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Electron collimation at van der Waals domain walls in bilayer graphene
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We show that a domain wall separating single-layer graphene and AA-stacked bilayer graphene (AA-BLG)
can be used to generate highly collimated electron beams which can be steered by a magnetic field. Two distinct
configurations are studied, namely, locally delaminated AA-BLG and terminated AA-BLG whose terminal edge
types are assumed to be either zigzag or armchair. We investigate the electron scattering using semiclassical
dynamics and verify the results independently with wave-packet dynamics simulations. We find that the proposed
system supports two distinct types of collimated beams that correspond to the lower and upper cones in AA-
BLG. Our computational results also reveal that collimation is robust against the number of layers connected to
AA-BLG and terminal edges.
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I. INTRODUCTION

In the absence of scattering, the wave nature of electrons
results in the analogy between optical and electronic transport
[1–3]. This analogy has provided many novel phenomena in
solid-state two-dimensional electron systems such as lenses
[4], beam splitters [5], and wave guides [6,7]. In conventional
np junctions, opticlike manipulation of electron beams is
hindered by poor electron transmitters. However, in graphene
[8,9], electron transmission is enhanced due to Klein tunnel-
ing [10–15]. Moreover, its energy spectrum resembles that of
photons which allows experimentalists to use graphene as a
test bed for opticlike electron behaviors. For example, two
experiments were conducted recently where a negative refrac-
tion was observed for Dirac fermions in graphene [16] and the
angle-dependent transmission coefficient was simultaneously
measured [17]. The negative refraction index in graphene
was predicted earlier [1], where it was found that electrons
passing through np junctions at specific energy converge on
the other side at the focal point. This behavior is the analog of
a Veselago lens [18] that was realized earlier in photonic crys-
tals [19,20] and metamaterials [21–23]. These findings led
to profound theoretical investigations of electron focusing in
single-layer graphene (SLG) [24–26] as well as in AA-stacked
bilayer graphene (AA-BLG) [27] and AB-stacked bilayer
graphene(AB-BLG) [28], where a valley-selective electronic
Veselago lens was proposed.

Another analog to light rays across an optical boundary is
the collimation of electrons across np junctions. This analog
becomes perfect in the absence of scattering; however, the
disorder-induced scattering has precluded the implementation
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of such an idea. Different proposals have been introduced
to maintain collimation of an electron beam such as using
graphene superlattices with periodic [29] or disordered [30]
potentials. Another route was also established by introducing
a mechanical deformation to form a parabolic pn junction
[31] or carving pinhole slits in hexagonal boron nitride (hBN)
encapsulated graphene [32] as well as creating zigzag side
contacts [33].

Motivated by recent experiments where a point source
of current in SLG [34,35] and bilayers [36] were achieved,
we propose a system to obtain a highly collimated electron
beam which can be used, for example, in Dirac fermion
microscopes [37]. We consider a junction composed of SLG
and AA-BLG. Such a system can exist in two configurations
where delaminated bilayer graphene or SLG are connected
into AA-BLG as shown in Figs. 1(e) and 1(f), respectively.
Recently, it was shown that such systems exhibit distinct
electronic properties [38–43]. In the low-energy regime, the
Fermi circle in the delaminated region is much smaller than its
counterpart in the AA-BLG. This results in a small refraction
index forcing the transmitted electrons to nearly move in the
same direction.

In this paper, we calculate and compare the collimation of
divergent electron beams using two distinct formalisms. In the
first approach, we combine in a semiclassical (SC) [28,44–47]
quantum mechanical calculation of the transmission probabil-
ities at a domain wall with a wave propagation described as an
optical analog. In the second approach, we calculate the wave-
packet dynamics (WD) [29,30,48–50] of electrons incident on
a domain wall to obtain the carriers’ trajectories. To control
the direction of the collimated beam, we used a magnetic
field to steer the electron beam. In the first configuration,
we assume that a point source is located in the delaminated
bilayer graphene and electrons are emitted and transmitting
into AA-BLG. We find that electrons belonging to the lower
and upper cones, within a specific energy range, are bent
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FIG. 1. Lattice structure with their corresponding energy spec-
trum of (a) SLG, (b) AA-BLG. (c), (d) Yellow and black bands
correspond to electrons and holes in SLG while in AA-BLG they rep-
resent electron- and holelike states. Red and blue bands represent the
upper and lower Dirac cones in AA-BLG. (e) Schematic illustration
of delaminated BLG connected to AA-BLG, and (f) SLG attached to
AA-BLG whose terminated edge of the top layer are either zigzag or
armchair.

in diametrically opposite directions. This is a manifestation
of the fact that the lower cone corresponds to electronlike
particles while the upper cone acts as a dispersion of holelike
particles.

We also show the collimation in the second configuration
where SLG is connected to AA-BLG with zigzag or armchair
edges as depicted in Fig. 1(f). Armchair and zigzag are the
two types of edges which are most frequently considered in
the study of graphene and BLG samples, although other types
of terminations exist due to edge reconstruction. We found
that the collimation is robust against the edge shape and the
number of layers connected to AA-BLG and we found that
the same collimation effects persist.

This paper is organized as follows. In Sec. II, we describe
the proposed system and present the model. Section III is
devoted to numerical results and discussions of collimation
and comparison of the two approaches SC and WD. Finally,
we conclude by stressing our main findings in Sec. IV.

II. MODEL

A. Atomic structures and boundary conditions

The crystalline structures of SLG and AA-BLG are illus-
trated in Figs. 1(a) and 1(b) with the corresponding energy

spectrum in Figs. 1(c) and 1(d), respectively. SLG has a
hexagonal crystal structure comprising two atoms A and B
in its unit cell with interatomic distance a = 0.142 nm and
intralayer coupling γ0 = 3 eV [51]. In the AA-BLG, the two
SLGs are placed exactly on top of each other with a direct
interlayer coupling γ1 ≈ 0.2 eV [52–54], see dashed-green
vertical lines in Fig. 1(d). Pristine AA-BLG has a linear
energy spectrum that consists of two Dirac cones (lower
and upper cones) shifted by 2γ1, see blue and red cones in
Fig. 1(d). These two cones are completely decoupled [27]
such that electron- and holelike carriers are associated with
each cone.

The general form of the Hamiltonian within the contin-
uum approximation describing the charge carriers near the
K point in reciprocal space is a 4 × 4 matrix in the basis
� = (�A1, �B1, �A2, �B2)T , whose elements refer to the sub-
lattices in each layer. Transport in both connected and discon-
nected regions can be described by the following Hamiltonian:

H =

⎛
⎜⎝

v0 vF π̂+ τγ1 0
vF π̂− v0 0 τγ1

τγ1 0 v0 vF π̂+
0 τγ1 vF π̂− v0

⎞
⎟⎠, (1)

where vF ≈ 106 m/s is the Fermi velocity [55] of charge
carriers in each graphene layer, π̂± = px ± ipy denotes the
momentum, v0 is the strength of a local electrostatic potential.
The coupling between the two graphene layers is controlled by
the parameter τ through which we can “switch on” or “switch
off” the interlayer hopping between the sublattices. For τ = 0,
the two layers are decoupled and the Hamiltonian reduces to
two independent SLG sheets, while for AA-stacking we take
τ = 1. The domain wall under consideration in this paper is,
therefore, described by a local change in τ from zero to one.

Finally, notice that for the second configuration of this
study, where transport from a single layer into an AA-bilayer
system is considered, the Hamiltonian in Eq. (1) does not
suffice. Rather, one needs to resort to the 2 × 2 upper-left
block that describes transport in a single layer of graphene.
The effect of the atomic structure on the electronic transport
is in this case determined through the boundary conditions
(BCs).

The collimation occurs at the boundary between two stack-
ing types. The terminated edge of AA-BLG can cross the
lattice at any angle. At specific angles, there are in general
two distinct edges, namely, zigzag and armchair edges [56].
Imposing zigzag boundary can be established through two
different ways, namely, ZZ1 and ZZ2, where the sublattices
φB2 and φA2 are set to be zero at the edge, respectively
[56]. Note that the two types of zigzag edges are equivalent
in AA-BLG such that TZZ1(φ) = TZZ2(−φ), where T is the
transmission probability, while this is not the case for AB-
BLG. This can be attributed to the symmetric and asymmetric
interlayer coupling in, respectively, AA-BLG and AB-BLG.
For the armchair edge, the single-valley approximation is not
valid anymore and thus the BCs are intervalley mixed such
that [56]

φK
A2 − φK ′

A2 = 0 and φK
B2 + φK ′

B2 = 0. (2)
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B. Semiclassical dynamics

To describe electron dynamics semiclassically, one pro-
ceeds in two steps. We first use the quantum mechanical
formalism to evaluate transmission and reflection probabilities
[38,57–59] and, second, determine the electron trajectories
using the classical approach. Since the system is invariant
along the x direction, the solution of the Schrödinger equation
H� = E� can be written in a matrix form as

�(x, y) = M(y)Ceikxx, (3)

where the 4 × 4 matrix M(y) represents the plane-wave solu-
tions, and the four-component vector C contains the different
coefficients expressing the relative weights of the different
traveling modes, which have to be set according to the prop-
agating region. After obtaining the desired solutions on both
sides of the domain wall, we then implement the transfer ma-
trix together with appropriate BCs to obtain the transmission
and reflection probabilities.

To calculate the electron trajectories, we assume a diver-
gent beam starting from a focal point with a wave propagation
given by the wave vector k. The difference in wave vectors
between the connected and delaminated regions is determined
by the relative refractive index [1,16,45,60–62],

n = sin θ

sin φ
= k′

y

ky
, (4)

where φ and θ are the incident and transmitted angles, respec-
tively, while k′

y and ky are the wave vectors of the incident and
transmitted electrons, respectively. For 2SLG-AA junctions,
these wave vectors are given by

k′
y = E

vF h̄
, k±

y = 1

vF h̄
(ε ± γ1), (5)

where ε = E − v0 and E is the Fermi energy. Using the
above equations, one can obtain the classical trajectories
[28,46,47,63,64]. In Fig. 2(a), we show the system geometry
(top panel) and the transmitted angle (bottom panel), accord-
ing to Eq. (4), associated with the lower and upper cones. To
achieve perfect collimation, the transmission angle must be
zero, which corresponds to zero refraction index. The refrac-
tion index of electrons incident from SLG and transmitted
into gated AA-BLG is shown in Fig. 2(c) as a function of
the electrostatic gate v0. It is clear that the refraction index
is almost zero in pristine AA-BLG, i.e., v0 = 0. Henceforth,
the gate will be considered zero and the calculations will be
based only on pristine AA-BLG. A schematic presentation of
the classical trajectories of carriers with different refraction
indices is shown in Fig. 2(b) and our interest is when n = 0,
where carriers move in one dimension.

In the presence of a perpendicular magnetic field B, the
motion of the charge carriers follows a curved trajectory with
curvature radius rc. In the ballistic transport regime, where
the Fermi wavelength is much smaller than the geometric size
of the system, the charge carriers can be treated as classical
pointlike particles. Thus, we can calculate the cyclotron radius
rc following Lorentz law described by

ma = −ev × B, (6)

FIG. 2. (a) Top panel illustrates the 2SLG-BLG junction with
incident and transmitted electron beams in the x − y plane, while the
bottom panel shows the transmitted angle θ as a function of the Fermi
energy and the incident angle φ for SLG-AA junctions with v0 =
0.1 eV. (b) Classical trajectories of an electronic beam impinging
on media with different refraction indices. (c) Refraction index with
the corresponding band diagram for SLG-AA as a function of the
electrostatic potential strength v0, where the Fermi energy of the
incident particles is E = 12 meV. Blue and red curves correspond
to the different modes in AA-BLG region.

where e is the elementary charge, a and v are the acceleration
and speed of electron, respectively. Note that the electron’s
speed |v| will be assumed here to be the Fermi speed vF . The
effective mass m of a particle in an isotropic energy spectrum
reads [65–67]

m = h̄2

2π

dA(E )

dE
, (7)

where A(E ) indicates the area in k− space enclosed by a con-
stant energy contour E . This area is circular in SLG and AA-
BLG. Note that, depending on the energy curvature, whether
it is convex or concave, carriers can have a negative effective
mass which is attributed to holelike particles. Consequently, in
the presence of magnetic field, carriers with opposite sign of
the effective mass will be deflected in the opposite direction,
as we will explore in the next sections. From Eqs. (6) and (7),
we can obtain the cyclotron radius for AA-BLG and SLG as
follows:

rc
ξ (E ) = |E ± ξ γ1|

evF |B| , (8)

where E is the Fermi energy and ξ = 0 or 1 for SLG and
AA-BLG, respectively. Finally, the equations of motion in the
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FIG. 3. Cyclotron radius in pristine (black curves) SLG and in
AA-BLG for different Fermi energies. The red and blue curves
correspond to the upper and lower cones in AA-BLG, respectively.

x − y plane can be written as

x(t ) = xξ − rc
ξ cos

(
vF

rc
ξ

t + 
ξ

)
+ rc

ξ cos(
ξ ), (9a)

y(t ) = yξ + rc
ξ sin

(
vF

rc
ξ

t + 
ξ

)
− rc

ξ sin(
ξ ), (9b)

where the point source of current is at (x0, y0) in the SLG
region while (x1, y1) indicates the point where the electron hits
the domain wall. 
0(1) represents the incidence (transmission)
angle φ(θ ) described in the top panel of Fig. 2(a). Note that
for ξ = 0, t is the time interval for the electron calculated
once it is emitted from the current source while for ξ = 1 it
is the period of time calculated once the electron enters the
AA-BLG region. Using the above equations, we can trace
the trajectories of the charge carriers in a magnetic field. In
Fig. 3, we show the cyclotron radii for SLG and AA-BLG as
a function of the magnetic field at different Fermi energies. At
low energy, we see that the SLG cyclotron radius is sensitive
to the magnetic field while, in AA-BLG, the cyclotron radii of
the lower and upper cones (blue and red curves, respectively)
are almost the same, see Fig. 3(a). Note that as a result of
the spectrum resemblance of SLG and AA-BLG, we have
rc

AA(E ) = rc
SL(E ± γ1), which can be inferred from Figs. 3(b)

and 3(c).

C. Wave-packet dynamics

To calculate the quantum electronic trajectories using a
wave packet, we apply the nearest-neighbor tight-binding
model Hamiltonian for the description of electrons in a
BLG system associated with the split-operator technique [49,
68–77]. We have added to this technique the van der Waals
domain walls as a local variation in the interlayer coupling
parameter as described by the parameter τ in Eq. (1). Fol-
lowing the numerical procedure developed in detail by da
Costa et al. in Ref. [73], which is based on the split-operator

technique, we calculate the time evolution of the wave packet
for two different setups composed of two disconnected SLGs
bounded with a AA-stacked BLG and one SLG bounded with
a AA-stacked BLG.

Among the many different techniques to treat the formal
solution of the time-evolution problem, such as Green’s func-
tion techniques [78], here we decided to choose the split-
operator technique since, using this approach, one has the pos-
sibility of observing the transmitted and reflected trajectories
of the total wave packet describing the electron propagating
through the system, as well as the separated trajectories in
each layer and also the scattered trajectories projected on the
different Dirac cones. Moreover, this approach has the advan-
tage of being faster and easier than, e.g., Green’s function
techniques and, is pedagogical and physically a transparent
approach for the understanding of transport properties in
quantum systems, like the ones studied here.

The wave packet propagates in a system obeying the
time-dependent Schrödinger equation ih̄∂�(r, t ) = H�(r, t ),
where the Hamiltonian H is the nearest-neighbor tight-
binding Hamiltonian given by

HTB =
∑
i �= j

(γi jc
†
i c j + H.c.) +

∑
i

(εi + Vi )c
†
i ci, (10)

where ci(c
†
i ) annihilates (creates) an electron in site i with

on-site energy εi, γi j is the nearest-hopping energy between
adjacent atoms i and j, and Vi is the on-site potential. The
effect of an external magnetic field can be introduced in the
tight-binding model by including a phase in the interlayer hop-
ping parameters according to the Peierls substitution γi j →
γi j exp [i e

h̄

∫ i
j A · dl], where A is the vector potential describ-

ing the magnetic field. We conveniently choose the Landau
gauge A = (0, Bx, 0), giving a magnetic field B = Bẑ. The
BLG flake considered in our tight-binding calculations has
3601 × 1000 atoms in each layer, thus being like a rectangle
with dimensions of ≈213 × 443 nm2. Such a large ribbonlike
flake is necessary to avoid edge scattering by the wave packet.
Therefore, no absorption potential at the boundaries is needed
to avoid spurious reflection.

The initial wave packet is taken as a circularly symmetric
Gaussian distribution, multiplied by a four-spinor in atomic
orbital basis [ψA1, ψB1, ψA2, ψB2]T and by a plane wave with
wave vector k = (kx, ky), which gives the wave packet a
nonzero average momentum, defined as

�(r, t = 0) = N

⎛
⎜⎝

ψA1

ψB1

ψA2

ψB2

⎞
⎟⎠ exp

[
− (x − x0)2 + (y − y0)2

2d2
+ ik · r

]
,

(11)

where N is a normalization factor, (x0, y0) are the coordinates
of the initial position of center of the Gaussian wave packet,
and d is its width. For all studied cases, the width of the
Gaussian wave packet was taken as d = 10 nm and its initial
position as (x0, y0) = (0,−40) nm.

The propagation direction is determined by the pseudospin
polarization of the wave packet and plays an important role
in defining the direction of propagation. It is characterized
by the pseudospin polarization angle , such as (1,ei)T for
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the components in each layer. The choice of the angle 

depends also on which energy valley the initial wave packet is
situated [49,69,72,73,76,77]. Our choice for the propagation
direction here is based on the knowledge reported in literature
for wave-packet time evolution on monolayer [49,72,77] and
bilayer [73] graphene systems and the consequences of the
Zitterbewegung effect on the wave-packet trajectory [48]. We
assume the y direction as the preferential propagation direc-
tion, since the average position of electronic motion along this
direction is less affected by the oscillatory behavior caused by
the Zitterbewegung [73].

The initial wave vector is taken in the vicinity of the
Dirac point k = (kx, ky) + K, where K = (0,±4π/(3

√
3a))

represents the two nonequivalent K and K ′ points. As we
intend to investigate the wave packet trajectories for different
propagation angles and their probabilities, we run the sim-
ulation for each system configuration, such as, e.g., initial
propagation angle, initial wave vector and energy, and then,
as the Gaussian wave packet propagates, we calculate for each
time step the amount of transmission T (t ) and reflection R(t )
and find the electron after (y > 0) and before (y < 0) the
interface at y = 0, respectively, as the integral of the square
modulus of the normalized wave packet in that region, given
by

T (t ) =
∫ ∞

−∞
dx

∫ ∞

0
dy|�(x, y, t )|2, (12a)

R(t ) =
∫ ∞

−∞
dx

∫ 0

−∞
dy|�(x, y, t )|2, (12b)

and the total average position, i.e., the trajectory of the center
of mass 〈r〉 of the wave packet that is calculated for each time
step by computing

〈x(t )〉 =
∫ ∞

−∞
dx

∫ ∞

−∞
dy|�(x, y, t )|2x, (13a)

〈y(t )〉 =
∫ ∞

−∞
dx

∫ ∞

−∞
dy|�(x, y, t )|2y. (13b)

For larger t , the value of the transmission (reflection) prob-
ability integral increases (decreases) with time until it con-
verges to a number. This number is then considered to be the
transmission (reflection) probability of such a system configu-
ration, i.e., T = T (t → ∞)R = R(t → ∞). Note that, essen-
tially, a wave packet is actually a linear combination of plane
waves, where the wave-packet width represents a distribution
of momenta and, consequently, of energy. In this sense, we
are investigating the dynamics of a distribution of plane-
waves with different energies around some average value,
whose width can be even related, e.g., to the temperature
of the system. A large wave packet in real space implies a
narrow wave packet in k-space, thus it will be composed of
a distribution of plane waves with different velocities and,
therefore, exhibits a strong decay in time. We have checked
that the wave-packet width in real space considered in our
calculations is appropriate for the proposed problem, being
large enough to avoid significant changes of the wave packet
within the timescale of interest.

As mentioned before, the propagation of charge carriers in
AA-BLG can be described as belonging to the upper or lower

cone, respectively denoted by red and blue in Fig. 1(d). To in-
vestigate the wave-packet scattering to these upper and lower
Dirac cones k+ and k−, one can find a unitary transformation
U that block diagonalizes our Hamiltonian in Eq. (1); such
transformation reads

U = 1√
2

⎛
⎜⎝

1 0 1 0
0 1 0 1
1 0 −1 0
0 1 0 −1

⎞
⎟⎠. (14)

Applying this to the four-spinor in Eq. (11) forms symmetric
and antisymmetric combinations of the top- and bottom-layer
wave-function components, i.e.,

U� = �′ = 1√
2

⎛
⎜⎝

ψA2 + ψA1

ψB2 + ψB1

ψA2 − ψA1

ψB2 − ψB1

⎞
⎟⎠. (15)

The symmetric and antisymmetric components correspond
to the k+ and k− energy bands (for more details see
Refs. [38]). In our results for AA-BLG case, we use the above
wave function to calculate the center mass position and the
probability amplitudes.

III. RESULTS AND DISCUSSIONS

A. Without magnetic field

Before we proceed to show the electron collimation in
different systems, we would like to remind the reader of the
following: There are three different junctions under consid-
eration, namely, 2SLG-AA, ZZ-AA, and AC-AA. For the
SC, the classical trajectories in the three configurations are
the same since they depend only on the radius of the Fermi
circle on both sides of the junction. However, the transmission
probability associated with each system is indeed different.
On the other hand, for WD, the electron trajectories and
transmission probability are distinct in 2SLG-AA and AC-
AA, while the results for ZZ-AA are strongly obscured due
to the strong Zitterbewegung effect along the zigzag edge as
discussed in Sec. II C.

Additionally, the fact that the lower and upper cones in AA-
BLG are decoupled means that each cone exhibits electron-
and holelike carriers. For example, for γ1 > E > 0, electron-
and holelike carriers emerge from the lower and upper cones,
respectively. Consequently, there will be two different types
of collimated beams coming from the two cones as will
henceforth be seen.

In Fig. 4, we show the carrier collimation through a do-
main wall that separates 2SLG and AA-BLG obtained from
both SC and WD calculations with different Fermi energies.
The point source is positioned at (x, y) = (0, y0) nm and
electrons impinge on the domain wall located at the origin
(y = 0), afterward they scatter to either lower (solid) or up-
per (dashed) cones with different transmission angles. Both
approaches show a strong agreement for carrier trajectories.
For example, according to SC, the refraction index associ-
ated with the upper cone for E = 4 meV is n = −0.0041
while the WD calculations give n = −0.0039. The plus and
minus signs of the refraction index reveal that the respective
charge carriers will diverge and converge, respectively, at
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E=16meV
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FIG. 4. Scattering from 2SLG into lower T+ (solid lines) and
upper T− (dashed lines) cones in AA-BLG with different incident
energies. Both 2SLG and AA-BLG are pristine where left and right
columns show trajectories obtained from SC and WD approaches,
respectively. Color bar represents the transmission probability where
R + T = 1 and T = T+ + T−.

large distance. The transmission probabilities obtained from
the two approaches agreed qualitatively as will be explained
later. Experimentally, it is often found that some islands in
a sample have SLG connected to bilayer graphene flakes
[79,80]. In Fig. 5, we show the carrier trajectories through
such structure. We notice that even though the transmis-
sion probabilities are slightly altered, the system still attains
collimation. We can say that the results are almost identi-
cal for 2SLG-AA and AC-AA as depicted in Figs. (4, 5),
respectively.

To validate this understanding and quantitatively determine
the degree of agreement, we next carry out a transmission
comparison between different systems and approaches. Using
the SC approach, we show in Fig. 6 the cone as well as
the total transmission probabilities in 2SLG-AA, ZZ-AA, and
AC-AA systems. In the cone channels T+ and T−, the charge
carriers scatter from SLG region into the lower and upper
cones, respectively. In 2SLG-AA system, the transmission is
symmetric with respect to normal incidence, while it becomes
asymmetric in ZZ-AA and AC-AA systems at high energy.
Such an asymmetry feature is a manifestation of breaking
the inversion symmetry in the system. Notice that the trans-
mission remains symmetric in the E − φ regions where both
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80
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40

40

40
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80

y  (
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− E=16meV
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0.6

0.2

0.0
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FIG. 5. The same as in Fig. 4, but the scattering here is from
SLG to AA-BLG, whose top layer possesses an armchair edge at the
interface.

modes k+ and k− are propagating and the asymmetry feature
only appears when one of them becomes evanescent. The
critical energy that separates these two domains are given
by E±

c (φ) = ±γ1/(1 + sin φ) and is superimposed as dashed-
black curves on Ttot in Fig. 6. The critical energy decreases
with increasing incident angle, which reaches E±

c = ±γ1/2
for φ = π/2. Therefore, within this energy range, the electron
beam is symmetrically collimated. Moreover, within the same
energy range, the intensity of the collimated beam is almost
the same for all systems. Note that in the other valley K ′ the
total transmission probability in ZZ-AA and AC-AA attains
the following symmetry: TK (φ) = TK ′ (−φ). Note that if the
edge crosses the lattice at an arbitrary angle, then such edge
would be a mixed edge such that it locally possesses ZZ
and AC boundaries. Since the transmission probabilities of
both types are almost the same for low energies, we can
safely assume that the mixed edge will not significantly
alter the transmission probability and thus collimation is
maintained since since the radius of Fermi circles on both
sides of the junction remain unchanged regardless of the
edge type.

For comparison with the WD calculations, we show in
Fig. 7 the transmission probabilities as a function of the
incident angle at two different energies. The fundamental
characteristics of the system are qualitatively captured by
both approaches. Of particular importance is the deviation in
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FIG. 6. Comparison between the transmission probabilities ob-
tained from the SC approach for 2SLG-AA and SLG-AA with zigzag
and armchair edges with v0 = 0. T+ and T− are the cone transmission
probabilities where carriers scatter into the lower and upper cones,
respectively.

the cone transmission at higher incident angles in 2SLG-AA
and AC-AA. At normal incidence and in the SC picture, the
cone channels are equal, such that T+ = T− = 1/2, while for
oblique angles they start deviating from each other. For 2SLG-
AA junctions, we notice that T+ > T− while it is reversed for
AC-AA as can be inferred from the solid blue and red curves
in Fig. 7. This behavior is also captured by the WD as can
be seen from the dashed blue and red curves. For ZZ-AA, the
WD results for the transmission profile is asymmetric with
respect to normal incidence. The reason for this is that the
energy tail of the wave packet reaches the region where one of
the modes is evanescent, as we explained earlier. Furthermore,
it is clear that transmission amplitudes from SC and WD do
not match precisely. For example, at normal incidence, Ttot

is always unity for all systems according to SC, while it is
significantly reduced in WD. The reason for this difference is
due to the fact that we consider a plane wave in SC approach
with single energy and momentum value. In contrast, WD
uses a wave packet that defines a burst of particles with a
momenta distribution h̄�kx. Thus a perfect transmission is not
expected since only part of the wave packet coincides with
normal incidence which will be completely transmitted, while
the part associated with kx �= 0 will be partially transmitted
and reflected [77].
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FIG. 7. Comparison between the transmission probabilities ob-
tained from the wave-packet dynamics (WD) and semiclassical
approach (SC). The incident energies are 4 and 16 meV for top and
bottom rows, respectively, while the electrostatic potentialis v0 = 0.

B. With magnetic field

So far, we have shown the electron collimation through
different configurations in the absence of a magnetic field.
Gaining control over the direction of the electron beams
can be realized through a magnetic field without losing col-
limation. To examine the effect of the magnetic field on
the collimated beams, we assume that the magnetic field is
applied only in the AA-BLG region, i.e., for y > 0. This can
be justified by considering that the electron point source is
located near the domain wall such that the distance is much
smaller than rc

SL. Note that even if a global magnetic field
is subject to the system, the directional collimation will be
maintained as long as rc

SL 
 |y0|. To assess the effect of the
magnetic field, we calculate the classical trajectories in 2SLG-
AA and AC-AA using SC and WD as shown in Fig. 8. We
consider an electron beam with maximum incidence angles
φ = ±50◦. The essence of the SC approach lies in expressing
the relative refraction index n in terms of the wave vectors
on both sides of the domain wall. Consequently, the classical
trajectories for all considered configurations in the current
paper are the same; shown in Fig. 8. the trajectories for
only 2SLG-AA. This is also confirmed by the WD calcu-
lation, where it shows that the trajectories for 2SLG-AA
and AC-AA are almost the same, see Figs. 8(b), 8(c), 8(e),
and 8(f). Both SC and WD show contributions from two
types of trajectories, which is a direct consequence of the
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FIG. 8. SC and WD classical trajectories of the charge carriers
scattering from 2SLG into AA-BLG and from SLG into AA-BLG
with AC edge in the presence of a perpendicular magnetic field B =
1T (only in the yellow region y > 40 nm) in the x − y plane with
v0 = 0 and at different Fermi energies. SC gives the same results for
both systems (left column), while WD provides a slight difference
for 2SLG-AA and AC-AA (middle and right columns). Red and blue
trajectories correspond to scattering into the upper k− and lower k+

cones in AA-BLG as indicated in the top of Fig. 2(c).

electron- and holelike nature of the carriers associated with
the lower and upper cones, respectively. The two trajectories
are steered by the magnetic field in diametrically opposite
directions.

Finally, to clearly visualize the effect of the magnetic field
on the whole wave packet, we show in Fig. 9 the contour
plots of the time evolution for the squared modulus of the
Gaussian wave for 2SLG-AA. We set the incidence angle
to be φ = 0 and φ = 30◦ and show the scattering to each
cone separately in the presence and absence of magnetic field,
respectively. For B = 0, once the wave packet reaches the
domain wall, it starts moving nearly along the y direction,
see Figs. 9(a), 9(c), 9(e), and 9(g) and compare with the
trajectories in Fig. 4. In the presence of a magnetic field,
the wave packets corresponding to lower and upper cones
are steered in different directions without losing collimation.
Note that due to its spatial spread, the wave packet feels the
magnetic field before its center reaches the interface and this is
clearly seen in Fig. 8. Such behavior is a manifestation of the
quantum nonlocality nature of the charge carriers in graphene.

It is important to point out that within the tight-binding
model, the effects like the Landau levels in the presence
of a perpendicular magnetic field are already embedded in
the model, such that we do not need to take anything more
into consideration to take this issue into account, as well
as, regardless of the value of the chosen magnetic field, the
tight-binding model in the WD simulation takes into account
all the consequences of its inclusion. Therefore, for conve-
nience, we chose such magnetic field values to consider a
slightly smaller BLG sample, since it can become computa-
tionally expensive for larger structures, keeping in mind that
enlarging the sample by a factor β will result in a similar
collimation effect when reducing the magnetic field by a
factor 1/β.

FIG. 9. Contour plots of the time evolution for the squared modulus of the Gaussian wave function scattering from 2SLG into AA-stacked
BLG with an initial energy (a), (b) E = 4 meV and (e)–(h) E = 16 meV, for an incident angle φ = π/6. The magnetic field was assumed
to be (a), (c), (e), (g) B = 0 and (b), (d), (f), (h) B = 1 T. Solid-dashed black line indicates the interface of the junction. Top (bottom) panels
correspond to the lower k+ (upper k−) cones in the AA-BLG spectrum.
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FIG. 10. Top: energy bands of SLG and gapped AA-BLG,
dashed-black line represents the electrostatic potential v0. Bottom:
SC electron collimation as in Fig. 4 but for gAA with 2� = 0.2γ1

and v0 = −2�. Note that for the other configurations, the collima-
tion is the same but the transmission probability will be slightly
different.

IV. CONCLUSION

In conclusion, we have studied electron scattering through
locally delaminated AA-BLG systems with two different
domain walls. Within the mesoscopic limit where electron
current is well approximated by classical trajectories, we
presented the SC model that combines quantum mechanical
calculations of the transmission probabilities with classical
trajectories. To validate the SC approach, we carried out the
WD calculations and showed that transmission probabilities
and classical trajectories are matching the SC ballistic predic-
tions. The SC model takes advantage of representing the re-
fraction index in terms of the wave vectors on both sides of the
domain wall. This results in identical trajectories for the two
considered domain walls whose transmission probabilities are
indeed different. Within a specific energy range, electrons
can be highly collimated through the considered system and
steered by a magnetic field regardless of the types edges and
domain walls. Most importantly, the considered system here is

free of sharp electrostatic potential steps necessary for Klein
tunneling and thus electron collimation. However, the major
challenge in the experimental realization remains achieving
SLG-AA domain walls which can be feasible in the near
future as a result of the continued and decent development
of the graphene samples’ quality. Finally, we hope that our
results will prove useful for designing graphene-based colli-
mation optical devices that enable a new class of transport
measurements.
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APPENDIX: GAPPED AA-STACKED
BILAYER GRAPHENE

Through this paper, we considered pristine AA-BLG
whose spectrum is gapless and compose of two Dirac cones
separated by 2γ1. However, the more realistic spectrum is
gapped due to the electron-electron interaction in graphene
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FIG. 11. Cone and total transmission probabilities for gapped
AA-BLG for the three considered configurations 2SLG-gAA, ZZ-
gAA, and AC-gAA as in Fig. 6 with v0 = 0 and a gap of magnitude
2� = 0.2γ1.

045137-9



H. M. ABDULLAH et al. PHYSICAL REVIEW B 100, 045137 (2019)

[81–83]. In this Appendix, we show that the electron collima-
tion reported in this paper is maintained even in the presence
of a finite gap in AA-BLG energy spectrum.

In fact, the main effect of the gap coincides only
with a slight change in the transmission probabilities. For
the gapped AA-BLG (gAA), the continuum approximation
for the Hamiltonian that describes the electrons in the vicinity
of the K-valley reads [84,85]

H =

⎛
⎜⎝

� + v0 vF π† γ1 0
vF π −� + v0 0 γ1

γ1 0 −� + v0 vF π†

0 γ1 vF π � + v0

⎞
⎟⎠. (A1)

The electron-electron interaction breaks the layer and sublat-
tice symmetries, which results in the finite gap of magnitude
2� in the energy spectrum [86], see top panel of Fig. 10. To
investigate the collimation at the same Fermi energy consid-
ered in the case of pristine AA-BLG, we subject the gAA to
an electrostatic gate v0 as presented by the dashed black line
in the top panel of Fig. 10. Then, we perform the same steps
discussed in Sec. II B to calculate the electron collimation
in gAA. In the bottom of Fig. 10, we show the electron

collimation obtained using SC approach for two different
Fermi energies. We consider a gap of magnitude 2� = 0.2γ1

and an electrostatic gate of strength v0 = −2�. It appears that
the collimation is preserved even in the presence of a finite
energy gap, see Fig. 4 for comparison. This is due to the fact
that the electron collimation is always preserved as long as the
radius of the Fermi circle in AA-BLG region is much larger
than its counterpart in SLG. Introducing the gap does not
significantly alter the radius of the Fermi circle; however, the
transmission probabilities are slightly reduced. In Fig. 11, we
show the cone and total transmission probabilities in gAA for
three configurations 2SLG-gAA, ZZ-gAA, and AC-gAA. As a
comparison with the results for pristine AA-BLG, we see that
the transmission probability is drastically altered for energies
around the induced gap. It is completely suppressed within the
energy gap but apart from the gap and within the symmetric
zones, the transmission probabilities are comparable for both
systems. Another difference is that as a result of braking the
inversion symmetry, the transmission probability for 2SLG-
gAA is asymmetric with respect to normal incidence. In
conclusion, electron collimation can be preserved in both
pristine and gapped AA-BLG, the only difference is that the
latter one is not free of electrostatic gate.
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