-BQ term is not large enough to overcome
frustration, and thus their ground-state spin configura-
tions remain SP.
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FIG. 2. Magnetic parameters of monolayers NiI2, NiBr2, and NiCl2 as a function of biaxial strain. (a-c) NN, 2NN, and 3NN
isotropic exchange interactions as a function of biaxial strain for (a) NiI2, (b) NiBr2, and (c) NiCl2, respectively. (f-h) Strain-
dependence of the NN-BQ exchange interaction for (f) NiI2, (g) NiBr2, and (h) NiCl2, respectively. (d,e,i,j) Strain dependence
of the NN anisotropic exchange parameters. The shaded green regions in (f,g,h) highlight the difference between the |J3NN/JNN|
and KNN/JNN ratios. The values of those ratios are plotted with respect to the axis on the right, shown in green.

2. Effect of biaxial strain

As discussed in the previous section, the magnetic
properties of the pristine NiX2 monolayers mainly de-
pend on three factors, namely, the magnetic frustra-
tion ratio (|J3NN/JNN|), the relative size of the BQ ex-
change KNN/JNN, which hold the capacity to impact
or potentially mitigate this state of frustration, and the
anisotropic NN exchange ΓNN which determines the pref-
erential orientation direction of the spins. In this section,
we investigate the effects of applying biaxial strain on
NiX2 (X = I, Br, and Cl) monolayers to gain insight into
how biaxial strain influences the magnetic ordering and
critical temperatures.

Before delving into the effects of applying biaxial strain

on the magnetic properties of strained systems, we ini-
tially assessed the dynamical stability of the considered
crystals with 8% tensile and compressive biaxial strains
in their FM state via full phonon spectrum analysis.
The dispersions without imaginary frequency through
the whole momentum space prove the dynamical stability
of these crystals under biaxial deformations, as shown in
Fig. S2 in the Supplementary Material [64]. The minor
imaginary frequencies observed near the Γ point are most
likely due to numerical errors or limited size of supercells
used in phonon calculation.

With the application of biaxial strain (see Figure 2(a-
c)), the dominant isotropic exchange interactions main-
tain their signs: JNN remains FM, while J3NN remains
AFM across all strain values. J2NN parameter remains
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FIG. 3. The critical temperatures as a function of biax-
ial strain for monolayers of NiI2 (a), NiBr2 (b), and NiCl2
(c) as computed by parallel tempering Monte Carlo simu-
lations. Solid and dashed lines depict critical temperatures
computed from the Heisenberg Hamiltonian, with (TKNN ̸=0

c )

and without (TKNN=0

c ) consideration of BQ exchange inter-
actions. The color-coded dots indicate the ground-state spin
order corresponding to each strain: green dots represent the
FM order, blue dots show the A2Sk order and red dots signify
the SP order.

small (negligible) in comparison to both JNN and J3NN.
The weaker sensitivity of JNN to biaxial strain compared
to J3NN can be attributed to the intricate interplay be-
tween superexchange and direct exchange mechanisms
among nearest neighbors. Due to the shorter atomic
distances, these mechanisms can effectively counterbal-
ance each other, leading to a reduced response of JNN

to biaxial strain [69, 71]. In contrast, for third nearest
neighbors, the magnetic interactions primarily arise from
super-superexchange processes, largely driven by eg-p hy-
bridizations [69], which explains its monotonic response
to biaxial strain.

In Figure 2(f-h), one can see the influence of biaxial
strain on the NN-BQ exchange interaction (KNN). In all
our systems, the KNN parameter exhibits low sensitivity
to applied biaxial strain, maintaining values within the
range of -0.5 meV to -0.9 meV. In order to gain insight
into the impact of NN-BQ interaction on the frustration
arising from the interplay between JNN and J3NN pa-
rameters, we conducted a comparative analysis of both
|J3NN/JNN| and KNN/JNN ratios. As illustrated in the
shaded area of Figure 2(f-h), the compressive biaxial
strain increases the value of |J3NN/JNN| for all studied
monolayers, thereby amplifying the difference between

|J3NN/JNN| and KNN/JNN ratios. This serves as evi-
dence that compressive strain, by enhancing the effect of
magnetic frustration, can intensify the tendency for non-
collinear spin ordering, such as SP and A2Sk. This effect
is particularly notable in NiI2, reaching the highest mag-
netic frustration ratio of 3.84 at -8% compressive strain.
On the other hand, applying tensile biaxial strain in all
examined systems leads to a decrease in the |J3NN/JNN|
ratio, making it comparable to the KNN/JNN ratio. In
such an alteration, the influence of NN-BQ is highlighted,
as it can completely overcome the frustration and pro-
mote the FM order. This is particularly evident in the
NiCl2 monolayer, where at 2% tensile strain, the ratio of
KNN/JNN surpasses J3NN/JNN, indicating a strong ten-
dency towards the formation of FM order.

In Figure 2 (d, e, i, j), we show the impact of biax-
ial strain on the NN anisotropic exchange parameters,
namely, Γxx

NN, Γ
yz
NN, Γ

zz
NN, and Γyz

NN. As discussed in sec-
tion IIIA 1, in pristine NiX2 monolayers, the exchange
anisotropy scales with the SOC, which is larger for heav-
ier halide ligands. Indeed, NiCl2 exhibits fully isotropic
exchange, while NiBr2 shows nearly isotropic behavior
with only minor (negligible) deviations, and NiI2 demon-
strates significant anisotropic behavior. This trend per-
sists under biaxial strain: NiCl2 continues to exhibit full
isotropic exchange, NiBr2 remains nearly isotropic, and
NiI2 shows considerable tunability in its anisotropic ex-
change parameters. Under biaxial strain, NiI2 achieves
comparable magnitudes for the Γyz/JNN and |J3NN/JNN|
ratios.

In order to investigate the effects of biaxial strain on
magnetic ground states and critical temperatures, and
to gain a deeper understanding of the impact of mag-
netic parameters, particularly the NN-BQ exchange pa-
rameters, on these states, we conducted PTMC simu-
lations using Eq. (1) across all considered strain val-
ues. The results are presented in Figure 3 under two
conditions: (i) when KNN = 0, with the corresponding
critical temperature denoted as TKNN=0

c , and (ii) when
KNN ̸= 0, with the corresponding critical temperature
denoted as TKNN ̸=0

c . In NiCl2, the TKNN ̸=0
c shows a non-

monotonic dependence on the compressive strain. It ini-
tially decreases until it reaches a compressive strain of -
4%, at which point it starts to increase. Interestingly, this
change in the trend of TKNN ̸=0

c coincides with a change in
the ground-state magnetic order, transitioning from FM
to SP order. This can be attributed to the increasing in-
fluence of magnetic frustration under compressive strain,
given that the value of the |J3NN/JNN| ratio becomes
nearly 1.5 times greater than the KNN/JNN ratio. On
the other hand, the application of tensile biaxial strain
on the NiCl2 monolayer does not significantly alter the
critical temperature and maintains the FM order as the
ground-state. A phase transition from a SP phase to a
FM phase is observed under tensile strain of 2% with
KNN = 0. This phase transition is directly linked to the
reduction in the frustration ratio due to the decreasing
trend of J3NN under tensile biaxial strain. The differences
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FIG. 4. Low-energy magnetic structures computed from the Heisenberg Hamiltonian with consideration of BQ exchange
interactions on a 40× 40× 1 supercell, computed from PTMC simulations. (a) SP phase observed in a NiI2 monolayer under a
2% tensile biaxial strain. (b) A2Sk phase observed in a NiI2 monolayer under a 6% compressive biaxial strain. The color map
indicates the out-of-plane spin component Sz, the in-plane spin components are denoted by black arrows. The spin structure
factor S(q⃗) associated with each structure is plotted within the first BZ.

FIG. 5. Magnetic parameters of monolayers NiI2, NiBr2, and NiCl2 as a function of uniaxial strain. The isotropic exchange
interactions for the first (JNN, J

′
NN, J

′′
NN) and third (J3NN, J

′
3NN, J

′′
3NN) nearest-neighbor interactions are depicted for (a) NiI2,

(b) NiBr2, and (c) NiCl2 monolayers. The NN-BQ exchange interactions (KNN, K
′
NN, K

′′
NN) are shown for (d) NiI2, (e) NiBr2,

and (f) NiCl2 monolayers. For better visibility, only the first and third nearest neighbor exchange parameters are depicted.
The exchange parameters associated with the second-nearest neighbor are negligible (close to zero) and therefore omitted in
this figure. Detailed tables containing all calculated exchange tensors, and SIA parameters are provided in the Supplementary
Material [64].

observed between TKNN ̸=0
c and TKNN=0

c in NiCl2 with
tensile strains greater than 2%, despite observing FM or-
der as the ground-state, can be attributed to the impact
of NN-BQ exchange interaction. This finding is similar
to observations in other studied 2D systems, where the
inclusion of the NN-BQ exchange interaction enhances
magnetization, subsequently leading to an increase in the
critical temperature [42].

In NiBr2 (see Figure 3(b)), TKNN=0
c displays a lin-

ear trend under both compressive and tensile biaxial
strain, with no observed phase transition, maintaining
the ground-state SP magnetic order. However, TKNN ̸=0

c

under compressive strain exhibits a similar increasing
trend without any phase transition. Interestingly, under
tensile strain, an increment in TKNN ̸=0

c coincides with a

notable phase transition from SP to FM order.

As depicted in Figure 3(a), in NiI2, the alterations in
TKNN ̸=0
c and TKNN=0

c under both compressive and tensile
strains are generally similar. However, an exception is
observed at 8% tensile strain, where TKNN ̸=0

c experiences
a sudden increase. This increase occurs concurrently with
the change in the phase diagram to a quasi-degenerate
A2Sk and FM phases. We conducted a comparison of the
MC energies for the A2Sk and FM spin textures that were
obtained in NiI2 at 8% tensile strain. This comparison
revealed a minor energy difference of about 0.3 meV per
spin between the A2Sk and FM states, with the FM state
being energetically favorable. To further investigate the
energy levels of these spin textures, we performed DFT
calculations. Specifically, we extracted the spin textures
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from the MC simulations and constrained the magnetic
moment directions according to these textures. We then
carried out DFT calculations to assess the energy differ-
ences from a DFT perspective. This approach allowed us
to verify the MC simulation results with a more precise
energy calculation method. However, our DFT calcula-
tions showed that the A2Sk order has a slightly lower
energy, by about 0.03 meV per spin. This difference is
within the error bar of the DFT estimates, suggesting
that these two states are nearly energetically equivalent.
NiI2 also shows another phase transition to A2Sk with

twice the topological charge of skyrmions (|Q| = 2) un-
der compressive strain. Remarkably, this transition oc-
curs regardless of whether the NN-BQ exchange inter-
action is taken into account. As discussed in Ref. [21],
the anisotropic exchange Γyz

NN serves as a direct measure
of the expected deviation from collinearity in the spin
arrangement and can play a key role in stabilizing non-
collinear spin orders, such as the A2Sk spin order. In-
deed, the emergence of this noncollinear spin order results
from the competition between the isotropic exchange in-
teraction JNN and the anisotropic term Γyz

NN, which can
be quantified through the ratio Γyz

NN/JNN. As previously
mentioned, biaxial strain modifies this ratio in NiI2. Our
results indicate that when the Γyz

NN/JNN ratio exceeds
approximately 0.2, the system demonstrates a clear ten-
dency to stabilize the A2Sk spin order. A thorough anal-
ysis was conducted to examine the contributions of the
Γyz
NN term to the formation of the A2Sk phase in the NiI2

monolayer under -8% strain. Detailed findings from this
analysis can be found in section SV of the supplementary
material [64]. In Figure 4, an illustration of two impor-
tant discovered magnetic spin configurations along with
their corresponding spin structure factors is presented.

3. Effect of uniaxial strain

To further investigate the effects of various strains on
the magnetic properties of NiX2 (X = I, Br, Cl) mono-
layers, we examine the case of uniaxial strain. Similar to
our approach with biaxial strain, our initial step involves
assessing the dynamical stability of the considered crys-
tals with 8% tensile and compressive uniaxial strains in
their FM state via full phonon spectrum analysis. Results
in Fig. S3 (Supplementary Material [64]) show that the
phonon dispersions are positive over the whole Brillouin
zone, except for an extremely small and even negligible
imaginary frequency at the Γ point because it is within
the numerical noise.
Figures 5(a-c) illustrate the evolution of the magnetic

isotropic exchange interactions with the uniaxial strain
level. The 1NN and 2NN isotropic exchange parameters
show minimal sensitivity to the uniaxial strain, a char-
acteristic also observed under biaxial strain conditions.
On the other hand, the 3NN isotropic exchange param-
eters (J3NN, J

′
3NN, J

′′
3NN) exhibit remarkable sensitivity

to uniaxial strains, with each pair exhibiting distinct be-

FIG. 6. The anisotropic off-diagonal components of exchange
tensor (a) Γyz

NN
, (b) Γxy

NN
, and (c) Γxz

NN, for NiI2 monolayer, as
a function of uniaxial strain.

haviors.
As mentioned in section II, applying uniaxial strain

alters bond equivalency. Consequently, the J3NN param-
eter can be finely tuned through uniaxial strain because
of its high sensitivity to variations in bond length. Con-
versely, the J ′

3NN and J ′′
3NN parameters demonstrate in-

significant linear variation in response to uniaxial strain.
Under 8% compressive strain, J3NN in all systems be-
comes more than three times larger than J ′

3NN. The
tensile strain appears to promote FM tendencies, as ev-
idenced by the decreasing values of the J3NN, J

′
3NN, and

J ′′
3NN parameters.
As shown in Figure 5(d-f), the NN-BQ exchange inter-

action (KNN, K
′
NN, and K ′′

NN) remains nearly constant
under different uniaxial strain conditions, maintaining
values between -0.6 meV and -0.8 meV.
In the context of NN anisotropic exchange parame-

ters, the impact of uniaxial strain on the components of
the exchange tensor can be different from that of biaxial
strain. As shown in Figure 6, the application of uniaxial
strain on NiI2 not only induces nonzero values for the
Γyz
NN component but also for Γxy

NN and Γxz
NN components.

This is in contrast to the effect of biaxial strain, where
Γxy
NN and Γxz

NN were zero. On the other hand, in NiCl2 and
NiBr2 monolayers, similar to the behavior observed un-
der biaxial strain, they exhibit isotropic behavior under
uniaxial strain. The discontinuities observed in Figures 5
and 6 at 0% strain arise from the breaking of rotational
symmetry. At 0% strain, the system retains this sym-
metry, enforcing the equivalency of both the biquadratic
and anisotropic exchange parameters across all bonds.
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FIG. 7. The critical temperatures as a function of uniaxial
strain for monolayers of (a) NiI2, (b) NiBr2, and (c) NiCl2,
as computed by parallel tempering Monte Carlo simulations.
Solid and dashed lines depict critical temperatures computed
from the Heisenberg Hamiltonian, with (TKNN ̸=0

c ) and with-

out (TKNN=0

c ) consideration of biquadratic exchange interac-
tions. The color-coded dots indicate the ground-state spin
order corresponding to each strain: green dots represent fer-
romagnetic (FM) order, and red dots signify spin-spiral (SP)
order.

However, once uniaxial strain is applied, the symmetry
is broken, leading to a variation in these parameters.

For a more comprehensive understanding of such be-
havior of the exchange tensor parameters, we refer the
reader to the Supplementary Material [64].

As depicted in Figure 7(a,b), NiI2 and NiBr2 display
similar trends in the changes of both critical temper-
atures (TKNN ̸=0

c and TKNN=0
c ). They maintain the SP

as their ground-state spin texture. Notably, when sub-
jected to compressive strain, TKNN ̸=0

c increases to 54 K
for NiI2 and 29 K for NiBr2. Similarly, under tensile
strain, these critical temperatures rise to 28 K for NiI2
and 17 K for NiBr2. In the case of NiCl2, the T

KNN ̸=0
c ex-

hibits an almost linear trend under both compressive and
tensile strains, maintaining the ground-state FM order.
However, an exception is observed under a compressive
strain of 6%, where the critical temperature increases to
a maximum value of 20 K. This increase coincides with
a phase transition from ground-state spin texture to the
SP order. For TKNN=0

c , an upward trend is observed un-
der both compressive and tensile uniaxial strains. The
ground state is found to be in SP order under all these
strains. These strong differences between TKNN=0

c and
TKNN ̸=0
c validate once again the initial premise of this

FIG. 8. Magnonic dispersion and DOS of monolayer NiI2
under -4% biaxial compressive strain in the A2Sk phase.

work that the BQ exchange interactions are of significant
importance in nickel-dihalides.

B. Magnonic properties

Applying strain to the NiX2 monolayers will influence
their magnonic properties in two different ways: (i) strain
can result in a phase transition to another magnetic state
with significantly different magnonic behavior, and (ii)
modulation of the exchange parameters due to the appli-
cation of strain can result in enhancement or depletion
of certain features in the magnonic dispersion. In this
section, we show that the former occurs for both NiI2
and NiCl2 under biaxial strain, and illustrate the latter
for NiBr2 under biaxial and uniaxial strain.

1. Effect of biaxial strain

As shown in Fig. 3, application of biaxial strain to
monolayer NiI2 can result in a phase transition from
the SP to the A2Sk phase for compressive strain with
magnitudes greater than -4%, also resulting in qualita-
tively very different magnonic properties. In Fig. 8,
we show the magnonic dispersion and density of states
(DOS) for monolayer NiI2 under -4% biaxial compressive
strain for which the system is characterized by a A2Sk
ground state. Notably, there are bandgaps in the disper-
sion signifying that the A2Sk phase effectively functions
as a magnonic crystal since spin waves will not be able
to propagate for these frequencies, which is a well known
property of skyrmionic lattices [43–45]. The composite
Chern number, a quantity used to characterize the topol-
ogy of degenerate bands [72, 73], equals zero for each
group of degenerate bands indicating that the bandgaps
are trivial and that no topologically protected edge states
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(a) (b)

FIG. 9. Magnonic dispersion for (a) monolayer NiCl2 under
4% biaxial tensile strain which has a FM spin configuration,
and (b) monolayer NiBr2 under -6% biaxial compressive strain
which has a SP ground state. The first Brillouin zone and high
symmetry points are indicated in (a).

are present. In contrast, the magnonic dispersion in the
SP and FM phases does not exhibit any bandgaps.

The calculated magnonic dispersion of monolayer
NiCl2 under 4% biaxial tensile strain and monolayer
NiBr2 under -6% biaxial compressive strain are presented
in Fig. 9(a) and Fig. 9(b), respectively, illustrating the
differences in the dispersion between the FM spin state
of the former and the SP spin configuration of the lat-
ter. Note that the magnetic propagation vector of the SP
phase lies parallel to the Γ−K path. In the FM phase,
there are degeneracies at both the K and K ′ points and
the M and M ′ points due to the rotational symmetry.
However, in the SP spin configuration, the latter sym-
metry is broken, lifting the degeneracy of the M and
M ′ points. Furthermore, in the SP phase, several local
extrema appear in the dispersion, which can be distin-
guished more easily by plotting the magnon dispersion of
strained NiBr2 along the Γ−K−M−Γ−K ′−M ′−Γ path
in reciprocal space, as shown in Fig. 10. The presence
of these local minima, recognized as soft magnon modes,
are in good agreement with with recent works [46, 74, 75],
who predicted similar modes for NiI2 and NiBr2. Inter-
estingly, in NiCl2, application of tensile strain gives rise
to a phase transition between the SP and FM phases,
hence biaxial strain serves as a tool to induce or elimi-
nate these soft magnon modes in this material.

Fig. 10 shows how the magnonic dispersion of the SP
phase of monolayer NiBr2 changes as a function of strain.
First and foremost, notice that in each case we only find
finite magnon frequencies, which is attributed to the pres-
ence of anisotropy in the system [32, 33, 46, 72]. Fur-
thermore, the absence of imaginary frequencies indicates
that the SP phase is stable for each of the considered
strain values [46, 72]. Several interesting points along

FIG. 10. Effect of biaxial strain on the magnonic disper-
sion of monolayer NiBr2. For all strain values, the system is
characterized by a SP ground state resulting in several (local)
minima marked as k0 − k6, which are modulated by strain.

the Γ −K −M − Γ −K ′ −M ′ − Γ path are marked in
Fig. 10. Although k2 and k5 appear to be local min-
ima along this specific path in the BZ, they are in fact
saddle points and are, thus, excluded from further dis-
cussion. The other points are true (local) minima and
correspond to the aforementioned soft magnon modes.
For FM materials, e.g. strained NiCl2 (see Fig. 9(a)) or
the chromium trihalides [32, 33, 72], the global energy
minimum of the magnonic dispersion typically occurs at
the Γ point, however, for the SP phase in NiBr2 the mode
at k4 has lower energy for all considered strain values.
Further, note that strain has a clear influence on

the magnon dispersion, particularly on the soft magnon
modes. Application of compressive strain increases the
overall magnon frequency but also significantly sharp-
ens the local minima corresponding to the soft magnon
modes. Just like the SP phase itself, the soft magnon
modes are stabilized with increasing |J3NN/JNN| ratio.
The strain-dependent behavior for the SP phases in NiI2
and NiCl2 resembles that of NiBr2, hence the same con-
clusions can be drawn for those materials.

2. Effect of uniaxial strain

As shown in Fig. 7, application of uniaxial strain does
not result in magnetic phase transitions when the BQ
exchange is not included in the Heisenberg Hamiltonian.
For all considered strain values, all three NiX2 (X = I,
Br, Cl) monolayers have a SP ground state. In Fig. 11,
we illustrate the effect of uniaxial strain tuning on the
magnonic dispersion of NiBr2 only, being representative
for all three compounds. In contrast to the biaxially
strained case, application of tensile strain does not re-
sult in softening of the magnon modes. Interestingly, for
both the case of compressive and tensile strain, the (lo-
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FIG. 11. Effect of uniaxial strain on the magnonic disper-
sion of monolayer NiBr2. For all strain values, the system is
characterized by a SP ground state resulting in several (local)
minima marked as k0 − k6, which are modulated by strain.

cal) minima at the k4 and k6 points vanish, meanwhile
the minima at the k1 and k3 points shift up in energy,
with as a result that the mode at k0 is located in the
global minimum of the dispersion. This result is in agree-
ment with earlier work [46] that describes how the soft
magnon modes will diminish and eventually be depleted
upon inclusion of the Kitaev interaction in their model.
Application of uniaxial strain, both compressive and ten-
sile strain, results in anisotropic tuning of the exchange
couplings (see Fig. 5), which is exactly how the Kitaev
interaction is defined in the model of Cong et al. [46].
In contrast, application of biaxial strain tunes does not
increase the Kitaev interaction and hence preserves the
soft magnon modes in the dispersion.

IV. CONCLUSION

In summary, using a combination of DFT and MC sim-
ulations we explored the magnetic properties of the 2D
multiferroic monolayer NiI2 and other compounds from
the same family, namely NiBr2 and NiCl2, under lateral
strain. When unstrained, we found that NiI2 and NiBr2
exhibit spin-spiral (SP) ground states, in agreement with

previous experimental observations [16, 20]. Similarly,
we validated that NiCl2 exhibits a ferromagnetic (FM)
ground-state order, only after we included the nearest-
neighbor biquadratic (NN-BQ) exchange coupling in the
Hamiltonian. Furthermore, our study demonstrates that
the inclusion of NN-BQ exchange leads to different crit-
ical temperatures in comparison with models that do
not include this interaction. With that in mind, we
proceeded to identify both biaxial and uniaxial strain
as potent tools for finely tuning the magnetic order in
NiX2 (X = I, Br, Cl) monolayers. By applying strain,
one can deliberately tailor the degree of magnetic frus-
tration in these systems, leading to a diverse magnetic
phase diagram that includes SP, FM, and skyrmionic
(antibiskyrmion, A2Sk) phases for NiI2 and SP and FM
states for both NiBr2 and NiCl2. Additionally, strain
drastically alters the critical temperature of the corre-
sponding phases. Notably, for NiI2, the critical tem-
perature increases from 11.6 K in the pristine case to
values up to 37.0 K and 54.0 K for an 8% compres-
sive strain in the biaxial and uniaxial cases, respectively.
We here reemphasize the significance of considering the
biquadratic exchange interaction in understanding the
magnetic properties of the NiX2 monolayers and under-
score its role in stabilizing different magnetic states, as
well as the magnonic properties that are very sensitive
to the magnetic state and its response to strain. Overall,
our work establishes strain engineering as an effective
avenue for tailoring magnetic and magnonic properties
in NiX2 monolayers, as well as their transition tempera-
tures, thereby expanding the applicability of these mate-
rials in emergent spintronic devices based on 2D magnetic
materials and heterostructures.
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[51] D. Šabani, C. Bacaksiz, and M. Milošević, Ab initio
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