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Four-electron quantum dot in a magnetic field
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We present a theoretical treatment of four two-dimensional electrons in a harmonic confinement potential in
the presence of an external magnetic field using the exact diagonalization approach. The ground state proper-
ties and the spin and angular momentum transitions for different electron interaction strengths and magnetic
fields are obtained. A magnetic field-confinement strength phase diagram is presented indicating a rich variety
of ground states. An interesting feature of this system is the depolarization of spins by application of a
magnetic field. The results are compared to several approximate theories.

DOI: 10.1103/PhysRevB.68.205305 PACS nuntder73.21.La, 71.16-w

[. INTRODUCTION tum dot in zero magnetic field was studieat several dis-
crete values of interaction strengftiensity.

The rapid progress in experimental techniques has made it In the present paper we report ED calculations of four-
possible to construct few electron quantum dots in semiconglectron quantum dot in a broad range of magnetic fields.
ductor materialsfor recent reviews see Refs. 1=-Fhese The obtained results are compared with those obtained by
dots contain a few electrons trapped in a plane and laterallgeveral approximate methods, namely, renormalized pertur-
confined by an external potential. Some of their propertiesbation series/*® multicenter Hartree-FockMCHF),*® and a
such as the electronic shell structure, for example, closelyestricted Hartree-FockRHF) algorithm. We look for pos-
resemble those of real atoms, however, in quantum dots thgble magnetic-field-induced ground state angular momen-
experimental control and tunability of the involved param-tum and spin transitions. Particular attention is paid to the
eters is much broader. This makes quantum dots an ide&@olarization and breakdown of the maximum density droplet
system to study electron-electron interactions and correlatioftate(MDD) in which all electron occupy the lowest orbitals
effects. The nature of the confining potential may be differ-of the lowest LL.
ent depending on the experimental setup. In most cases, The structure of the paper is as follows. In Sec. Il the
however, a harmonic model is appropriate to describe thiheory of the involved computational methods is presented,
confinement. The competition between the interelectron re-ED results are described in Sec. Ill and compared to other
pulsion, confinement, and spin effects leads to interestingethods in Sec. IV, and in Sec. V the conclusions are given.
physics, such as transformations of the multielectron ground
state as a function of magnetic field, in particular, the transi- Il. THEORY
tion from a Fermi liquid to a Wigner crysfat and switching

of the spin and the angular momentum of the systém. We consider a system of four electrons which are re-

Among the computational approaches, a special role iStricted to move in the=0 plane and are I2at2erally trappeid n
played by exact diagonalization€D's).®813 Especially gharmonlc'conflmng potent|al/,(r)=m' wor <12, wherem
useful in the limit of small particle number, these calcula-iS the effective mass of the electrons in the host semiconduc-
tions are capable of providing accurate results against whickP!: @o i the oscillator frequency of the confining potential,
reliability and accuracy of approximate methods can beahdr=(x,y) denotes the position in the=0 plane. The
gauged. Most of the ED-based work concentrated in the limitiamiltonian of this system in the presence of a homoge-
of strong magnetic fields where the role of electron-electrof@ous magnetic field perpendicular to the 0 plane de-
correlations is particularly important. Moreover, in this limit Scribed using the symmetric gauge=B(—y,x,0)/2 reads
the numerical effort is greatly reduced by restricting the

single-particle basis to the lowe&iften also spin polarized ~ 2 pi2 m* wgriz 24: e’le 24: 1 . 5,
Landau levelLL).1° Recently this work has been extending '~ 24 o 2 +i>j ri—r|] t 2 gM el
into the regime of zero and intermediate magnetic fields.

Mikhailov and co-workers studied a system of three interact- 1 1 m* .,

ing electrons in zerd and finité® magnetic fields. At low +5hol,+ 59 Eszh“’m @)

magnetic fields this system exhibits an interesting ground

state transition at from thel(S)=(1,1/2) state to the Wwhere the last three terms represent the contribution due to
(0,3/2) state, heré the total angular momentum ar®fthe  the magnetic field withw. being the cyclotron frequencg;

total spin of the system. This transition is accompanied by dhe effectiveg factor, andm, the bare electron mass.

change in electron structure, from an isosceles to an equilat- The study of this system can be greatly simplified by us-
eral triangle. The degenerate ground states of a four-electrdng dimensionless parameters, i.e., measuring lengthg in
system without magnetic field was also considétead no = VA/m* wg, the oscillator length, and energies fiw,. A
ground state transition was found. Earlier, six-electron quandimensionless parametar=1,/a§ (herea}=e#f2/€’m* is
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the effective Bohr radiysdescribes the strength of the the operators themselves, therefore, its effect can be trivially
electron-electron interaction. Largeimplies strong interac- included when the remaining part of the Hamiltoni@ is

tion and/or a large quantum dot. Since bathandS, com-  diagonalized. That is, one merely needs to solve the problem
mute with the Hamiltonian we can perform the calculationsWithout magnetic field but with a modifiedl—\*. We also
Separately in Subspaces of g|\/bp andSZ_ The dimension- note that in this way the magnet|c field allows one to con-

less Hamiltonian becomes tinuously chgnge the effecti.ve Qlectron—ele.ctron interacti_on.
The four-particle wave function is also obtained by rescaling
4 4 —_
. 1 1 1 1 the zero magnetic field result
H=D |- SVi+= 1+—Qz)r-2 +A
igl 2712 4-¢)! IZ>J Iri—rl
Q N Wgo(r1,r2,r3,rs)=aVp_glary,ary,arz,ary). (4)
m
5 Lz+g*—sz), el
Me We use the Fock-Darwin orbitalg,,(r) to construct a

with Q.= w./w,. In the limit of large the system becomes complete set of single particle statesps(r,o)
classicaf® = (r)xs(o), with xs(o) the spin part of the wave func-

One can easily see that the effect of a magnetic field leadéon. In dimensionless units these orbitals are given by
to a rescaling of; to ar;, with a*=1+3Q2. This results in

a new effectivé’ \* =\/a. Eventually we obtain I it e 2
_ ilg—r
4 4 anl(r) 7T(n+|||)|r e Ln(r )r (5)

> (—EV?+ lri2 XD ;}
! 2 2 =i il whereL! (x) is the Laguerre polynomial. The energy of these
m* states is independent sfand is a function of two quantum
L,+g* FSZ) (3 numbersn andl: E,s=2n+]l|+1 in units of# wy, wheren
€ is the radial quantum number andthe angular quantum
The last term which is proportional to the magnetic fieldnumber. We use these single particle wave functions to con-
involves only the good quantum numbérsandS, and not  struct Slater determinants

=

c

T2

ba(r1,01) dp(ri,00) PUr1,01) @s(ry,01)
1 | du(r2,02) ¢p(ra,02) @) (r2,02) ¢s(rz,07)

N —— , 6
0T AT Guli5,05) Bplls03) bylT5,05) Bilrs,cs) ©
ba(l2,04)  Pp(t4,02) & (12,04) P5(ra,04)

|

with @=(ny,11,81), B=(n2.12.S;), ... . The four-particle  old energyEy,. Increasingsy, will make the results converge

wave function is expanded in the Slater determinés to their correct value and make the results reliable for to
higher\. We were able to obtain a reasonable relative accu-

v=> C v, (7) racy of approximately X104 for A<2. For example, for
]

the (14,2 state we need 19774 Slater dseterminaﬁ(
whe_rej runs over aII_ possit_)lec(,e 79). In§e_rting the mu_lti- ngetoesgé?lgoﬁluﬁolatslvifat(rzlceugécﬁl/ﬁgggoeqﬁation for the
Ea”'c'e wave func.tlor-l(7) into- the Schrdlnger equat!on four-electron system are compared with the results of two
HW¥=EW¥ and multiplying from the left with¥’; one obtains  gifferent Hartree-Fock approaches: multicenter Hartree-Fock
(MCHF) and restricted Hartree-FockRHF) calculations.
> (H;;—E&;)C;=0, (8)  MCHF (Ref. 19 is a method dedicated to confined electron
i systems at high magnetic fields. Landau gauge and the total
spin polarization of the electron system are assumed. The

with Hj;=(Wi[H|[¥;). This eigenvalue equation is solved pasis set for the four single-electron wave functions consists
numerically and yields the eigenenergies and a set of coeffisf four wave functions

cientsC; which are used to calculate the four-particle wave
function (7).

The accuracy of the results depends on the number of 2 u 5 )
Slater determinants included in the ba@s In our calcula- ~ ¥u(F)=(a/2m) kzl ciexp — (a/4)[(x—Xi)*+ (y = Yi)“]
tions we include all Slater determinants for which the sum of
four single-electron energies is less or equal to some thresh- +(ib/2)(x—= X ) (Y + Y )} (9

4
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In the four-electron system the centers of electron local- ' ' ' ' ' '
ization (X,,Y\) form a square, the size of which is optimized 24
variationally. Moreovera and b are also used as nonlinear
variational parameters. Basis set functiq®$ for fixed a 22
=b=eB/% are the lowest LL eigenfunctions. The applica-
bility of the MCHF is limited to systems, in which the elec-
trons occupy the lowest Fock-Darwin band, i.e., to the MDD 20

and states appearing at higher magnetic figWigner mol- 3
ecules. The MCHF method produces an approximately cy- % 18

lindrically symmetric MDD with a characteristic flat maxi-
mum of the charge density. For higher magnetic fields the i
MCHF method yields a Wigner-molecule phase, in whichthe 16"
electrons are spatially separated. The transformation from the :
MDD to Wigner phase appears abruptly at a certain magnetic 14 L.
field. This transformation is associated with cusgisconti- T . , . , .
nuity of the derivative with respect to the magnetic fledd 0 1 2 3 4
several quantitieginteraction energy, radius of the charge Q
density, etg. At high magnetic fields the charge-density dis- e
tributions ?OrreSpond'ng to the basis functions of MCHF FIG. 1. The energy spectrum as a function of the magnetic field
tend to point charges. Therefore, the MCHF reproduces thg,. \ —5 o The lowest-energy states of angular momentum up to 9
classical limit of the electron localization at the infinite Mag- 5re shown. The Zeeman energy is included vgth= —0.44. The
netic field, and at high magnetic fields it provides nearlyenergy is given in units of w,. States are labeled.(S) with L the
exact values of the energy. total angular momentum arfiithe total spin of the state.
In the RHF method we assume that the one-electron wave
functions are eigenfunctions of the single-electron angulaghow the evolution of the lowest-energy states for different
momentum operator. By this assumption the angular correlaangu|ar momentd. between 0 and 9. The spin quantum
tion between the electrons is t0ta||y neglected and Only radiqliumbers accompanying the |owest_energy states Of a” angu_
wave functions are optimized to minimize the total energy ofjar momenta are in strict accordance with the predictions of
the Conﬁned SyStemS. On the Other hand the RHF Solutionﬂﬂe “magic number” theor§/l based on the symmetry con-
in contrary to the MCHF, possess a definite total angulagjderations of four electrons forming a ring. It is interesting
momentum which can be compared with the results of theg observe that no deviation from this simple rule is found
exact calculations. The RHF used in the present paper solvefwn to the lowest values of the magnetic field, as well as
the HF equations with the finite-difference approach, infor any\ <2 investigated. In this system the filling factors 2,
which both the Coulomb and exchange potentials are intey  1/2 1/3 correspond, respectively, to angular momenta
grated numerically. In this way we avoid possible problems =2 g 12, 18.
with the finite size of the variational basis. The electron- One notes that with increasing magnetic field the terms of
electron correlation effects are defined as those overlookegher higher angular momenta are competing to become the
by the RHF method. Therefore, the comparison of the exa(%round state resulting in a sequence of angular-momentum
solution and the RHF results allows us to estimate the role ofgnsitions. Already at very low fields the ground stéiel)
electron-electron correlation in the four-electron system ags sycceeded by2,0), and this transition bears two interest-
function of the electron-electron interaction strength and theng aspects. First, one observes that the ground-state angular
external magnetic field. momentum thus increases by 2, and the stat&) is pre-
vented from becoming the ground state. As we will see later,
Il. RESULTS this behavior persists for all values ®fand results from the
fact that at high magnetic fields th&,1) state[as well as
(0,1)] asymptotically approaches the first excited LL while
In what follows the four-particle states will be labeled the (2,0) state corresponds to the lowest LL. As can be seen
(L,S) whereL denotes the total angular momentum &d in Fig. 1 the formation of LL's is apparent already Qf,
the total spin of the state. The single particle states will be~2. Secondly, we note that this transition is a triplet-to-
labeled @,I,7,or |) with n andl being the radial and angu- singlet transition, which implies that the application of a
lar guantum numbers, respectively. As a matter of fact, in oumagnetic field depolarizes the electron spins. A similar phe-
convention the states afiegative angular momentum are nomenon was recently found in quantum-dot lithitmnow-
more energetically favorable in a magnetic field. Howeverever, in that case such a transition was present only for much
for the sake of brevity in the ensuing discussion we will belarger values of the interaction constaRt=\,=4.343,
omitting the “—" sign, that is, the absolute values bfwill whereas in the present system it is found for all values,of
be given. with or without the Zeeman contribution. This transition of
We numerically calculated the eigenstates and their correthe ground state fror(0,1) to (2,0) was observed experimen-
sponding energies as a function of the magnetic field for aally in Refs. 22,23 by investigating the pairing of conduc-
fixed value of the interaction constant=2.0. In Fig. 1 we tance peaks in single electron tunneling experiments.

A. Ground state phase diagram
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FIG. 3. The ground state configuration as a function of the Cou-
Q lomb interaction strength and the magnetic field. The Zeeman con-
tribution is not included. Angular momenta up to 22 are shown.
FIG. 2. The ground state configuration as a function of the Cou-States are labeled.(S) with L the total angular momentum ar®l
lomb interaction strength and the magnetic field fgr= —0.44. the total spin of the state.
Angular momenta up to 22 are included. See Fig. 4 for the magni-
fication of the area inside the rectangle. States are lab&le®) ( four electrons occupy the four lowest orbitals of the lowest
with L the total angular momentum a&the total spin of the state. LL, i.e., their configuration is{(0,0;),(0,0,),(0,1]),
(0,1,1)}. The transition from this state to the sta®&1l) is
In order to explore this and other transitions of the groundaccomplished by unpairing the two electrons in the orbital
state in greater detail, we plot ti&—\ (that is, magnetic (0,1,/]) and promoting one of them to a higher orbital
field versus interactionphase diagram in Fig. 2, where the (0,2,]). This is energetically favorable only when the in-
Zeeman contribution is included witl* = —0.44. We see crease in energithe distance between these two orbital be-
that the phase boundary between the two above-discussé@ves as~1/B at strong fieldsis balanced by the Zeeman
states(0,1) and (2,0 starts from the origin. This behavior is energy(increasing as-B) and exchange energy. Af differs
readily understood by considering the relevant single-particlérom 0 the transition will occur already at lower magnetic
configurations. At\ =0.0 (no interaction the electrons oc- fields, which can be clearly seen from Fig. 2, since the elec-
cupy the four lowest orbitals, i.e., their configuration istron repulsion will aid the unpairing of the (071,) elec-
{(0,0,1),(0,0,1),(0,1,1),(0,—1,1)}. By application of a trons. A similar transition happens from tf®&1) to the(6,2)
magnetic field the negative momentum levels will rise instate, but this cannot be seen in Fig. 2. When we compare
energy while the positive will drop, and this will make the this transition to the one from thé,2) state to(10,2) there is
(0,—1,1) electron jump to the state (0/), Thus, atA=0 a clear difference in mechanism. The latter transition line
the transition from the0,1) state to the(2,0) state is trig- will approach thex=0 line asymptotically, since (6,2)
gered by an infinitesimally small magnetic field. At finite —(10,2) transition is only triggered by the electron repul-
values of\ this jump will be suppressed by the interelectron sion.
repulsion up to a certain nonzero value of the magnetic field These considerations lead us to conclude that a similar
(on the order of).~0.1) when the difference between the effect also takes place in quantum-dot lithium, namely, its
single-particle energies of the two levels exceeds the repubtate (1,1/2) is also terminated at a finite magnetic field.
sion energy. We stress that the abovedescribed scenario ddowever, it was apparently overlooked in Figbpof Ref.
mains unaltered in the presence of Zeeman splitting since thks by not considering sufficiently high magnetic fields.
latter increases more slowly with magnetic field than the or- In general, the inclusion of the Zeeman contribution sub-
bital contribution. Figure 3 shows the corresponding phasstantially lowers the energy of the spin-polarized stat®s (
diagram when the Zeeman energy is neglected by setting2) at high magnetic fields and leads to the growth of the
g*=0. Here one naotices that the stat@s0), (6,2), (14,0, ground-state angular momentum in steps of 4, i.e;1®
and(18,2 are stable over a longer range than their neighbor— 14— 18— 22, all of these states being fully polarized. The
ing states. intermediate partially polarized stat€8,1) and (12,1 sur-
One further observes in Fig. 2 that the sté@®) does not  vive only at the lower end of the magnetic-field range as they
extend to infinitely large magnetic fields in the lowregion,  are squeezed out by the fully polarized stagee Fig. 2 In
but is terminated af).~8.17. In contrast to the previous contrast, when we neglect the Zeeman term, the partially
discussion, this effect is a direct consequence of the Zeemamlarized as well as the unpolarized states survive at high
effect which can be seen from Fig. 3. In tf&0) state the magnetic fields. Therefore, most of the time the ground-state
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FIG. 4. The magnification of the area indicated by a rectangle in  FIG. 5. The same transitions lines as shown in Fig. 4 but now
Fig. 2. States are labeled (S) with L the total angular momentum for g*=—0.6. States are labeled (S) with L the total angular
and S the total spin of the state. momentum and the total spin of the state.

angular momentum increases in steps of 1 and the angulaman effect. By comparing thB—\ phase diagram of our

momentum transitions are accompanied by correspondingystem to that previously obtained for quantum-dot lithitim

switchings of the spin state. we may conclude that the addition of an extra electron sub-
At intermediate magnetic fields the phase diagram exhibstantially enriches the phase, and thus we already spot so

its a rich structure. In Fig. 4 we display a magnification of much interesting physics below=2.0.

the region of Fig. 2 marked by the rectangle. One notes that

by choosing different fixed values of and increasing the

magnetic field it is possible to perform a transition from the B. Wigner crystallization

spin-unpolarized MDD statg2,0) to the spin-polarized In Fig. 6 we show the evolution of the total electron den-
MDD state(6,2) in six distinct ways. Enumerated in order of sity of the system ak =2.0 and varying magnetic fielgee
increasing\ they are also Ref. 13. We see that even at the lowest magnetic fields
the density profile has a rather inconspicuous minimum at
(2,0—(3,)—(6,2, the center and a maximum at a finite radius which is a con-
(2,0—(3,)—(4,)—(6,2, 14 : I .
(2,0—(3.)—(4,2)—(51)—(6,2, 12 |
(20—(3)—(40—(4D—(5)—(6,2), _ 10} 1
=
(2,0—(3,)—(4,0—(51)—(6,2, S 08 .
c L
(2.0 —(4,0 (5,1 (6,2. (10 £ os 1
ko)
In particular, in the upper left corner of Fig. 4 we observe a % i . |
rather peculiar phase boundary between the stdt@s and o
(4,1) which was not seen fog* =0. At this transition the
. ! ; ; 0.2 .
total electron spin switches from singlet to triplet unaccom- |
panied by an angular-momentum transition. When we in- i . . e
crease(in absolute valugethe effectiveg factor to — 0.6 (in- o 1 2 3 4
stead of—0.44 as beforewe obtain the phase diagram as o
shown in Fig. 5. Theg4,0-(4,1) transition line has shifted 0
towards lower) and highein. Decreasingg* | leads to the FIG. 6. The total electron density in a number of different an-

opposite behavior. Since thd,0) state and the4,1) state  gular momentum states &t=2.0. These states are the ground states
differ in total spin it is clear that the Zeeman contribution is at, respectivelyQ. equal to 0.0, 0.5, 1.0, 1.1, 1.27, 2.0, 2.7, 3.0,

essential to make such a transition possible. 3.6, and 4.0. Angular momenta up to 14 are included. States are
This rich structure is a consequence of the interplay betabeled (,S) with L the total angular momentum ar&lthe total
tween the confinement, Coulomb interaction, and the Zeespin of the state.
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-14 -14 c
2-\ 2] FIG. 8. The total electron density at=0 as a function of the

magnetic field abh =2.0. Angular momenta up to 18 are included.
States are labeled_(S) with L the total angular momentum a/®i
the total spin of the state.

, 1) , (10,2 . . i N . .

1 1 increasing magnetic field, which induces increasing values of

N 7= ] angular momentum, we observe the formation of a Wigner
crystal in which the four electrons are located on the corners

o+ @ O 04 O of a square. From Fig. 8 one can clearly see the high density

] ] atr=0 for the MDD state and the sudden decrease of the

0
o
o
o
N

density at the breakdown of the MDD.

Figure 9 shows the behavior ¢f?) which, when muilti-
plied by 7, gives an estimate for the size of the dot. At every
transition the size of the dot increases discontinuously as the
system jumps to a higher angular momentum state. Notice
the high compressibility of the spin-polarized MDD state,
before it breaks down due to the increasing electron-electron
repulsion. The dashed curve in Fig. 9 represents the MCHF

»
;
;
&
;
;

I—— 77—

4l I
28}

-2+ L \

(%16) C (5’1\ ‘\

2 1 0 1 2 2 1 [} 1 2 - (2’0 \\

. . . . . 2'4 B
FIG. 7. The total pair-correlation function in a number of dif- = i
ferent angular momentum stateshat 2.0. One electron is pinned NE 22
at (1.24,0. These states are the ground states at, respectiVgly, v i

equal to 0.0, 0.5, 1.1, 2.0, 2.7, 3.0, 3.6, and 4.0. The length is 20
measured in units of,. States are labeled_(S) with L the total [ (3,1)

angular momentum an@ the total spin of the state. 181

16| .
sequence of a rather high valuexaf After the breakdown of I
the spin-polarized MDD state the maximum of the density R T T
becomes more pronounced and slightly shifts towards higher o
radii. This is what we expect from the MDD breakdown ¢

since some electrons are forced into higher angular momen- g, 9. The squared dot radi¢e?) (in units!2) as a function of

tum orbits. Thus, increasing magnetic field forces the elecmagnetic field, at A =2.0 in the ground state. At each transition

trons to be located on a ring, such as for the equivalengf the ground statér?) increases abruptly. Angular momenta up to

classical system with the same radius, which in this case of2 are included. The ED and MCHF results are indicated with solid

A=2.0 equals 1.24see Ref. 15 and dashed lines, respectively. States are labdled) (with L the
We plot the total pair-correlation function in Fig. 7. With total angular momentum arithe total spin of the state.
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2.0 T . T T . . . TABLE |. Comparison of the ground state energy for the ED,
---- Ground state MCHF, and RHF methodsy* = —0.44 and\ =2.0. Energies are
| e Renorm. series given in unitsi wy. The fourth column contains the overestimation
150 N\ — Exact ] of the exact energy obtained with MCHF. The last column contains

the overestimation of the exact energy obtained with RHF.

w 0 s il Q. ED MCHF  AEycue  RHF  AEgcur
(02) 1.892 14815 15026 0211 14933  0.118
05 ~ (4,0) 3154  16.846 17.046 0200  17.095  0.249
e (3.1) 4416  19.010 19.201  0.191  19.444  0.434
AL ity 0.0) 5678  21.258 21450  0.192  21.859  0.601
o 1 2 3 4 5 & 7 6.939 23610 23764  0.154 24302  0.692
r 8.201  26.043 26125 0082 26,761  0.718

FIG. 10. Excitation energies of several low-lying excited statesg'462 28.441 28.516 0.075 29.226 0.785

of the four-electron quantum dot. Differences of the respective state

energies and the exact ground-state energy are plotted. Full lines
denote exact diagonalization results while dotted lines are obtained 1he three state®,0), (3,1), and(4,0) all tend to the low-

from an approximate treatment based on the renormalized perturb&St vibrational level in the.—co limit. We see that for the
tion series. Formation of the asymptotic levels is apparent. Thétate(4,0) the coincidence of the two results is surprisingly
dashed line denotes the discrepancy between exact and approxim&ecurate and the difference between the two lines is hard to
ground-state energies. States are labele®) with L the total an-  See on the plot. In contrast to this, the mismatch between the
gular momentum an® the total spin of the state. exact and the approximate results for the std®8 and
(1,1), which both tend to the first excited asymptotic vibra-
result. There is a clear cusp in the dashed cun@at2.4  tional level, is considerably larger, especially in the interme-
which indicates the breakdown of the MDD state, while thediate region 2<A<5. However, at higher values of the
actual breakdown of the MDD state as calculated with thedccuracy improves and it is apparent that the lel@® and
ED method happens & ~2.6. After the breakdown of the (1,1) indeed form a distinct group separating from the other
MDD the MCHF result slightly increases and then starts determs described earlier.
creasing towards the classical limit ¢f?)=1.24=1.538.

For example, af) = 100(r?)=1.569. Also in the ED result B. Ground state energy
this decreasing tendency can be observed after the break-
down of the MDD. In Table | we compare the results of the present ED to

those of the MCHF and RHF methods for the ground state
energy of the system as a function@f at A =2.0. At low
IV. COMPARISON TO OTHER METHODS magnetic fields the ED yields lowéand correctvalues for
the energy. When the magnetic field increases the MCHF
approaches the ED result, since the system becomes more
In the present subsection we consider the excited states gfassical, whereas the RHF result diverges from the ED re-
a four-electron quantum dot comparing our results to thosgyt, This can be understood from the fact that the RHF
obtained previously in Ref. 18. In that paper it was arguedmethod does not take correlation effects into account while
that the energy spectra of few-electron quantum dots in @pparently these effects become more and more important
broad range of values can be rather accurately obtainedafter the breakdown of the MDD. One notes that the conver-
from an interpolation between few-term expansions valid agence of the MCHF to the ED result is not monotonous. This
A—0 andX—c. In particular, it was shown that at high s a consequence of the small cusps which appear in the ED
values of\ semiclassical vibrational levels are formed. We result (see F|g 1 when a ground state transition occurs
restrict the present comparison to the case of zero magnetighile the MCHF result is a smooth curve as a function of the
field since in both methods the finite magnetic field resultsnagnetic field.
are obtained by means of rescaling of zero-field re§ske
Eq. (3) and the foregoing discussipn
In Fig. 10 we show the evolution of a few lowest energy
levels from the lowx limit up to A=7.5 where our calcula- Figures 2 and 3 show that the spin-angular momentum
tions still offer a reasonable accuracy 6f10 3. Since the configuration of the four-electron ground state is a complex
absolute energy values grow very rapidly withwe plot  function of the strength of the electron-electron interaction
their differences from the energy of the ground stdtdl). and the external magnetic field. We have compared the exact
Thus, the exact ground state energy is identical with 0 in thiphase diagrams with the results obtained with the RtHE
figure while its approximate value obtained from the interpo-MCHF solutions do not possess a definite angular momen-
lation is shown by the dashed line. One sees that the absolutem).
error is always below 0.1 which corresponds to an accuracy Forg* =0 and\=0.5 (see Fig. 3 the RHF method cor-
better than 1%. rectly predicts the ground state for zero magnetic field to

A. Excited states

C. Phase diagram
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have (0,1) symmetry. However, the critical magnetic fields precision of the RHF method deteriorates for strong electron-
for the transformation of the ground state(®0) is overes- electron interaction as well as for high magnetic fields. In
timated by about 50%Q3"F=0.112, instead of the exact both cases the electron system is strongly correlated and the
value().=0.085). On the other hand, according to RHF theWigner crystallization appears. For nonzerthe RHF gives
ground state changes frof2,0) to (3,1) for QEHF:2.54' a qualitatively correct sequence of the ground states after the
while the exact value is 2.73. According to RHF sté@el) is MDD breakdown, but as we have shown this agreement is
transformed to the MDD(6,2 at higher magnetic field rather accidental.

(QFF=2.99). In contrast to the exact calculations the RHF

does not predict th(54_,0) and(5,1) states to be ground states. V. CONCLUSIONS
In the exact calculations the MDD becomes the ground state
for ORHF=3.34, To conclude, we obtained the energy spectrum of the four-

The difference in the estimation of the critical magnetic electron quantum dot as a function of the magnetic field and
fields reveals the known tendency of the RHF to overestiwe compared it to previously obtained results. We see that a
mate the exchange interaction and to favor spin-polarize§imple few term expansion of Ref. 18 is not fully capable to
states, for which the precision of the method is better thaflescribe the behavior of excited states in the region interme-
for unpolarized states. We notice that the valueQpinduc-  diate between the perturbative and asymptotic regimes. On
ing the ground-state transformations to higher-spin states atge other hand, it is quite remarkable that an exact-
underestimated, while the values@f for which the spin of ~ diagonalization scheme starting from energy levels of nonin-
the ground state is decreased are overestimated by the RHgracting electrons is capable of reaching the strong electron
method. interaction limit and revealing the formation of semiclassical

After the MDD decay forg* =0 the exact calculations energy levels.
predict a sequence of the states not necessarily spin polarized A phase diagram has been composed for different values
(see Fig. 3 On the other hand, the RHF after the MDD ©f g*. At small magnetic fields we observed the depolariza-
decay predicts only the appearance of the spin-polarizetion of spins from th&0,1) to the(2,0) state by application of
ground states. Moreover, according to RHF only the states ¢t magnetic field. A rich structure has been observed at inter-
the magic sequence @64n,2) become ground states at high mediate magnetic fields with a somewhat strange looking
magnetic field. Such magic sequence in the exact solution fgansition between the4,0) and the(4,1) state in which the
observed only for nonzerg factor (see Fig. 2 In this sense total spin changes while the angular momentum remains the
the error of the RHF introduces an “interngfactor” to the ~ same. Other transitions have been investigated and their
electron system. mechanism was explained. We observed the formation of a

Results of the energy presented in Table | indicate that th¥Vigner crystal by increasing the magnetic field. The sudden
correlation energy rapidly grows after the MDD breakdowndecrease of the density at=0 after the breakdown of the
and becomes particularly large when the Wigner crystallizaMDD state(6,2) shows that this state is special.
tion appears. The spin polarization predicted by the RHF is a Comparison to results obtained with the RHF learns us
reflection of the exact effect related with the Wigner crystal-that this system is highly correlated towards high electron-
lization, i.e., the separation of the electron charges. In th&lectron interaction strengths and high magnetic fields. The
RHF method this separation is partially realized only forRHF is only useful in the low correlation regime, e.g., it
spin-polarized states, for which probability of finding two Predicts the right ground state configuration at zero magnetic
electrons in the same place is 0 due to the antisymmetry dfeld. The comparison of the phase diagrams clearly shows
the spatial wave function. the tendency of the RHF to favor polarized states. The

Let us consider also the case of larger interaction strengtMCHF is proven to be very useful in high magnetic fields
(A=2.0, see Fig. B Forg* =0 and\ =2.0 the RHF method since its results converge to the exact results with increasing
predicts that the ground state changes ftor) to (3,1) and ~ magnetic field, e.g., afl.=9.462 the overestimate of the
then to MDD. In this way RHF overlooks the fact that the ground state energy only amounts to 0.075.
spin-unpolarized state®,0), (4,0), and partially polarized
(5,1) state are the ground states for a certain range of the
magnetic field'see Fig. 3 below the formation of the MDD.
According to RHF the fully spin-polarized MDD appears  This work was supported by the European Commission
already forQX"F=0.71, while according to the exact calcu- GROWTH program NANOMAT project under Contract No.
lations MDD appears in a much larger magnetic fi€ld =~ GSRD-CT-2001-00545, the Belgian Interuniversity Attrac-
=1.39. In larger magnetic field RHF still predicts the magiction Poles(IlUAP), the Flemish Science FoundatioR\WO-
sequence of the states as in the case=00.5. The results of VI), and the Flemish Concerted ActiditOA) programs.
the RHF for the phase diagrams are qualitatively the sam&.A. is supported by EU under Contract No. HPMF-CT-
for nonzerog factor. 2001-01195 and B.S. is supported by the Foundation for Pol-

The present comparison of the phase transitions and theh ScienceFNP). Useful discussions with Dr. B. Partoens
results of the energy presented in Table | shows that thare acknowledged.
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