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Majorana fermion states and fractional flux periodicity in mesoscopic d-wave superconducting
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We numerically investigate the spin-orbit (SO) coupling effect on the magnetic flux evolution of energy
and supercurrent in mesoscopic d-wave superconducting loops by solving the spin-generalized Bogoliubov–de
Gennes equations self-consistently. It is found that the energy spectrum splits when the SO interaction is involved
and the Majorana zero mode can be realized in the [100] edges of square systems for an appropriate SO
coupling strength. Superconducting phase transitions appear when the energy gap closes, accompanied by energy
jumps between different energy parabolas in the ground state, which provides a possible mechanism to support
fractional flux periodicity of supercurrent. Moreover, in the case of rectangular loops with SO coupling, the
jumps of the ground-state energy gradually disappear by increasing the ratio of length to height of the sample,
and a paramagnetic response with opposite direction of the screening current around zero flux value can occur in
such systems.
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I. INTRODUCTION

Recently, the periodic evolution of the flux-induced current
in multiply connected superconducting systems has drawn
a lot of attention [1–9], which is a valuable probe into the
mechanism of superconductivity and which is the basis for
many applications. For unconventional mesoscopic supercon-
ductors with gap nodes, such as d-wave loops, the doubling of
well-known hc/2e-flux periodicity has been predicted due to
the lifted degeneracy in energy and the offset of the transition
between different current-carrying states [1,8]. Moreover, un-
usual breaking of the hc/2e periodicity, such as hc/4e oscilla-
tions and other fractional periodicities (like hc/6e and hc/8e)
of the critical current, has been reported in a superconducting
quantum interference device geometry with high-Tc supercon-
ductors (HTS) [10,11]. The multiple Andreev scattering in
grain-boundary Josephson junctions [10,11] and interactions
between Cooper pairs and quartet formation [12–14] have been
considered theoretically to be the likely origin of the fractional
periodicity. More recently, the pair-density wave state was
proposed as a candidate ground state of striped cuprate
superconductors [15,16] and can sustain a hc/4e vortex phase
[17–20].

Another system which may support fractional flux quanta
is the spin-triplet p-wave superconductor [21,22]. In the equal
spin pairing p-wave state, there are two weakly interacting
condensates with Cooper-pair spin configurations. Electrons
with spin-up form a single vortex state, while those with
spin-down may form a vortex-free state in a mesoscopic
situation [22]. Recent cantilever magnetometry measurements
of annular mesoscopic samples of Sr2RuO4 have revealed
evidence for the existence of half-quantum vortices in this ma-
terial [23]. Furthermore, the coexistence of different winding
numbers in two superconducting condensates have also been
discussed in the context of fractional vortices for simply and
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multiply connected samples [24–28], and similar phenomena
can be expected for many other systems [29,30].

In the present work we provide a careful insight into the
spin-orbit (SO) coupling effect on flux-dependent ground-state
evolution in mesoscopic d-wave superconducting noncircular
systems. Superconducting systems with strong SO coupling
have attracted a great deal of attention recently [31–47]. It
is well known that structural inversion asymmetry can be
created at surfaces, an interface, or some junction structures.
In materials without inversion symmetry, Rashba-type SO
interactions lift the spin degeneracy of the electronic bands and
generate complex spin textures in the electron Bloch functions.
It has been predicted that an additional p-wave component
can be generated by the surface induced SO coupling in the
case of d-wave superconductors [31–34]. Furthermore, strong
SO interactions in nodal superconductors can give rise to a
nontrivial band topology, leading to topologically protected
zero-energy edge states [38–44]. In particular, it has been
shown that Rashba SO couping is essential for the appearance
of Majorana fermions, which can be realized even if the
symmetry of the gap function is spin-singlet dominant [45–47].
These all imply that the SO coupling effect in mesoscopic
d-wave superconductors may produce very rich phenomena,
such as a variety of possible evolutions of flux periodicity in
superconducting loops.

In view of the above, we introduce SO interactions into
the effective model Hamiltonian with d-wave superconducting
order and systematically investigate the SO coupling effect on
the flux periodicity evolution in mesoscopic superconducting
loops by solving the extended Bogoliubov–de Gennes (BdG)
equations [34,37,45,48] in a self-consistent manner. Our
numerical analysis concerns the flux-dependent evolution of
ground-state energy and circulating current in square and rect-
angular systems as a function of the SO interaction strength.
The energy spectrums with distinct spin split phenomenon are
demonstrated correspondingly. For an appropriate strength of
SO coupling, the highest occupied current-carrying state can
cross the Fermi level at some flux values, and zero-energy
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Majorana edge modes are realized in such systems. As a
consequence, the phase transitions between different energy
parabolas in the ground-state energy may lead to fractional
flux periodic evolution of current in unconventional supercon-
ducting loops.

The paper is organized as follows. In Sec. II we present
our theoretical formalism. The Majorana fermion states and
fractional flux periodicity in mesoscopic loop systems with
spin-orbit interactions are discussed in Sec. III. Our results are
summarized in Sec. IV.

II. THEORETICAL APPROACH

To investigate the flux periodicity in mesoscopic loops of
d-wave superconductors whose edges are oriented parallel to
the [100] direction, we start with the pairing Hamiltonian by
assuming nearest-neighbor attraction V for d-wave supercon-
ducting (DSC) pairing:

Ĥ = Ĥ0 + Ĥso, (1)

Ĥ0 = −
∑
〈ij〉,σ

tijexp(iϕij)c
†
iσ cjσ +

∑
i,σ

(−μ)c†iσ ciσ

+
∑
〈ij〉

(�ijc
†
i↑c

†
j↓ + �∗

ijcj↓ci↑), (2)

Ĥso = Vso

∑
i

[(c†i↑ci+�ex↓ − c
†
i↓ci+�ex↑)

−i(c†i↑ci+�ey↓ + c
†
i↓ci+�ey↑) + H.c.], (3)

where tij = t are the nearest-neighbor hopping integral and
Vso is the SO coupling strength. ciσ (c†iσ ) are destruction
(creation) operators for electron of spin σ (σ = ↑ or ↓),
and �ex,y is the unit vector along the x and y directions.
niσ = c

†
iσ ciσ is the number operator, and μ is the chemical

potential determining the averaged electron density. The
Peierl’s phase factor is given by ϕij = 2π/�0

∫ rj

ri
A(r)dr with

the flux quantum �0 = hc/e. We choose a vector potential
of the form A(r) = (y, − x,0)�/[2π (x2 + y2)], yielding a
flux threading the hole with no magnetic field penetrating the
superconductor, where φ = (e/hc)� measures the flux in units
of hc/e. The DSC order has the following definition: �ij =
V 〈ci↑cj↓ − ci↓cj↑〉/2. Using the Bogoliubov transformation
ciσ = ∑

n[un
iσ γnσ − σvn∗

iσ γ
†
nσ̄ ], the Hamiltonian in Eq. (1)

can be diagonalized by solving the resulting BdG equations
self-consistently,

N∑
j

⎛
⎜⎜⎜⎝
Hij↑ V so

1 0 �ij

V so
2 Hij↓ �ij 0

0 �∗
ij −H∗

ij↑ V so
3

�∗
ij 0 V so

4 −H∗
ij↓

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

un
j↑

un
j↓

vn
j↑

vn
j↓

⎞
⎟⎟⎟⎠ = En

⎛
⎜⎜⎜⎝

un
i↑

un
i↓

vn
i↑

vn
i↓

⎞
⎟⎟⎟⎠ ,

(4)

where Hijσ = −tij − μδij, V so
m = Vso{[(−1)m+1δi+�ex ,j +

(−1)mδi−�ex ,j] + λm[i(δi+�ey ,j − δi−�ey ,j)]} (λm = −1 for m = 1,
2 and λm = 1 for m = 3, 4), and δi,j represents a δ function.
With the open boundary conditions (for which the wave
function vanishes on the inner and outer boundaries of the

FIG. 1. (Color online) Schematic view of the two-dimensional
loop with size Nx × Ny and a centered hole of size Nxx × Nyy , which
is threaded by a magnetic field � in the hole. w is the arm width of
the sample.

loop) we can get the eigenvalues {En} with eigenvectors
{un

↑,un
↓,vn

↑,vn
↓}. The order parameter �ij is calculated

self-consistently from

�ij =
∑

n

V

4

(
un

i↑vn∗
j↓ + un

j↓vn∗
i↑

+un
i↓vn∗

j↑ + un
j↑vn∗

i↓
)

tanh

(
En

2kBT

)
. (5)

Since the order parameter has to be single valued, the phase
difference when circulating the hole once must be 2πq, where
q is the winding number. The current density Jijσ from lattice
site i to j is

Jijσ = −4
et

�c

∑
n,σ

Im
({

un
jσ un∗

iσ f (En)

+vn∗
jσ vn

iσ [1 − f (En)]
}
exp(iϕij)

)
, (6)

where f (E) = (eE/kBT + 1)−1 is the Fermi-Dirac distribution
function.

Throughout this work, the distance is measured in units of
the lattice constant a, the energy in units of t , the magnetic
flux in units of �0 = hc/e, and the current density in units
of J0 = et/�c. In the numerical calculations we take kB =
a = t = 1 for simplicity and only consider the half-filled case,
i.e., μ = 0. In what follows, we focus on the clean sample
as schematically shown in Fig. 1 with a size of Nx × Ny and
a centered hole of size Nxx × Nyy , which is threaded by a
magnetic field � in the hole. w = (Nx(y) − Nxx(yy))/2 is the
arm width of the sample.

III. FRACTIONAL FLUX PERIODICITY AND MAJORANA
FERMION STATES IN EDGES OF THE SAMPLE

First, we consider a square d-wave loop with size Nx ×
Ny = 40 × 40 and a centered hole of size Nxx × Nyy =
28 × 28. In this case, the arm width is w = 6. In order to
determine how the properties of the loop depend on the SO
coupling strength Vso, we start our investigations with a system
with small Vso at zero temperature. The black and red curves
in Fig. 2 gives the total energy (a) and the total supercurrent
(b) as a function of magnetic flux � for Vso = 0 (black solid
curves) and Vso = 0.2 (red dashed curves), respectively. The
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FIG. 2. (Color online) Total energy (a) and total supercurrent
(b) for a square 40 × 40 loop with SO coupling strength Vso = 0
(black solid curves), Vso = 0.2 (red dashed curves), and Vso = 0.3
(blue dash-dotted curves) for an arm width w = 6 and Vso = 0.35
(purple dash-dot-dotted curves) for w = 10 as a function of magnetic
flux �. The pair interaction is V = 1.4, and the temperature T = 0.

d-wave pairing interaction is chosen as V = 1.4. For a system
with a large gap regime V and without the SO interaction, the
local minimum of the total energy at � = �0/2 approaches
the energy value for � = 0, and the circulating supercurrent
exhibits an almost �0/2 periodicity, which is analogous to
previous studies in Ref. [8]. With increasing Vso, the total
energy still reaches a local minimum at � = �0/2, while the
flux value of the q jump shifts gradually from � = �0/4.
Consequently, the current peaks become more asymmetric
about the J = 0 axis, and the deviation from a �0/2-periodic
behavior becomes larger.

To understand better the influence of the SO interaction
on the magnetic flux periodicity, the eigenenergies near the
Fermi energy EF = 0 (black dotted line) in the gap region
corresponding to different Vso as a function of flux � are shown
in Fig. 3. Note that the zero-field order parameter �(� = 0) ≈
0.4 in the absence of SO coupling and slightly decreases with
increasing Vso for chosen pair interaction V = 1.4. When
Vso = 0 [see Fig. 3(a)], a considerable empty spectral gap
appears, and some well-separated discrete states are present
due to the nodal character of the order parameter. Although
the nearly �0/2 flux periodicity, the regimes of condensate
states with an even and an odd winding number q of the order
parameter, are still visible due to the mesoscopic effect. Notice
that, seen in Fig. 3(b) for Vso = 0.2, there is a distinct spin
split phenomenon in the energy spectrum due to the breaking
of the spin-reversal symmetry for particles and holes in the
presence of the SO coupling effect. Besides the spin splitting,

FIG. 3. (Color online) The eigenenergies in the gap region are
shown for a square 40 × 40 loop with (a) Vso = 0, (b) Vso = 0.2, (c)
Vso = 0.3 for w = 6, and (d) Vso = 0.35 for w = 10 as a function
of flux �. The black dotted line denotes the Fermi energy EF = 0.
Reconstruction of the condensate takes place between even and odd
q regimes. The calculation is performed for V = 1.4 and T = 0.

there exists a destruction effect of the SO coupling on the
superconducting pair potential. The split states are pushed
toward the Fermi energy and the separation of spin-down
and spin-up channels becomes remarkable as the SO coupling
strength is increased. The change in the quasiparticle subgap
states resulting from the SO coupling effect leads to stronger
reconstruction of the energy spectrum of the condensate for
different winding numbers of the order parameter. A small
offset in the position of the q transition takes place with
respect to the flux value (2n + 1)�0/4 (with integer n), which
is the origin of the breaking of the �0/2 periodicity in the
ground-state energy and the supercurrent.

Obviously the energy evolution of superconducting states
depends on the microscopic details of the energy spectrum. The
states further away from EF provide most of the condensation
energy, and the main contribution to the supercurrent arises
from the occupied levels close to EF [1,8]. For mesoscopic
nodal superconducting loops with SO coupling, the density of
states is finite close to the Fermi energy EF , and allows for a
flux dependent occupation probability. Likewise, the minima
of the ground-state energy in the corresponding even and odd q

regime is also flux dependent. In the following we would like to
analyze the effective ground state of d-wave loops for stronger
SO interactions and focus on the flux interval � ∈ [0,�0/2].

The blue dash-dotted curves in Fig. 2 show the total energy
(a) and the total supercurrent (b) as a function of � for a
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FIG. 4. (Color online) The contribution to the total supercurrent
(black squares) arising from the level closest to EF (red circles) and
other energy levels (blue triangles) for a square 40 × 40 loop with
w = 6 and Vso = 0.3 in the flux regime [0,�0/2].

larger Vso = 0.3. We notice that the ground-state energy forms
parabolas with minima at integer and half-integer values of
�, which is identical to the cases of weak Vso. Interestingly,
between these flux values, there appear additional energy
parabolas in E(�) and two abrupt energy drops at � =
0.21�0 and 0.43�0, where the superconducting ground state
evolves between different parabolas. As a consequence, the
supercurrents J (�) in Fig. 2(b) are discontinuous at the flux
values where the energy jumps. Notice that the flux regimes
belonging to different energy parabolas are not distributed
equally. Nevertheless our results prove that new global minima
in the total energy can emerge in the ground state, and the
sawtooth pattern of supercurrent has a dominant Fourier com-
ponent corresponding to fractional flux periodicity. Figure 3(c)
presents the corresponding energy spectrum in the gap region
for Vso = 0.3. We find that, compared to the case of weak SO
coupling strength depicted in Fig. 3(b), the spin-split effect
is enhanced when Vso is further enlarged. In particular, the
energy gap closes at several flux values which are exactly
the same as the ones where the energy drops are found in
Fig. 2(a). Notice that the energy level crossing the Fermi
energy may originate from the nodal part of the spectrum.
Figure 4 displays the contribution to the total supercurrent
(black square curve) arising from different energy levels
corresponding to the energy spectrum in Fig. 3(c). Clearly
the level closest to EF contributes mainly to the current jumps
in the total current. As shown by the curve with red circles
in Fig. 4, the current changes sign at the crossing points
with increasing flux, i.e., opposite orbital moments dominate
around the crossing points. As a result, the sawtooth feature
of flux-dependent supercurrent shows up. It is noted that the
chosen grid size in our self-consistent calculation is optimal
to obtain reliable results in minimal time. We checked the flux
periodic evolution of the total energy and supercurrent for a
wider square loop with w = 10, which is depicted by purple
dash-dot-dotted curves in Fig. 2. For a sufficiently strong SO
interaction Vso = 0.35, new produced minima are also found
in the ground-state energy. Simultaneously, the energy gap is
closed at the flux where the energy jumps in the spectrum,

as shown in Fig. 3(d). Thus, an unusual flux periodicity is
generated.

Notice that the emergence of energy level crossing the
Fermi energy may support the existence of Majorana fermion
states in mesoscopic loop systems in the presence of SO
coupling. It has been demonstrated that strong SO interactions
at the surface of the sample can lift the twofold spin degeneracy
and induce mixed singlet-triplet state [32,33]. We checked
the present system and found that the gap function has
both a spin-singlet component and an additional spin-triplet
one at the same time when the SO coupling is introduced.
The spin-triplet pairing becomes stronger with increasing
Vso. In this case, odd-frequency pair amplitudes may exist
at the surface [43]. Moreover, Majorana fermion states and
non-Abelian topological phase can occur in the edges of the
superconducting system [43–47].

To examine the zero-energy Majorana edge mode, we
calculate the local density of states (LDOS) for the loop sample
with SO interactions. The LDOS is given by

ρiσ (E) =
∑
n,σ

Im
[∣∣un

iσ

∣∣2
δ(En − E) + ∣∣vn

iσ

∣∣2
δ(En + E)

]
, (7)

where the Dirac δ function δ(x) is taken as �/π (x2 + �2)
with the quasiparticle damping � = 10−4. The LDOS is
proportional to the local differential tunneling conductance
which could be measured in a low-temperature scanning
tunneling microscopic (STM) experiment. In Fig. 5 we depict
the zero-energy LDOS (the upper panels) and the circulating
current (the bottom panels) for the case with zero energy
gap: a square 40 × 40 loop with w = 6 and Vso = 0.3 at
� = 0.21�0. The left, middle, and right panels show the
case of spin-up, spin-down, and total spin, respectively. We
can clearly see that the zero-energy modes for spin-up and
spin-down electrons emerge in different edges of the loop in
Figs. 5(a) and 5(b). The zero-bias peak conductance and the
closing superconducting gap reflect the existence of Majorana
fermions in our system [49]. Interestingly, unidirectional

(a) (b) (c)

 

 

(d) (e)
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0
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−0.02

−0.01
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FIG. 5. (Color online) Zero-energy local density of states ρ(E =
0) [(a)–(c)] and circulating current [(d)–(f)] for a square 40 × 40 loop
with Vso = 0.3 and w = 6 at the crossing point � = 0.21�0. The
left [(a) and (d)], middle [(b) and (e)], and right [(c) and (f)] panels
correspond to the electrons with spin-up, spin-down, and total spin,
respectively.
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FIG. 6. (Color online) Total energy (a) and total supercurrent (b)
for a square 40 × 40 loop with w = 6 and T = 0.002 (black solid
curves), T = 0.005 (red dashed curves), and T = 0.01 (blue dash-
dotted curves) as a function of flux �. The calculation is performed
for V = 1.4 and Vso = 0.3.

moving edge modes which propagate in the same direction
on opposite edges can appear in the loop system, as shown
in Figs. 5(d) and 5(e). Notice that similar unidirectional
Majorana edge states can be found in gapless topological
superconductors with Rashba SO terms and an in-plane
magnetic field in the presence of p- or s-wave pairing [44].

Considering the finite temperature effect, we next investi-
gate how the flux evolution depends on the temperature in the
presence of the SO coupling effect. The flux dependence of the
supercurrent for the loop with w = 6, V = 1.4, and Vso = 0.3
at different temperatures T below the critical temperature Tc is
displayed in Fig. 6. In contrast to the zero temperature case of
Fig. 2 (blue dash-dotted curves), one can see that the oscillation
patterns for the circulating current are very sensitive to the
temperature. When the temperature increases, the additional
peaks of the persistent supercurrent gradually disappears, i.e.,
the fractional current evolution is smoothed by the temperature
effect. For an appropriate enlarged temperature, one can
predict that the flux value of the q jump is close to � = hc/4e,
which leads to an almost �0/2 periodicity of the supercurrent
[8]. Notice that, although the fractional periodic pattern of
supercurrent is depressed with increasing T , the energy gap in
the spectrum still vanishes at the same flux points as for the
case of zero temperature in Fig. 3(c) (not shown here).

Finally, in order to investigate the effect of the geometry
of our sample, we change the geometric symmetry of the
system and consider the case of rectangular d-wave loops
with parameter values: w = 6, V = 1.4, Vso = 0.3, and T = 0.
The evolution of the total energy (a) and supercurrent (b)
with magnetic flux for four rectangular loops is displayed
in Fig. 7. The black solid curves are for the sample with
Nx × Ny = 38 × 42 and Nxx × Nyy = 26 × 30, and the red
dashed curves for the sample with Nx × Ny = 36 × 44 and
Nxx × Nyy = 24 × 32. In comparison to the square system in
Fig. 2, we still find an additional minimum in the ground-state
energy near the flux value �0/4 and the zigzag-like behavior
of the flux-dependent current with increasing ratio of length
to height Ny/Nx of the rectangular loop (see the black solid

FIG. 7. (Color online) Total energy (a) and total supercurrent
(b) for different rectangular loops with arm width w = 6 as a function
of flux �. The calculation is performed for V = 1.4, Vso = 0.3, and
T = 0.

curves), while the jumps of energy and current behave more
smoothly. For a critical ratio of Ny/Nx (the red dashed curves),
the jumps between different energy parabolas as shown in
the square loop case nearly vanish. From the corresponding
energy spectrum shown in Fig. 8(a), we find that an energy

FIG. 8. (Color online) The eigenenergies in the gap region are
shown for two rectangular samples with (a) Nx × Ny = 36 × 44,
Nxx × Nyy = 24 × 32 and (b) Nx × Ny = 32 × 48, Nxx × Nyy =
20 × 36 as a function of flux �. The black dotted line denotes the
Fermi energy EF = 0. The calculation is performed for V = 1.4,
Vso = 0.3, and T = 0.
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gap opens and the current-carrying state of the condensate are
continuously changing near the crossing points. Consequently,
the zero energy Majorana edge mode disappears. With further
increasing the asymmetric ratio, the flux value where the
minimum of the ground-state energy occurs in the q = 0
regime will shift toward zero flux. In Fig. 7 we show also
the results for two other rectangular loop cases with larger
ratio Ny/Nx . The blue dash-dotted curves are for the sample
with Nx × Ny = 34 × 46 and Nxx × Nyy = 22 × 34, and the
purple dash-dot-dotted curves for the sample with Nx × Ny =
32 × 48 and Nxx × Nyy = 20 × 36. We can see that the local
minimum of the energy at � = 0 is evolved into a global
one at some critical ratio. Meanwhile, enlarged Ny/Nx can
lead to opposite directions of the current around the zero flux
value, which indicates that the occupied level closest to EF

with an orbital moment opposite to the applied magnetic field
starts to dominate. Figure 8(b) depicts the energy spectrum
for the rectangular sample with Nx × Ny = 32 × 48 and
Nxx × Nyy = 20 × 36. In contrast, we notice that the energy
gap in the whole flux regime is enlarged. Simultaneously, the
flux value where the highest occupied state approaches EF

shifts toward � = 0. Consequently, a paramagnetic response
is generated for small �, as displayed in Fig. 7(b).

IV. CONCLUSIONS

We have investigated the SO coupling effect on the flux de-
pendence of the energy and supercurrent in mesoscopic d-wave
superconducting loops by numerically solving the extended
BdG equations self-consistently. The energy spectrum splits
because the SO coupling affects the spin characteristics of
the quasiparticles. Due to the reconstruction of the condensate

and the flux-driven change of the quasiparticle low-energy
states, we found a breaking of the hc/2e-periodic energy
and supercurrent. For an appropriate SO coupling strength,
zero-energy Majorana edge modes can be realized at the
closing points of the energy gap. Simultaneously, energy jumps
between different energy parabolas emerge in the ground state,
which provides a possible mechanism to generate a fractional
flux periodicity in the supercurrent. At finite temperature,
the fractional periodic evolution with sawtooth pattern of
the supercurrent can be smoothed with increasing T . In
addition, for rectangular loops, the minimum of the total
energy near the flux value �0/4 disappears for a sufficiently
large ratio of length to height, and a paramagnetic response
with opposite direction of the screening current around zero
flux can occur in such systems. We expect that our theoretical
calculations will be useful to realize Majorana fermions and to
interpret unconventional flux-dependent periodic oscillations
in multiply connected mesoscopic superconducting systems.
Also, our results provide an experimental setup to detect the
Majorana zero mode and fractional flux periodicity in loop
systems, since the strength of the SO coupling can be tuned
by changing the applied electric field [50–52].
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