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A microscopic model of indirect exchange interaction between transition metal impurities in dilute magnetic
semiconductors(DMS) is proposed. The hybridization of the impurityd-electrons with the heavy hole band
states is mainly responsible for the exchange of electrons between the impurities, whereas the Hund rule for the
electron occupation of the impurityd-shells makes it spin selective. The model is applied to such systems as
n-type (Ga,Mn)N and p-type (Ga,Mn)As, p-type (Ga,Mn)P. In n-type DMS with Mn2+/3+ impurities the
exchange mechanism is rather close to the kinematic exchange proposed by Zener for mixed-valence Mn ions.
In p-type DMS ferromagnetism is governed by the kinematic mechanism involving the kinetic energy gain of
the heavy hole carriers caused by their hybridization with 3d electrons of Mn2+ impurities. Using the molecular
field approximation, the Curie temperaturesTC are calculated for several systems as functions of the impurity
and hole concentrations. Comparison with the available experimental data shows a good agreement.
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I. INTRODUCTION

Dilute magnetic semiconductors(DMS) are semiconduc-
tors, in which transition or rareearth metal atoms randomly
replace a fraction of atoms in one sublattice. Transition metal
(TM) impurities can easily enter the host semiconductor, due
to their high abundance and diffusivity. In the group IV
elemental semiconductors, they occupy mainly interstitial
positions, whereas in III-V semiconductors the 3d TM
impurities usually substitute group III atoms. The metastabil-
ity of the zinc blende phase of the DMS(III,Mn )V com-
pounds and low solubility of manganese in these materials
were the major obstacles for a synthesis of dilute magnetic
semiconductors.1 However, the idea to combine in DMS the
charge degrees of freedom of hole or electron carriers with
the spin degrees of freedom of magnetic impurities became
reality after a new doping technique based on nonequilib-
rium low temperature molecular beam epitaxy(LT-MBE)
(Refs. 2 and 3) was developed. The discovery4 of ferromag-
netic (FM) ordering in Mn doped InAs with theTC=7.5 K
Curie temperature fueled DMS studies that resulted in fabri-
cation of (Ga,Mn)As compounds withTC=110 K (Refs. 2
and 5) or evenTC=140 K.6 More recently7–10Curie tempera-
tures exceeding 150 K were reported in(Ga,Mn)As. An
above room temperature ferromagnetism was announced11,12

also in GaN andp-type GaP doped with Mn. Advanced III-V
growth techniques such as metal organic vapor phase epitaxy
(MOVPE), or metal organic chemical vapor deposition
(MOCVD) together with LT-MBE can produce good quality

DMS with various element combinations. A unique coexist-
ence of high-temperature magnetism and semiconductor
properties opens new venues of fundamental studies and ap-
plications of DMS’s.

Although FM order in (Ga,Mn)As with TC=60 K has
been observed for the first time as early as in 1996,13 its
microscopic origin still remains not well understood. Ex-
trapolating from(Ga,Mn)As, FM ordering with highTC was
predicted forp-type (Ga,Mn)N (Ref. 14) and found in Ref.
12. However, a direct extrapolation of the trends known for
the GaAs-based materials, with relatively narrow forbidden
energy gap to the wide gap GaN DMS, is not well founded.
The differences in formation of the FM order arise from the
differences in the structure of chemical bonds between the
Mn impurity and valence electrons in various III-V host
semiconductors. Our purpose is to pinpoint these differences
and to construct a microscopic theory of the double exchange
in dilute magnetic semiconductors.

Three venues may be pursued to study magnetic states in
DMS’s. According to the first approach, an effective spin
Hamiltonian is chosen and the corresponding exchange cou-
pling constant is calculated in the course of this derivation.
The major part of the available descriptions of the FM order
in such DMS’s as(Ga,Mn)As, (Ga,Mn)P, and(Ga,Mn)N, are
based on semiphenomenological models, postulating the ex-
istence of local magnetic moments on the Mn sites, as well
as an indirect exchange between these moments and the elec-
trons in the valence band of the host.15–18Sometimes the role
of shallow acceptor levels, existing in the first two of these
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systems,19 or of resonance levels is emphasized.20 Impurities
interacting with the free carriers due to an effective RRKY
interaction were discussed in Ref. 21. That paper considered
also a Hubbard-type model for magnetic impurities in DMS,
which made it closer to the third approach, to be described
below.

The second approach is based on an extended cluster
method, where a cubic supercell with a magnetic Mn ion in
its center is used to calculate the density of spin polarized
states of a “homogeneously doped” crystal(see e.g., Refs. 22
and 23). The resulting picture provides information about
positions and occupations of Mn-related majority and minor-
ity “bands.” Sometimes an effectives-d exchange Hamil-
tonian is introduced with the effective exchange constant fit-
ting the numerical data(see Ref. 22 and the first paper in
Ref. 23). Local spin density approximation in combination
with coherent potential approach(CPA) describing averaged
properties of alloys was used in papers24 to analyze the onset
of FM order in DMS systems. Several important parallels
between these calculations and our results will be discussed
below.

According to the third approach, realistic exchange pa-
rameters should be derived within a microscopic theory
based on the knowledge of the electronic structure of III-V
semiconductors doped with TM impurities. An exhaustive
microscopic theory for isolated TM impurities in semicon-
ductors was constructed more than two decades ago starting
with the papers of Refs. 25 and 26(see the monographs Ref.
27 for a detailed description and Ref. 28 where a powerful
numeric approach has been developed). This theory contains
all the ingredients necessary for an accurate derivation of the
indirect magnetic exchange between impurities. Our first
attempt29 to apply this theory to(Ga,Mn)As resulted in a
quantitative description of the hole concentration dependent
Curie temperatureTC in p-type DMS’s within the framework
of a very simple model Hamiltonian, in which the effective
kinematic exchange interactionarises from an exchange of
electrons between the occupiedd-states of the half-filled
d-shell of the Mn impurity via empty heavy holeshhd states
near the top of the valence band.

Here we present a general theory of the double exchange
interaction in Mn-doped III-V semiconductors, which covers
both p- and n-type materials. The theory establishes differ-
ences between the exchange mechanisms in these two cases.
We show that the Zener mechanism30 in its classical form is
realized in n-type (Ga,Mn)N, whereas thep-type systems
(Ga,Mn)As, (Ga,Mn)P and, possibly,p-(Ga,Mn)N are ex-
amples of another type of indirect(kinematic) exchange in-
teraction, which was not observed in the family of Mn oxides
described by the Zener theory of FM insulators. Besides, we
discuss similarities and differences between the description
based on Zener double exchange30 and Vonsovskii-Zener
dp-exchange31 accepted in many phenomenological
theories.15–18 While developing further the microscopical
theory,29 we substantiate the applicability of orbitally nonde-
generate two-site Anderson model32,33 to the case of Mn3+

impurities and include explicitly the contribution of impurity
band in the double interimpurity exchange.

The paper is organized as follows: Sec. II presents a de-
scription of the microscopic model including the calculation

of the exchange interaction between TM impurities. Since
this calculation appears to be rather involved, its mathemati-
cal details are given in the Appendix. In Sec. III we apply the
results obtained in Sec. II top-type semiconductors, find the
kinematic exchange interaction and use the molecular field
approximation to calculate the Curie temperature as a func-
tion of the Mn content and hole concentration forp-type
(Ga,Mn)As and(Ga,Mn)P. The results are compared with the
available experimental data. Then-type (Ga,Mn)N DMS,
which possesses specific features differing it from other
DMS’s, is discussed in Sec. IV. Finally, the scope of the
theory and comparison with other approaches are summa-
rized in the concluding Sec. V.

II. INDIRECT EXCHANGE INTERACTION BETWEEN
TWO MAGNETIC IMPURITIES

A. Bands and bonds in Mn-doped III-V compounds

As is shown in Refs. 27 and 28, the electronic spectrum of
isolated substitutional TM in III-V semiconductors is prede-
termined by the structure of chemical bonds(hybridization)
between the 3d-orbitals of impurity ions and thep-orbitals of
the valence band electrons, whereas their magnetic state is
governed by the Coulomb and exchange interactions within
the 3d-atomic shell modified by hybridization with the elec-
tron states of the crystalline environment. According to Refs.
34–38, the localized TMd-states possess eithert2 or e sym-
metry of the crystal point symmetry groupTd. The e states
are practically nonbondingd-states, whereas thet2 states
form bonding and antibonding configurations with the
p-states of the valence band. The two latter types of states
are classified as the crystal field resonances(CFR), in which
the d-component dominates, and the dangling bond hybrids
(DBH) with predominantlyp-type contribution of the va-
lence band states. It is crucially important that the absolute
positions of CFR levels relatively weakly depend on the
band structure of the host semiconductor material. The CFR
levels are pinned mainly to the vacuum energy, and this pin-
ning is modulated by the counterbalanced interactions with
valence and conduction band states.27,39 The DBH states are
more intimately connected with the peak in the density of
states of the heavy hole band, which dominates the
pd-hybridization.

The variety of electronic and magnetic properties of Mn
and other TM ions in different III-V host semiconductors
stems from these universal chemical trends. Among them,
the Mn impurity exhibits peculiar features. According to its
position in the series of the TM elements, a neutral Mn3+ on
a Ga-site is expected to have a 3d4 configuration. However,
the Mn ion retains the fifth electron in its 3d shell, because of
an exceptional stability of the high-spin half-filled 3d5 state
resulting from the strong intra-atomic Hund interaction. The
Mn impurities not only introduce magnetic moments in the
p-type (III,Mn )V compounds but also create potentials at-
tracting holes, i.e., act as acceptors. Therefore, the neutral
substitution impurity state isA0s3d5p̄d, where p̄ stands for
the loosely bound hole, and the manganese provides both
holes and magnetic moments to the host. HereA is the spec-
troscopic notation indicating the irreducible representation of
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the state(more about these notations can be found, e.g., in
Ref. 27).

Existence of the complex Mnd5p̄ in lightly doped bulk
GaAs is detected by electron spin resonance40 and infrared
spectroscopy.41 An acceptor level is found inside the energy
gap at 110 meV above the top of the valence band. This
value is much higher than 30 meV, resulting from conven-
tional effective mass theory,40 meaning that the treatment of
the Mn impurities in III-V compounds requires a more re-
fined approach. On the other hand, the presence of negatively
ionized complexesA−s3d5d is detected in(Ga,Mn)As epilay-
ers grown by low temperature molecular beam epitaxy,42

which indicates that both mobile and localized holes exist in
FM (Ga,Mn)As. The coexistence of weakly and strongly lo-
calized states is also in accordance with ac conductivity
experiments.43

Apparently, a similar impurity electronic structure is real-
ized in (Ga,Mn)P. But in contrast, Mn in the wide gap GaN
semiconductor releases its fifthd-electrons to the valence
band similarly to all other TM impurities, and remains in a
Mn3+sd4d state, unless the sample is deliberatelyn-doped.
This state is neutral and there is no need to bind a hole in
order to maintain the neutrality of the ground state. This
leaves no room for a direct extrapolation from(Ga,Mn)As to
(Ga,Mn)N, and the kinematic inter-impurity exchange
mechanisms in these two systems should be considered sepa-
rately.

Due to a large mismatch between positions of the valence
bands in GaAs, GaP on one side and in GaN on the other
side, the Mnsd5/d4d CFR level falls deep in the valence band
in GaAs, GaP, but it appears within the forbidden energy gap
in GaN. The CFR nature of Mnsd5/d4d t2-level near the
middle of the gap for (Ga,Mn)N is confirmed
experimentally44 and follows also from numerical
calculations.23 This t2-level is empty in the neutral state
Mn3+sd4d of the substitution impurity. It becomes magneti-
cally active only inn doped materials, e.g., in(Ga,Mn)N,
where part of the Mn impurities capture donor electrons and
transform into charged ions Mn2+sd5d. A similar behavior is
characteristic of all other light TM ions in all III-V com-
pounds including GaAs and GaP.27,28,35

Since the position of the valence band in GaAs and GaP is
substantially higher(with the vacuum energy as the reference
point) than those in GaN, the CFRt2 level sd5/d4d in the
(Ga,Mn)As and (Ga,Mn)P DMS’s falls below the center of
gravity of the valence band. Therefore, this CFRt2 level is
always occupied, Mn ions retain five electrons in the
3d-shell, and the neutral substitution impurity state iss3d5p̄d,
where p̄ stands for a loosely bound hole on the relatively
shallow acceptor level in the forbidden energy gap of GaAs
and GaP semiconductors.

Both these situations may be described within the reso-
nance scattering model of the TM impurity states in semi-
conductors based on the Anderson single impurity Hamil-
tonian for TM impurities in metals,32 and later modified for
semiconductors in Refs. 25, 26, 36, 38, and 39. An extension
of the Anderson model to two TM impurities in metals was
proposed in Ref. 33, which resulted in a FM coupling in TM
doped metals and in an interaction similar to the RKKY

exchange.45 Here we discuss interaction between Mn(and
other TM) impurities in a semiconductor host. According
to the Hund rule for Mn ions in a tetrahedral
environment,27,28,46 two competing states Mn3+sd4d and
Mn2+sd5d, involved in the double exchange in DMS, have the
d4se2t2d and d5se2t3d configurations, respectively. The next
charged stated6se3t3d has a much higher energy due to the
strong intra-ionic Coulomb interaction. Therefore, the “pas-
sive” nonbondinge-electrons may be excluded from our con-
sideration. The indirect exchange between magnetic mo-
ments is mediated by virtual transitions oft2 electrons via
unoccupied valence band states.

B. Model Hamiltonian and impurity related energy

The model Hamiltonian for two TM impurities in a III-V
semiconductor has the form:

H = Hh + Hd + Hhd, s1d

where the band Hamiltonian

Hh = o
p,s

«p
hcphs

† cphs s2d

includes only the heavy hole band. Herecphs
† scphsd is the

creation(annihilation) operator of a hole with momentump
and spin orientations in the hh band of the semiconductor
with the energy dispersion«p

h. The heavy hole band gives the
dominant contribution to the formation of the impurity
states,27,28 and governs the onset of FM order. The second
term in the Hamiltonian(1) describes electrons within the
Mn atoms with an account of the crystal field of the sur-
rounding atoms. In principle, one needs a multielectron
Hamiltonian for the degenerate states of thed shell, includ-
ing Coulomb and exchange interactions. However, it is suf-
ficient to consider the nondegenerate Hamiltonian

Hd = o
is
SEdn̂is +

U

2
n̂isn̂i−sD , s3d

which simplifies the calculation considerably. HereEd is the
atomic energy level of the localized Mnt2-electrons andU is
the Anderson-Hubbard repulsive parameter;n̂is=dis

† dis is the
occupation operator for the manganeset2-electrons on the
impurities, labeledi =1,2 in (III, Mn )V DMS. The situations
when the degeneracy of thet2 states is important and the
exchange interaction(Hund rule) in the multielectron atom
plays an essential part will be outlined and the appropriate
corrections will be introduced, when necessary.

The last term in Eq.(1) describes scattering of heavy
holes by the impurities

Hhd = Hhd
srd + Hhd

spd,

Hhd
srd = o

p,s,j
sVpdcphs

† djseipRj /" + h.c.d,

Hhd
spd = o

pp8,s,j

Wpp8cphs
† cp8hseisp−p8dRj /". s4d

HereVpd is thep-d hybridization matrix element, andWpp8 is
the scattering matrix element due to the difference of the
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pseudopotentials of the host and the substituted atoms. Direct
overlaps between thed-electron wave functions of the neigh-
boring impurities in the DMS and the Coulomb interaction
between them are neglected.

The neglected above orbital degeneracy of thet2 states is
important at least in three respects. First, the half-filledd5

subshell of Mn is occupied bye andt2 electrons with parallel
spins in accordance with the Hund rule, so the sixth electron
can be captured in thed6 configuration only with the oppo-
site spin. The energy cost of this capture is,U+J, where
J!U is the exchange energy. This feature of the impurity is
preserved in the above simplified Hamiltonian(3): the reac-
tion d5+e→d6 is changed ford1+e→d2, with the spin of the
second electron opposite to the first one. The energy cost of
this reaction isU, and the principal features of the ion, im-
portant for the formation of the localized magnetic moment,
are practically the same as in the original atom.

Second, it is the Hund rule that requires that the total
angular moments of the Mn atoms be parallel to allow an
indirect inter-impurity interaction between the high-spind5

states via thehh valence band states. We will take this re-
quirement into account, when calculatingTC, and obtain the
energy gain due to the indirect interaction, monitored by the
Hund rule, which leads eventually to FM ordering in DMS’s.

Third, the threefold degeneracy of thet2 electrons is also
manifested in the statistics of the localized states, and there-
fore it influences the position of the Fermi energy in the
energy gap. The degeneracy introduces also numerical fac-
tors in the effective exchange constants calculated in the Ap-
pendix.

Now we proceed with the derivation of indirect inter-
impurity exchange. To calculate the energy of the exchange
interaction between two magnetic impurities, one should find
the electronic spectrum of the semiconductor in the presence
of two impurities. Each impurity perturbs the host electron
spectrum within a radiusrb. Interimpurity interaction arises,
provided the distance between the impuritiesRij is compa-
rable with 2rb. General equations for the two-impurity states
and the corresponding contribution to the exchange energy
are derived in the Appendix. Here we present only the final
equations, to be used in the derivation of the effective ex-
change coupling and the Curie temperatures for the specific
DMS’s. We actually need the impurity related correction to
the energy of the system, which is given by the standard
formula (see, e.g., Refs. 26 and 45)

Emagn=
1

p
ImE

−`

`

« · Tr DGf« − id signs« − mdgd«

− o
i

Undi↑ndi↓. s5d

DG=Gs«d−g0s«d is the two impurity correction to the total
one-particle Green functionGs«d=s«−Hd−1.

HereG is defined as a matrix insh,dd space, andg0 is the
same matrix in the absence of impurity scattering, see Eq.
(A7). The Green function is calculated in Appendix in the
self-consistent Hartree-Fock approximation for the interim-
purity electron-electron repulsionU, which is sufficient for a
description of magnetic correlations in TM impurities in

semiconductors. Then the part of the two-impurity energy(5)
responsible for the interimpurity magnetic interaction may be
found[see Eqs.(A16) and(A17)]. According to Refs. 25 and
38, the resonance scattering alone may result in CFR and
DBH levels split off from the valence band, provided the
scattering potential is strong enough. However, in the case of
shallow DBH states the potential scattering may dominate
their formation. Like in the well-known Koster-Slater impu-
rity model, the potential scattering in our model is described
by a short-range momentum independent coupling constant,
Wpp8<W, and the same approximation is adopted for the
resonance scattering parameter,Vpd<V.

Then Eq.(5) acquires the compact form

DE = −
1

p
ImE

«hb

«F

d«fln Rss«d + ln Qss«dg + DElocs« , md.

s6d

Here the first term in the r.h.s. describes the band contribu-
tion to the exchange energy, and the integration is carried out
from the bottom of thehh bands«hbd to the Fermi level«F.
The kinetic energy gain of the band electrons due to scatter-
ing by FM aligned impurities is incorporated in this integral.
The contributions of resonance and potential scatterings are
given by the first and second terms, respectively. The last
termDEloc is the contribution of the occupied localized CFR
and/or DBH states. These states are described by zeros of the
functionsRs«d and Qs«d in the discrete part of the energy
spectrum[see Eqs.(A10) and (A8), respectively].

C. Exchange via heavy hole band states

The energy lowering results from the indirect spin-
dependent interimpurity overlap, and the mechanism of the
effective exchange interaction may be qualified as a kine-
matic exchange. The double exchange favors a FM order,
because splitting of the energy levels belonging to two adja-
cent impurities occurs due to electron exchange via unoccu-
pied band or impurity-related stateswithout spin reversal.
Were the impurity angular moments nonparallel, the Hund
rule would suppress the probability of the electron, with the
spin parallel to the first impurity angular momentum, to par-
ticipate in the exchange with the second impurity with a
“wrong” direction of the angular moment.

The level splitting, when not suppressed by the Hund rule,
results in an energy decrease provided that not all of the
available band and impurity levels are occupied. One should
note that this kinematic exchange cannot be reduced to any
conventional double exchange mechanism because of an ac-
tual interplay between three contributions to the magnetic
energy, namely, the scattered valence band electrons, the
CFR states and the DBH states. We start with the analysis of
the band contributionDEb,ex. Since in all the cases we deal
with nearly filledhh bands, it is convenient to calculate the
energy in the hole representation. By means of a simple trick,
described in the Appendix, the contribution of thehh band in
the basic equation(6) may be transformed into
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DEb,ex=
1

p
ImE

«F

«ht

d« ln
Rs«d
R0s«d

, s7d

where«ht stands for the top of the valence band. This equa-
tion follows from (A19) by neglecting the potential scatter-
ing in the band continuum. Then, inserting Eq.(A10) for the
matrix Rs«d we obtain

DEb,ex

= −
1

2p
ImE

«F

«ht

d«

3lnH fgd
−1s« − idd − V2L11s« − iddg2 − V4L12

2 s« − idd
gd

−1s« − idd − V2L11s« − idd J .

s8d

Here

Lijs« − idd ; Pijs«d +
i

2
Gi js«d s9d

are the lattice Green functions(A9) of the continuous energy
argument«. Retaining only the leading(quadratic) terms in
L12 in Eq. (8), the exchange energy due to thehh band be-
comes

DEb,ex= −
V4

p
E

«F

«ht

d«
P12s«dG12s«d

f« − Ed − V2P11s«dg2 +
V4

4
G11

2 s«d
.

s10d

Equation (8) with L12s«dÞ0 holds only if the impurity
angular moments are parallel to each other(FM case). Then
the Hund rule allows for an electron exchange, which takes
place without spin-flips. Otherwise the Hund rule blocks the
exchange with the neighboring impurity with a “wrong” an-
gular momentum direction. This is accounted for by assum-
ing L12=L21=0. Thus, Eq.(10) represents the difference be-
tween the states of two impurities with parallel and
nonparallel angular moments.

D. Exchange due to localized impurity states

Another contribution to the magnetic energyDE [Eq. (6)]
originates from the interimpurity exchange due to empty lo-
calized states, if available. As was mentioned above, there
may be two types of such states, namely CFR and DBH-type
levels. For the CFR states, one may, to a good approxima-
tion, neglect the potential impurity scattering. To take prop-
erly into account the Coulomb blockade effect on the impu-
rity site, one has to calculate the Green function in a self-
consistent way, known as “Hubbard I” approximation[see
Eqs.(A14) and (A15) in the Appendix].

The origin of the energy lowering is the inter-impurity
level splitting derived in the Appendix[Eqs. (A20) and
(A21)]

dECFR±= ± D +
9K2

2

V4

f1 − KV2P118 g2

dP12
2

d«
, s11d

where the splitting of the levels of the isolated impurities is

DsRd =
KV2P12sRd
1 − KV2P118

. s12d

The second term in Eq.(11) results from the repulsion of the
two-impurity levels from the band continuum. All the func-
tions Pij and their derivativesPij8 are taken at«=ECFR

0 , i.e. at
their positions for the isolated impurities(A20).

We may now apply the procedure outlined in Appendix
and find the kinematic exchange due to the DBH states
above the top of the valence band

DEDBH,ex=
KV2P12

2

sEDBH
0 − Ed − V2P11dP118

. s13d

All the functions in Eq. (13) should be calculated at«
=EDBH

0 . This part of the kinematic exchange favors the FM
ordering, sinceP118 sEDBH

0 d,0. If the DBH levels lie not too
far from the top of the valence band their contribution is
comparable with that of the hole pockets and should be prop-
erly taken into account when calculating the Curie tempera-
ture. At a sufficiently high Mn content the splitting of the
DBH level results in formation of an impurity band and its
merging with thehh band.

The contribution,DEloc, of the localized states to the ki-
nematic exchangeis not universal. It depends on the type of
conductivity and should be considered separately forp- and
n-type materials. Empty shallow Mn-related levels are
present inp-(Ga,Mn)As andp-(Ga,Mn)P and apparently ab-
sent in p-(Ga,Mn)N. In n-type (Ga,Mn)N, the localized
states are due to the deep Mn CFR levels, and the exchange
via these levels alone determines the whole mechanism. The
double exchange mechanisms in these two cases are obvi-
ously different.

III. MAGNETIC ORDER IN p-TYPE DMS

Here we discuss formation of FM order in Mn-doped
III-V p-type semiconductors, of which(Ga,Mn)As and
(Ga,Mn)P are the most celebrated. CFR d-like levels lie in
these systems below the heavy hole band. DBH levels
formed above the top of the valence band broaden into im-
purity band, and merge with the valence band. The band
structure of(Ga,Mn)As is shown schematically in Fig. 1.

A. Heavy hole and impurity band merging

The empty localized levels above the Fermi energy appear
due to the combined action of both the potentialsWd and
resonancesVd scattering mechanisms. While fitting the
theory to experimental data we use the Fermi energy«F in-
stead of the chemical potentialm, since they nearly coincide
under the conditions of the experiment. These levels are
found as zeros of the determinantRs«d [see Eq.(A10)]. Ne-
glecting small corrections due to resonance scattering, the
energy of an isolated DBH level,EDBH

0 ;«i, corresponds to a
zero of the function

qs«id = 1 −WP11s«id = 0, s14d

like in the Koster-Slater one-impurity problem(see the
graphic solution on the left panel of Fig. 1). We assume
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below the model semielliptic density of states for thehh
band

rs«d =
2

pw2Îw2 − 4S« +
w

2
D2

, s15d

wherew is the hh bandwidth, and the energy« is counted
from the top of thehh band. Then

«i = EDBH
0 = WS1 −

w

4W
D2

.

For w=2.9 eV (Ref. 47) andW=1.02 eV, one obtains«i
=85 meV for (Ga,Mn)As. The influence of resonance scat-
tering on the positions of the shallow DBH levels of the two
interacting impurities may be usually neglected(see Ref. 38
for a detailed description of the interplay between resonance
and potential impurity scattering). At a sufficiently high im-
purity content,x, an impurity band is formed in(Ga,Mn)As
since the DBH levels are split due to the indirect interaction
within the impurity pairs,

d«± = −
1

WP118
q±, s16d

whereq± are the two solutions of Eq.(A23).
Then Eqs.(16) and (A23) result in

DDBHsRd ;
1

2
sd«+ − d«−d = −

P12sRd
P118

.

The functionsPij and Pij8 are calculated at«=«i. The half-
width of the impurity band can be roughly estimated as

zDDBHsR̄d, whereR̄ is the typical distance between the impu-
rities. Thez value characterizes the number of neighboring

impurities participating in the interaction with any given im-
purity. At zDDBHsxd.«i the impurity band merges with the
valence band and they both form a unified continuum of
states. For the above values of the model parameters this
merging occurs even atx,0.01.

B. Double exchange inp-type DMS

Eventually, magnetic order arises due to the exchange in-
teraction between the occupied CFR levels. These levels cor-
respond to the statesd5/d4 of the Mn ions below thehh
band, whereas the emptyd6/d5 CFR levels are pushed up to
the conduction band by the Anderson-Hubbard repulsionU
(Fig. 1). The left panel of this figure depicts a graphical
solution of the equation

Rs«d = 0, s17d

with Rs«d defined in Eq.(A10). Neglecting the interaction
between the impurities,L12=0 [and, henceM12sRd=0], Eq.
(17) takes the form

ECFR; Eis = Ed + V2LiisEisd, s18d

and describes the formation of the deep impurity states of
CFR type out of the atomicd-levelsEd below thehh valence
band. The values of the parameters used in the graphical
solution presented in Fig. 1 will be discussed below.

FM order arises, provided the state with the parallel im-
purity angular moments is energetically preferable in com-
parison to that with the nonparallel moments. The splitting of
the CFR levels due to nonzeroL12sRd shown in the right
panel of Fig. 1 cannot give an energy gain, when both states
are occupied. One should take into account all the changes in
the energy spectrum, namely, the reconstruction of thepar-
tially filled merged impurity andhh bands. The indirect in-
teraction involving empty states near the top of thehh band
is in fact a novel type of the double FM exchange, which
resembles the well known Zener exchange30 but differs from
it in many important aspects(see below).

The energy diagram presented in Fig. 1 is confirmed by
numerical LDA-CPA calculations.24 One finds in the spin-
polarized density of states both occupied CFR-liket2 major-
ity spin component and emptyt2 minority spin component.
The up-spin hole pocket of the samet2 symmetry is formed
by DBH-like states near the top of the valence band merged
with the shallow impurity band.

The contribution favoring the FM order can be obtained
from Eq. (10) with the addition of the part due to the impu-
rity band merged with the valence band,

DEFM = −
V4

p
E

«Fsxd

«i+zDDBHsxd

d«
G12s«dP12s«d

f« − Ed − V2P11s«dg2 +
V4

4
G11

2 s«d
.

s19d

In the FM-aligned spin configuration only themajority spin
subband contributes toDEFM, therefore the spin index is
omitted for the sake of brevity.

The approximations used in calculating the lattice Green
function LijsRd with the interimpurity distanceR are de-

FIG. 1. Left panel: graphical solution of Eq.(18) for the bond-
ing CFR and Eq.(14) for the antibonding DBH levels. Right panel:
energy levels in(Ga,Mn)As. The CFRd-levels d5/d4 (denoted by
R1s2d) of each impurity, lie below thehh band. The DBH levels
(energies«1s, «2s) are split from thehh band and form localized
(acceptor) levels in the energy gap. The CFR levelsd6/d5 R−1s−2d lie
high in the conduction band. The impurity band is shown by the
shaded area together with the position of the Fermi level as a func-
tion of the width of the impurity band(horizontal axis).
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scribed in Eq.(8) of Ref. 29. However, now the impurity
band neglected in Ref. 29 plays an important part. It merges
with the top of the valence band of(Ga,Mn)As at the con-
centrations abovexcrit=0.0065 and contributes to creating
FM order. Earlier transport measurements for lowTC
samples indicate merging even atx=0.002. All this justifies
the approximation adopted for the hole states in Eq.(19).
This equation is our working formula, from which we obtain
TC. It has been also demonstrated in Ref. 29 that the antifer-
romagnetic(AFM) Anderson-type superexchange33 cannot
compete with the FM double exchange.

Now the difference between the double exchange mecha-
nism in DMS and the Zener double exchange in transition
metal oxides becomes clear. The latter was proposed30 for
sLa,A2+dMnO3 where Mn ions were in different valence
states(Mn3+ and Mn4+). In our case it would have meant that
one of the two levelsECFR↑ were empty. As seen from Fig. 1
these states in(Ga,Mn)As are both occupied, and the Zener
mechanism in its original form is not applicable. Actually,
the FM order in thep-type DMS arises due to the kinematic
exchange between the two Mnsd5d ions via the empty states
near the top of the valence band.

C. Fitting procedure: (GaMn)As

The dependence of the Fermi level on the Mn content
«Fsxd is found from the equation

xs = 2E
«Fsxd

dwsxd

rs«dd«, s20d

in which dwsxd=«i +zDDBHsxd, and thehh density of states is
approximated as

rs«d = 8/fpsw + dwsxdd2gÎfdwsxd − «gs« + wd

3ufdwsxd − «gus« + wd.

The per site hole concentrationxs is proportional to the hole
density ph (xs=a3ph/8 in the zinc-blende structure). Equa-
tions (19) and(20) allow one to determine the pair exchange
energy as a function of Mn concentrationx and connect it
with the experimental data for the given hole concentrations
phsxd which are taken from the measurements.48

The Curie temperatureTC was calculated in the molecular
field approximation. According to this approach the spin
Hamiltonian reads

HMF =
1

2o
i

DEFMsRi jdJi · kJl, s21d

where summation runs over all positions of the Mn impuri-
ties with an angular moment operatorJi. Here the factor 1/2
accounts for the fact that the energy gain of the FM vs AFM
orientation of two coupled spins isDEFMsRi jd, contrary to
2JHeis in the Heisenberg model. ThenTC is readily found,

TC = −
DEFMsxd

kB

z̄JsJ + 1d
6

, s22d

wherez̄ is, similarly toz, a measure of the number of neigh-
boring atoms participating in the exchange interaction.49 It is

certainly close toz, although does not necessarily coincide
with it. In (Ga,Mn)As the total angular moment of a complex
Mns3d5p̄d is unity:41 J=1, since it is formed by the moment
j =3/2 of the loosely bound hole AFM-coupled to the Mn
center with the spinS=5/2.Then the numerical factor in Eq.
(22) is close to unity. The results of our calculations are
presented in Figs. 2 and 3.

In order to find the dependenceTCsxd, the value of the
Fermi level, Eq. (20) calculated from the experimental
date,48 is used in Eqs.(22) and(19). A polynomial fit is used
for the hole densityphsxd in Eq. (19). The values of the
model parameters characterizing the impurityd-state areU
<4.5 eV,V=1.22 eV, while thehh massm=0.51·m0 andhh
bandwidthw=2.9 eV were taken from Ref. 47. The hybrid-
ization strengthV was obtained from Eq.(18) with ECFR=
−3.47 eV(ECFR

exp =−3.4 eV according to Ref. 50). The energy
of the shallow acceptor level was chosen to be«i =85 meV,

FIG. 2. Calculated dependence ofTC on the manganese concen-
tration x in (Ga,Mn)As based on the experimental data for the hole
density(Ref. 48) phsxd. Solid squares(circles) stand for experimen-
tal TCsxd of annealed(as-grown) samples. Broken lines take into
account the error bars of the hole density.

FIG. 3. The dependence of the Curie temperature on the hole
densityp in (Ga,Mn)As. Solid and dashed-dotted lines are the the-
oretical curves for the two values of the hybridization parameter
(V=1.22 and 1.24 eV, respectively). Experimental points(filled
squares) are taken from Ref. 48.
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close the experimental value28 «i
exp=110 meV. The value of

z̄=2.5 was taken for the coordination number in as-grown
samples(Fig. 2, lower curve). At these values for the model
parameters the ratiouDEFMu / uDEAFMu,2 justifies the domi-
nance of the FM coupling in(Ga,Mn)As.

The nonmonotonous dependence ofTCsxd is due to a non-
equilibrium character of the sample preparation. Apparently,
the ratio between the concentration of Mn impurities and the
actual hole concentration depends on the doping method and
the thermal treatment. In particular, the annealing of the
sample results in a reduction of the donorlike Mn-related
interstitial defects in favor of acceptorlike substitution
impurities.48,51 To describe the annealing effect we changed
the value ofz̄ from 2.5 to 4 in Eqs.(19) and(22). The results
of numerical fitting are shown in the upper curve of Fig. 2.

Recent detailed measurements of the hole concentrations
in a series of both as-grown and annealed Ga1−xMnxAs
samples,48 allowed us to compare the theoretical plotTCspd
with the experimental data(see Fig. 3). The same equations
(22) and(19), and the same values for the model parameters
ECFR, U, «i as in the above estimate are used. The Mn con-
centrationx=0.067 is taken as the reference point, and the
coordination number beingz̄=4. Two theoretical curves cor-
respond to two values of the hybridization parameterV
=1.22 and 1.24 eV(solid and dashed-dotted curves, respec-
tively). One may conclude from these two fittings that the
theory is rather sensitive to the choice of the model param-
eters. To check the stability of our description we made one
more fitting of the experimental data obtained only for an-
nealed samples(see Fig. 4). These data are taken from Ref.
51. The same set of model parameters gives satisfactory
quantitative agreement with the experiment for these samples
as well.

D. (GaMn)P

Thus, our theory provides a satisfactory quantitative de-
scription of the behavior of the Curie temperatureTC as a

function of the Mn contentx and the hole concentrationph
in p-sGa,MndAs. This description is applicable also to
p-sGa,MndP. The band structure of(Ga,Mn)P can be also
schematically represented by Fig. 1, however, the DBH level
lies deeper in the energy gap than inp-sGa,MndAs: its po-
sition is estimated as<0.4 eV above the top of the valence
band(see, e.g., Refs. 27, 28, 44, and 47). The impurity band
appears to be narrower than in(Ga,Mn)As. It does not merge
with thehh band at any reasonable Mn concentration and its
contribution to the indirect exchange can be neglected. We
tested our theory by fitting the experimental value52 of TC
=270 K reported for ap-type (Ga,Mn)P at x=0.054. The
impurity level «i =400 meV arises atW=1.4 eV. We have
found that the value ofTC=270 K is reproduced by means of
Eq. (22) with the following parameters:w=2.6 eV, V
=1.31 eV, x=0.05, z̄=4, Ed=−1.3 eV (then ECFR=
−3.28 eV). The chosen value ofph=1·1020 cm−3 is the hole
density in a C-doped GaP before Mn implantation.52 So the
values of our model parameters are close to those for
(Ga,Mn)P in the experiments of Ref. 52. Besides, these pa-
rameters are in a good correlation with the chemical trends in
the systems(Ga,Mn)As, (Ga,Mn)P (the latter has a smaller
lattice spacing and larger effective massmhh

* than the
former).

As for p-sGa,MndN, the theory should be modified in
order to describe this material. In this case Mn remains a
neutral substitution isoelectronic defect in the configuration
Mn3+sd4d, since the Mn2+/3+ transition energy falls deep into
the wide energy gap in accordance with the experimental44

and theoretical23 data. If the hole concentration,ph, exceeds
the Mn content,x, then we return to the situation discussed in
this section, but with the localized momentJ=2 characteris-
tic of the Mn3+se2t2d configuration. In the opposite case, the
valence band is full, and the Fermi energy lies within the
deep impurity band formed by the Mn2+/3+ levels. This situ-
ation is discussed in the next section.

Unfortunately, there are not enough experimental data on
TCsxd available to make a detailed comparison with the the-
oretical predictions both inp-sGa,MndP andp-sGa,MndN
materials. Moreover, nop-type conductivity was observed in
(Ga,Mn)N even in the cases when the pristine GaN crystals
were of ap-type. Due to the lack of experimental informa-
tion, we have confined ourselves with a quantitative and
qualitative description of thep-type (Ga,Mn)As and turn
now to the case ofn-sGa,MndN, where the double exchange
mechanism, as described above, should be revisited.

IV. MAGNETIC ORDER IN n-TYPE DMS

Mn is a deep acceptor in GaN,27,28 and each Mn impurity
creates anempty t2 level deep in the energy gap. Therefore,
the Fermi energy is pinned to these levels unless other(shal-
low) acceptors create enough free holes near the top of the
valence band. This statement is confirmed by extended clus-
ter “quasiband” calculations.23 If a Mn-doped sample con-
tains also shallow donors in a noticeable concentration, then
the deep Mn-impurity band is partially filled by electrons,
and one arrives at the problem of magnetic order inn-type
(Ga,Mn)N. In this case thed5/d4 CFR energy levels forming

FIG. 4. CalculatedTC (triangles connected by a solid line) vs the
annealing temperatureTa in (Ga,Mn)As. The data for the hole den-
sity and the experimental values ofTCsTad (closed squares) are
taken from Ref. 51. The parameters used in the calculations are:
V=1.22 eV,z̄=4.0, ECFR=−2.6 eV.
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the impurity band are partially filled, so one encounters the
mixed valence Mn3+/Mn2+ situation similarly to the original
Zener model.30 Exchange within the impurity band is pos-
sible due to an overlap of the tails of the impurity wave
functions. These tails are formed by the superpositions of the
Bloch electron wave functions from thehh band, so the latter
plays in fact the role of the oxygenp-orbitals in
LasMn,SrdO3 considered by Zener.

The Mn impurity band is formed byd5/d4 CFR impurity
levels,ECFR, which are well separated from thehh band. It
may be partially occupied by electrons and be responsible for
a magnetization of the DMS. To describe formation of a deep
impurity band we solve Eq.(18) for the Mn-related CFR
level and then substitute this solution into the secular equa-
tion (17) assuming again the semielliptic density of states
(15). The bare levelEd is now above the top of thehh band,
and thepd hybridization pushes it deeper into the energy
gap. The graphical solution of Eq.(18) is presented in the
left panel of Fig. 5.

The hybridization parameter is nearly the same as in
(Ga,Mn)As, V=1.2 eV. The right panel of Fig. 5 illustrates
the formation of an impurity dimer via an overlap of the tails
of the CFR wave functions(17). Then the overlap of the
electron wave functions between the correlated statesR1 and
R2 initiates formation of an impurity band and the Zener-type
indirect exchange interaction may arise in a partially occu-
pied. Like in p-(Ga,Mn)As, our model spectrum correlates
with the numerical data obtained by LDA+CPA
calculations.24 These calculations show an impurity band
formed by spin-up CFR states oft2 symmetry in the middle
of the energy gap and a smaller peak of the same symmetry
within the valence band, which may be interpreted as the
DBH counterpart of the impurity resonance peak. The empty
minority spin t2 states arise in the conduction band.

In principle, the double exchange via empty states in the
conduction band may also contribute. This contribution is
small in zinc blende host crystals, because the hybridization
Vds between the impurityd-states and thes-states of the elec-
trons near the bottom of conduction band is weak due to the
symmetry selection rules.27,28 However, it may give an addi-
tional contribution to the indirect exchange in wurtzite type

materials together with the fourth-order inuVdpu2uVdsu2
Bloembergen-Rowland indirect exchange.53 The empty
sd6/d5d CFR levels are pushed up high to the conduction
band by the Anderson-Hubbard repulsionU. These levels
may cause an AFM ordering in the impurity band, but the
exchange coupling is relatively weak. We leave more de-
tailed analysis of all these contributions for further studies,
because here our main purpose is to establish the impurity
band character of magnetism inn-(Ga,Mn)N and to estimate
the upper limit ofTC.

A. Exchange in impurity band

We consider first a pair of impurities at a distanceR from
each other. To be definite we assume that the chemical po-
tential m lies below the levelECFR of an isolated impurity.
According to Eq.(12) the interaction between the impurities
splits the impurity. It is emphasized that the splitting takes
place only if the spinsSi of the two impurities are parallel
(FM ordering) and the process is not blocked by the Hund
rule. The distanceR between the impurities should not also
exceed a certain value, i.e.,R,Rexsmd, whereRexsmd is the
solution of the equation

DsRexd = ECFR
0 − m. s23d

Then one of the two impurity levels sinks below the chemi-
cal potentialm and is occupied by an electron, which results
in the energy decreaseDsRd, whereas the second level re-
mains empty and does not contribute to the energy balance.
If the spins of the impurities are not parallel, the Hund rule
forbids an indirect exchange and there is no energy decrease.
Therefore, the exchange energy in such a pair equals just
−DsRd for the FM ordering of the spins and to zero other-
wise. Then the typical pair exchange interaction can be esti-
mated as

D̄ =E
0

Rexsmd

DsRdgsRddR, s24d

wheregsRd is the impurity pair distribution function.
In order to complete our scheme, we need also an equa-

tion connecting the position of the chemical potential with
the electron concentrationn in the impurity band. This con-
centration coincides with the concentration of impurities in
the d5 state, hence

n =Em

rs«dnd5s« − mdd«, s25d

wherers«d is the density of states in the impurity band. The
distribution nd5s«−md is calculated in the Appendix, Eq.
(A15).

We use below the Fermi energy«F of unfilled impurity
band instead ofm, as we did forp-type samples. At low
temperaturesnd5s«−«Fd is 1 for «,«F and 0 for«.«F. This
allows us to circumvent the calculation of the density of
statesrs«d and present the condition(25) in the alternative
form

FIG. 5. Left panel: graphical solution of Eq.(18) for the anti-
bonding CFR level in(Ga,Mn)N. Right panel: energy levels in
Ga(Mn)N. The CFRd-levelsd5/d4 (denoted byR1s2d) of each im-
purity, lie within the energy gap. The CFR levelsd6/d5 R−1s−2d lie
high in the conduction band.

DOUBLE-EXCHANGE MECHANISMS FOR Mn-DOPED… PHYSICAL REVIEW B 70, 195215(2004)

195215-9



n =E
0

Rexs«Fd

gsRddR, s26d

more convenient for our calculations. If an experiment pro-
vides us with dependencies of the Curie temperature and the
electron concentration on the Mn content, then Eqs.(23) and
(26) will allow us to connect the Fermi energy with the elec-
tron density in the impurity band. Then Eq.(24) is used to

calculate the average pair exchange interactionD̄sxd as a
function of the impurity contentx.

We now appeal to the theory of dilute FM alloys54 and
arrive at the final result, i.e. the Curie temperature. Unlike
the case of(Ga,Mn)As, the magnetic energy in impurity
band is determined by the spinS of Mn 3d shell, which
equals 5/2 and 2 ford5 andd4 configurations, respectively.
In our crude approximation it is sufficient to know that the

proportionality coefficient betweenTC and D̄ is close to
unity:

TCsxd =
SsS+ 1d

6kB
D̄sxd < D̄sxd/kB.

At low electron concentrations, whenRexs«Fd.d0, only a
minor part of the impurities is coupled by the indirect ex-
change interaction. The above averaging procedure does not
hold any more and a percolation type of approach should be
applied.55

The behavior ofTC for higher electron concentrations,
when the Fermi energy lies above the levelECFR

0 , can be
found in a similar fashion. We just have to switch to the hole
representation and use the distribution function 3nd4s«−«Fd
instead ofnd5s«−«Fd. (Dealing with holes we have now to
account for the threefold degeneracy oft2 states.) The func-
tion 3nd4 is 1 if «.«F and 0 if «,«F. As a result, we will
obtain a mirror symmetric dependence ofTC on the electron
concentration in this range.

B. Curie temperature in (Ga,Mn)N

To get an idea of the behavior of the average kinematic

exchangeD̄ and, hence of the dependenceTCsx,nd, we make
simple estimates. Consider the case when«F,ECFR

0 , then
K=1 and according to Eq.(A21) the levels of a pair of im-
purities separated by the distanceR are split by

d«± = ± DsRd = ±
V2P12sRd
1 − V2P118

s27d

where the off-diagonal lattice sum can be estimated as

P12sRd =
1

2p

md0
3

"2R
e−kR. s28d

Herek is the localization parameter.(Although we use here
the estimatek<1/"Î2mECFR

0 , we should not forget that it
may be rather crude for really deep levels.) Then

DsRd < D0
d0

R
e−kR,

where the value ofD0 depends on the parameters of the
system but is generally of the order of 1 eV.

The pair distribution function in Eq.(24) is modeled by
the Poisson pair distribution truncated at small distances
R,d0,

gsRd = 53R2

R̄3
expHd0

3 − R3

R̄3 J , for R. d0,

0, for R, d0
6 . s29d

whereR̄ is the average distance between the impurities and
d0 is the minimal distance between the impurities allowed by
the lattice structure, i.e., the distance between two neighbor-
ing Ga atoms.

For a deep enough level we may assumek<1/d0 and
calculate the dependence of the average kinematic exchange

D̄ on the Mn content and position of the Fermi energy with
respect to the isolated impurity levelECFR (see Fig. 6). The
two latter quantities are measured in unitsD0. We see that the
kinematic exchange and, hence, the Curie temperature is
maximal for any given value ofx when the impurity band is
half filled, i.e.,«F=ECFR

0 . At x=0.05 the kinematic exchange

D̄ may be about 0.14 eV(if we assume thatD0=1 eV). The
angular momentJ=2 for thed4 state of the Mn impurity in

GaN, henceTC=D̄ /kB, and we find that the value of the
Curie temperature varies from a few hundred K forx=0.01
and may exceed 1000 K atx=0.05. By choosing the local-
ization radius so small,k−1<d0, we have actually found a

lower bound forD̄. We can get even higher Curie tempera-
tures for a larger localization radius.

It is emphasized that the averaging procedure used to ob-
tain the results in Fig. 6 works well only when the Fermi
energy is close to the midpoint of the impurity band, i.e.,

FIG. 6. Dependence of the kinematic exchange, measured in
units ofD0 on the Mn contentsxd, and on the position of the Fermi
energy relative to the levelECFR

0 of an isolated Mn impurity. We
took k−1=d0.
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ECFR
0 (zero on the Fermi energy axis). Far from this region

the percolation approach55 should be used. Then the effective
kinematic exchange in this range may become smaller than
shown in the figures, however the behavior does not change
qualitatively, and certainly remains correct also quantita-
tively for «F close toECFR

0 .
To conclude this section, we have found that the optimum

n-doping level for FM alignment of Mn spins corresponds to
the half-filled impurity band, and one may well expect really
high temperature magnetism in this case. Unfortunately, lack
of information on theTC dependence on the impurity con-
centration and position of the Fermi level does not allow us
to make a more detailed comparison with the experiment.

V. CONCLUDING REMARKS

According to the general theory of magnetic interactions,
the kinematic exchange between localized impurity spins
embedded in a semiconductor host with covalent chemical
bonding56 is a generic property of the two-impurity cluster.
We constructed such a cluster, which was based on anab
initio knowledge about the electronic structure of an isolated
Mn impurity in a III-V semiconductor. After some simplifi-
cations this approach led us to a microscopic Hamiltonian
similar to a two-center Anderson model.33,45That model was
originally developed for metallic hosts, whereas we consid-
ered here a semiconductor host. The model allows for ana-
lytical solutions, and the final equation(22) for TC with the
effective coupling constant(19) should be compared with the
phenomenological mean-field equation14,57

TC =
4xSsS+ 1dJpd

2

3a

xh

sgmBd2 , s30d

wherea is the lattice constant,Jpd is the phenomenological
pd-exchange constant,xh is the magnetic susceptibility of
holes in the valence band. Our Eq.(22) and Eq.(30) consist,
in fact, of similar ingredients. It is natural to assume thatJpd
in the phenomenological model stems from the hybridiza-
tion. Then it may be derived in the Anderson-type model by
means of the usual Schrieffer-Wolff transformation, so that
Jpd,V2/ s«F−Edd. Looking at Eq.(19) one can readily dis-
cern the corresponding contributions as in Eq.(30). (The
latter was proposed for dilute magnets four decades ago.58)
The second fraction in Eq.(30) is proportional tom* kF, i.e.,
to the Fermi momentum of holes in the valence band.

Unlike the phenomenological model, which deals with lo-
calized spins and free holes near the top of the valence band,
our model takes into account the change in the density of
hole states(and therefore in their magnetic response) due to
resonance scattering and impurity band formation. One of
the results of this change is a more complicated dependence
of the magnetic coupling on the Mn contentx than the linear
law predicted by Eq.(30). It is worth noting that the strong
pd-hybridization is not completely consistent with the
Vonsovskii-Zener-type of exchange31 used in the phenom-
enological approach of Refs. 14 and 57. The present model
allows one to establish connection between the picture of
hybridized t2 states and the Heisenberg-type effective spin
Hamiltonian.

Another improvement of the mean-field theory, taken into
account in Eq.(22), is a more refined description of the im-
purity magnetic moment. The actual momentJ arises as a
vector sum of the moments of thed-electrons and the bound
p-hole. One should emphasize that at a high enough concen-
tration all mean-field descriptions fail because the alloy ap-
proaches the instability region and the Mn distribution be-
comes strongly inhomogeneous. In the case of Ga1−xMnxAs
this is, apparently, the region ofx.0.07.

Next, one should discuss the relation between our ap-
proach and the so-calledab initio numerical calculations car-
ried out by means of the local-density functional method.
Doping by Mn atoms is modeled in the calculations22,23 by
means of a finite-size cluster of a GaAs or GaN host with one
or several atoms replaced by Mn. A coherent potential tech-
nique may be also applied.24 Periodic structures are con-
structed from magnetic clusters(“supercells”) and the elec-
tronic bands in these artificial objects are calculated in the
local-spin-density approximations(LSDA). So, the starting
point in our approach and the LSDA calculations is the same.
No wonder that the positions of CFR and DBH levels in
these calculations are in good agreement with those used in
our model, based on previous single impurity
calculations.27,28 However, a direct comparison of the two
procedures, as far as the magnetic properties are concerned,
is not straightforward. The self-consistent LSDA method re-
sultsby constructiononly in a Stoner-type itinerant magne-
tism. Therefore, magnetic states are discussed in Refs. 22
and 23 in terms of exchange splitting and majority/minority
spin subbands. It is difficult to discern the genuine kinematic
double exchange in this type of calculations.

To overcome this difficulty, Sanvitoet al.22 tried to fit
their LDSA calculation to a free-electron model with an ef-
fective hole massm* and uniformly distributed impurities
described by a model square potential containing the spin-
independent,Wsrd, and exchange components,Jsrd. This
purely phenomenological separation ignores the resonance
origin of the exchange potential. Besides, the short-range
impurity scattering cannot be described in the effective mass
approximation.38 Nevertheless, the estimate of the magnetic
componentuJu=1.05 eV is in a good agreement with the cor-
responding parameter of our theoryz̄V2/ECFR=1.034 eV
used in fitting in Fig. 3.(The value,W=0.027 eV, is irrel-
evant because of the above-mentioned problem with the ef-
fective mass approximation.) One should emphasize, how-
ever, that the double-exchange coupling in our model is
determined not by this parameter, but by the integralDEFM
(19), and this difference is in fact the benchmark for the
discussion of the differences between the indirectpd ex-
change of Vonsovskii-Zener-type31 and the kinematic double
exchange.30

A simplified picture of the valence band structure in our
model(single heavy-hole band with semielliptical density of
states) allows us to describe the dependenceTCsx,pd using a
minimal number of fitting parameters. We have seen that a
good quantitative agreement between the theory and experi-
ment is achieved even with this very restricted set of param-
eters. In a more realistic energy band scheme, e.g., taking the
light hole band into account, the restrictive symmetry of the
density of states may be removed, and the fitting procedure
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may become more flexible. We intentionally impose such
severe restrictions on the model to demonstrate its explana-
tory capabilities. They may be lifted in future studies.

More accurate treatment of the structure of the valence
band is necessary, in particular, for the explanation of trans-
port properties ofp-sGa,MndAs (anomalous Hall effect and
magnetoresistivity). These phenomena are predetermined by
the scattering mechanisms and spontaneous magnetization of
the carriers, i.e., holes described by the six-band Kohn-
Luttinger Hamiltonian(see Ref. 59 for details). The scatter-
ing potential is due to compensating Mn interstitials and As
antisite defects, and the anomalous Hall effect occurs be-
cause of the spin-orbital interaction in the valence bands. All
these phenomena are insensitive to the details of the ex-
change interaction between substitutional Mn centers. This
means that our microscopic theory will give the same picture
of magnetotransport as the phenomenological approach,59

provided the detailed structure of the valence bands is taken
into account. A similar statement can be made about unusual
magnetocrystalline anisotropy, which is completely predeter-
mined by the geometry of six-band hole Fermi surface.15,60

Further progress in the theoretical description of ferro-
magnetism in Mn-doped semiconductors is intimately related
with the progress in sample preparation and characterization.
At present more or less detailed data onTCsx,pd in p-type
(Ga,Mn)As are available, and we have succeeded in a quan-
titative description of these data within our model(Sec. III).
We expect that the same approach is applicable top-type
(Ga,Mn)P, but the scanty experimental data do not allow us
to check this expectation. As for(Ga,Mn)N, the accumula-
tion of experimental data is in progress, and the most actual
task is to reveal distinctions betweenp andn type magnetic
alloys. Recent experimental data61 confirm existence of mag-
netic order inn-sGa,MndN, although the experimental state-
of-the-art is far from providing trustworthyTCsxd curves for
theoretical fitting. According to our theory, FM order is ex-
pected both inp- and n-type samples, but the latter case
demands a serious modification of the theory(Sec. IV) and a
direct extrapolation of the semi-empirical formula(30) is
questionable.

Another challenging question is the possibility of ferro-
magnetism in elemental semiconductors and II-VI com-
pounds doped by Mn and, maybe, other magnetic ions and
respective modification of the theory. One can mention the
recent reports about magnetism in Ge doped by Mn(Ref. 62)
and ZnO doped by Mn and Fe.63 In the latter case one deals
with a wide-gap semiconductor, where magnetic isoelec-
tronic impurities Mn2+ and Fe2+ replace Zn ions. The theory
presented in Sec. IV seems to be applicable in this case.
Transition metal ions in Ge are as a rule interstitial impurities
sometimes involved in formation of complex defects,27,28,47

so the existing theoretical approaches should be modified for
this case. The most important conclusion from our study is
that the electronic structure of an isolated magnetic impurity
in the host material is the key to understanding its behavior
in concentrated magnetic alloys.
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APPENDIX: ENERGY SPECTRUM
OF TWO COUPLED IMPURITIES

The system of four Dyson equations for thed-electron
Green functionsGdii8

s si , i8d has the following form within
the Hartree approximation:

Gdii8
s s«d = gdss«dSdii8 + o

pp8
o

j=1,2
VpdVp8d

* e−ip·Ri

3Gpp8
s eip8·R jGdji8

s D . sA1d

Here

gdss«ddi j = s« − Ed − Uni
−s + id signs« − mdd−1di j sA2d

is the bare single sited-electron Green function for thet2s
electron centered at the ioni, taken in the Hartree approxi-
mation.m is the chemical potential. The Green function for
the band electrons can be found from the Dyson equation(a
similar system of equations for two Anderson impurities in
metal was analyzed in Ref. 45)

Ḡpp8
s s«d = Gpp8

s s«d + o
p9p-i j

Gpp9
s s«dVp9dgdss«dVp-d

*

3Ḡp-p8
s s«deisp9·Ri−p-·R jd. sA3d

The Green functionGpp8
s describes the spectrum of the va-

lence band electrons modified by the two-impurity short-
range potential scattering. It satisfies the Dyson equation

Gpp8
s s«d = gp,ss«ddpp8 + gp,ss«do

p9

Wpp9Gp9p8
s s«d, sA4d

where

gp,ss«d = s« − «p + id signs« − mdd−1. sA5d

All the above equations give linear relations between the
Green functions. We may rewrite Eq.(A4) using shorthand
notations for the Green function matrices

Gb = A ·gb, sA6d

where gb stands for the diagonal matrix(A5). Equations
(A1)–(A4) take the form

G = B ·g0, sA7d

where
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g0 = SGb 0

0 gd
D ,

with gd being a 232 matrix (A2). The explicit expressions
for the matricesA and B can be readily found from the
Dyson equations(A1) and (A4).

For the further calculations we need determinants of the
matricesA andB,

Qs«d ; detA = qs«d2 − W2L12s«dL21s«d, sA8d

where

qs«d = 1 −WL11s«d

and

Lij = o
p

gp
0eip·sRi−R jd sA9d

is the lattice Green function. We assume thatL11=L22. The
second determinant is

R ; gd
−2s«ddetB = fgd

−1s«d − V2M11
s s«dg2 − V4M12

s s«dM21
s s«d.

sA10d

Here

M11
s = o

pp8

e−isp−p8d·R1Gpp8
s

= L11 + WQ−1fL11
2 q + L12L21q + 2WL11L12L21g.

sA11d

M22
s is obtained from Eq.(A11) by exchanging indices 1 and

2, and

M12
s = o

pp8

e−ip·R1+ip8·R2Gpp8
s

= L12 + WQ−1fL12L11q + L21L11q + WL21
2 L12g.

sA12d

Until now the orbital degeneracy of the impurityd states
was neglected and the Hartree approximation was applied.
The more general Hubbard I approximation for the
d-electron Green functions(see, e.g., Ref. 46) can be used
for the three-fold degenerate impurityt2g. The algebraic
structure of the Dyson equation is still the same as in(A1).
Then considering the interaction of two threefold degenerate
states of two impurities one gets the 636 matrix

B8im,jm8
=1

a 0 0 b b b

0 a 0 b b b

0 0 a b b b

b b b a 0 0

b b b 0 a 0

b b b 0 0 a

2 sA13d

where a=gd
−1s«d−V2KM11

s s«d, b=V2KM12
s s«d, and K=nd5

+nd4. nd5 is the probability that the impurityd-shell is in the
nondegenerated5 state, whereasnd4 is the probability that the
impurity d-shell is in one of the three degenerated4 states.

Calculating now the determinant of the matrix(A13) one
gets the equation

R ; a−4 detB8

= fgd
−1s«d − V2KM11

s s«dg2 − 9V4K2M12
s s«dM21

s s«d.

sA14d

which should be used instead of Eq.(A10).
The occupation numbersnd5 andnd4 for the Hubbard-type

states obey a non-Fermi statistics, whose specific form in the
case considered here is

nd5 =
fsECFR− md

3 − 2fsECFR− md
, nd4 =

1 − fsECFR− md
3 − 2fsECFR− md

.

sA15d

If the chemical potential lies below the impurity levelECFR
of the fifth electron in thed-shell, then the Fermi distribution
fsECFR−md is zero at low temperatures andnd5=0, nd4

=1/3, meaning thatK=1/3. If ECFR,m, then nd5=1, nd4
=0, andK=1.

Using the general property of the Green functions

Tr Gs«d =
d

d«
ln detGs«d sA16d

and Eqs.(A8), (A10), and(A16), Eq. (5) may be rewritten in
the form

DE = ImE
−`

` d«

2p
«

d

d«
fln Rss«d + ln Qss«dg

= − ImE
−`

` d«

2p
fln Rss«d + ln Qss«dg. sA17d

Since the functionsR and Q depend on the combination«
− i signs«−md, the integration contour in(A17) can be de-
formed in such a way as to embrace the cut from the band
states and all the poles due to the localized levels with the
energies below the chemical potentialm, i.e., occupied states.
Then Eq.(A17) transforms into(6).

Next we consider a property of Eq.(A17), which will
simplify the calculation of the energy and provides a better
intuition to the results. Our model includes all the levels
belonging to the valence band with the addition of the impu-
rity d-levels, which interact with the band levels. Let us as-
sume that at zero temperature the chemical potential lies
higher than all these levels, meaning that they are all occu-

pied. Then the total energy of the system isEtot=Tr Ĥ. The

trace of the operatorĤ does not depend on the off-diagonal
hybridization matrix elements.

The potential scattering,Wpp8, has diagonal elements and
may influence the value ofEtot. However, we are interested
here only in the indirect exchange between the impurities.
The latter can be found if we consider the energyDEsRijd
and subtract from it the energy corresponding to two nonin-
teracting impurities,
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DEex = −
1

p
Im E

«hb

m

d«Fln
Rss«d
R0

ss«d
+ ln

Qss«d
Q0

ss«dG
+ DElocs« , md, sA18d

whereQ0
ss«d and R0

ss«d are obtained from(A8) and (A10)
under the assumption thatL12=L21=0. DElocs«,md is the
corresponding change of the energies of the occupied local-
ized levels. The sum(A18) over all occupied states is equal
to the same sum over all empty states, but with the opposite
sign. Hence,

DEex =
1

p
Im E

m

«ht

d«Fln
Rss«d
R0

ss«d
+ ln

Qss«d
Q0

ss«dG − DElocs« . md.

sA19d

Here DElocs«.md includes the empty localized levels(if
any) lying above the chemical potential. These levels, which
are defined as zeros of the determinantR (A10), appear due
to combined action of potentialsWd and resonancesVd scat-
tering mechanisms.

To find the contribution of localized states to the magnetic
energy one should simply calculate the level positions modi-
fied by the effective inter-impurity exchange via empty states
and their occupation. We consider here two limiting cases.
First, we estimate the contribution of CFR levels, if they
happen to lie within the forbidden energy gap. For this sake
we expand the functionRs«d close to the energyECFRs

0 of the
isolated CFR level determined by the equation

ECFR
0 = Ed + KV2P11sECFR

0 d, sA20d

which describes the TMd-levels renormalized by their hy-
bridization with thehh band. Indirect interimpurity interac-
tion results in splitting of two-impurity states and a shift of
localized states relative to thehh band. These levels lie in the
discrete part of the spectrum, where the imaginary part of the
Green function(9) Gi j =0. Neglecting potential scattering, we
obtain the equation

R = f« − Ed − KV2P11
s s«dgf« − Ed − KV2P22

s s«dg

− 9K2V4P12
s s«dP21

s s«d = 0 sA21d

for the two-impurity poles in the energy gap. The solution of

Eq. (A21) is looked for in the formECFR=ECFR
0 +dECFR.

Then we expand the functionRsECFR
0 +dECFRd up to the sec-

ond order terms with respect todECFR and arrive at Eq.(11).
Second, we consider the case when the DBH levels lie in

the forbidden energy gap. In this case the potential scattering
W is the leading cause of the creation of the deep level. The
energy of an isolated DBH level corresponds to a zero of the
function

qsEDBH
0 d = 1 −WP11sEDBH

0 d = 0.

Then we look for zeros of the functionRs«d at the energy
EDBH=EDBH

0 +dEDBH. Accounting for the fact that both func-
tionsq andQ are small in the vicinity of the energyEDBH

0 the
equationR=0 can be approximately rewritten in the form

Hq2 − W2P12
2 −

KV2

DE
WfP11

2 q + P12
2 q + 2WP11P12

2 gJ2

=
9K2V4

DE2 hP12 + Wf2P12P11q + WP12
2 gj2 sA22d

with DE=EDBH
0 −Ed−V2P11. All the functions Pij are now

calculated at«=EDBH
0 . We first neglect the r.h.s. term in Eq.

(A22) and solve the quadratic equation

q2 −
KV2

DE
WfP11

2 + P12
2 gq − W2P12

2 −
2KV2W2

DE
P11P12

2 = 0.

sA23d

From here we obtain Eq.(16) for the energy shifts due to
interaction between the two degenerate DBH levels. When
both these levels are empty we obtain a contribution to the
kinematic exchange by summing these two energies, extract-
ing from them the part due to the hybridization with the
impurity d-states, and changing the sign in the hole represen-
tation,

DEDBH,ex=
KV2P12

2

DEP118
. sA24d

Accounting for the r.h.s. of Eq.(A22) will result in higher
order corrections, which can be neglected.
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