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Abstract. A magnetic moment inside an extreme type II superconductor can have three, but
not one or two, confined vortex loops near to the core. For a sub-micron superconducting particle
the confined vortex loops eventually break up and reach the surface turning into external vortex
pairs.

1. Introduction
Recently we have determined [1] the vortex state near a point like magnetic dipole µ deep inside
a superconductor such that its inhomogeneous magnetic field is the only source and sinkhole
of vortex lines. Our results were obtained in the framework of the Ginzburg-Landau theory,
numerically solved in three-dimensions, for a sub-micron sphere of radius R = 15ξ with the
dipole in its center. We found vortex loops around the magnetic core. The vortex states are
characterized by the number of these confined vortex loops (CVL) and by the broken loops.
The latter corresponds to CVL that spring to the sphere’s surface, split into two vortex lines,
hereafter called external vortex pairs (EVP).

The CVLs and EVPs are curved vortex lines in space, truly three-dimensional spatial
structures, beyond the treatment of the Ginzburg-Landau theory done in previous works [2, 3, 4]
that just consider vortices as 2D “coins” inside a thin superconducting film. For increasing dipole
field, and just above the Meissner phase, we find that the vortex state is made of three CVLs
around the dipole axis, as illustrated in Fig. 1.

These confined vortex loops, derived through the Ginzburg-Landau theory, are found
intriguingly similar to the quark confinement scenario of Quantum Chromodynamics (QCD).
Quarks are confined by strong interactions[5] and form pairs or triplets so that the resulting color
is neutral. The concept of color charge is beyond the present treatment which is restricted to the
standard electric charge. Nearly thirty years ago ’t Hooft and Mandelstam [6, 7, 8] suggested
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Figure 1. Plot of the
Cooper-pair density for a
magnetic moment µ/µ0 =
25 in the center of a super-
conducting sphere of radius
15.0ξ. Red and gray surfaces
are parts of the same isosur-
face drawn at 20 % of the
maximum Cooper-pair den-
sity.

that the duality between electric charges and magnetic monopoles present in Maxwell’s theory is
the key to understand quark confinement. Thus instead of trying to understand the confinement
of quarks (electric charges) one should look to the dual problem, the confinement of magnetic
monopoles. A pair formed by a monopole and an anti-monopole inside a superconductor is
realistic and experimentally feasible because it just corresponds to a tiny magnetic inclusion
inside the superconductor. The magnetic streamlines coalesce into vortex tubes whose source and
sinkhole are the monopole and the anti-monopole, respectively. The confined vortex loops are
under pressure by the Meissner currents and attempts to separate the monopole from the anti-
monopole (elongate the dipole) will result in a linear increase of energy, causing the confinement.
Simply said, the superconductor, a condensate of electric charges, confines magnetic charges,
in analogy to the electric charge (quark) confinement observed in our world by a condensate of
magnetic monopoles.

In this work we give new arguments in support of this finding that three and not one or
two loops appear connecting the monopole anti-monopole (dipole) axis. Whether this discrete
number of loops has any analogy with gluons remains to be seen. We find in our Ginzburg-
Landau simulations that the stability of the two loop configuration is only possible for a broken
azimuthal symmetry, such as in case of a rigid lattice of magnetic moments inside a bulk
superconductor [9, 10]. The magnetic field generated by a point-like dipole, or a uniformly
magnetized sphere in its external region, has the following expression

B(r) =
3(µ · r̂)r̂ − µ

r3
(1)

Since the field of Eq. (1) diverges at the dipole position, in its vicinity there is a normal
region where the dipole field is bigger than Hc2. We can determine the frontier of this normal
core imposing that the dipole field is equal to the upper critical field.

Hc2 =
φ0

2πξ2
=

3(µ · r̂)r̂ − µ

r3
c2

(2)
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FIG. 3: Similar to Fig. 1, |ψ|2 isosurfaces (20 % of the
maximum value) are shown for 1,2 and 3 EVP final states
(a0/R = 0.9 and µ/m0 = 25). The plot free energy vs. a0/R
for the dipole moment µ/m0 = 25 shows the onset of EVPs
for an initial state near to the surface.

nal state available though, surprisingly, all display three
confined loops.
Proximity of boundaries For a small superconduct-
ing sphere the presence of boundaries strongly influences
the vortex state. CVLs very near to the superconduc-
tor’s external surface can eventually break and spring to
the surface in the form of external vortex pairs (EVP).
The switch of a CVL into an EVP induces a first or-
der transition. EVPs are shown in Fig. 3 in a gray and
red color scheme, explained in [21]. Above this first or-
der transition, one of the vortices links the north pole of
the dipole to the surface and the other the surface to the
south pole. The proximity to the boundaries explains the
puzzling fact seen in Fig. 3 that for a0/R > 0.73 the free
energy minimum depends on the initial state. The prox-
imity of N loops to the surface of the sphere causes the
onset of EVPs during the annealing procedure. In fact
for the three highest values of a0/R, the number of EVPs
is exactly N . This striking correlation leaves no doubt
that an initial state with a CVL very near to the edge
most easily turns into an EVP during the minimization
procedure, fact that is not possible for a initial state with
a CVL away from the edge. Thus for a finite supercon-
ductor the vortex state has to be classified according to
the number of CVLs and of EVPs, an important differ-
ence to previous 2D studies [17] where the only distinc-
tion is between ‘giant’ and ‘multi’ vortex states. In 3D
space states with multiple EVPs manifest as a collection

of vortices on the sample surface, but are conjoined to a
giant vortex in the sample center. The total angular mo-
mentum (‘winding number’, or ‘vorticity’) adds by one
for each additional EVP. According to Fig. 3 this giant
vortex also contains three embryonic CVL states.

Being of first order, the CVL to EVP transition is fol-
lowed by an abrupt decrease in energy (Fig. 3). Conse-
quently, the behavior of the sample magnetization (M =
∂F/∂µ) shown in Fig. 4, as a function of the dipole mo-
ment µ, clearly illustrates the appearance of EVPs. Note
that this feature directly leads to accessible experimental
detection of EVP states, e.g. by Hall-probe magnetiza-
tion measurements. However, the presence of CVL states
is more demanding and requires a combination of vari-
ous complementary microscopic experimental techniques,
such as Small Angle Neutron Scattering (SANS), muon
spin rotation (µSR) [18], and possibly scanning tunnel-
ing microscopy on curved surfaces to detect the threefold
slight suppression of the order parameter on the surface
of the sphere.
The evolution of the vortex state The onset of
EVPs unveils interesting aspects of the threefold symme-
try because of the soft breaking interactions that drive
such first order transitions. A CVL becomes unstable
near to the surface of the superconductor and eventu-
ally breaks apart giving rise to a EVP, as shown in Figs.
3 and 4. For our spherical sample the growth of three
initially equivalent loops, expected to reach the surface
simultaneously, should yield only three EVPs. Neverthe-
less one and two EVPs are also observed meaning that
the threefold symmetry is slightly broken during its evo-
lution. This breaking is caused by the cubic mesh of our
numerical procedure which introduces a soft breaking of
the azimuthal symmetry. The evolution of the remaining

(c)

(a)

(b)

FIG. 4: The free energy versus dipole moment shows 0 and
1 EVP curves. The insets show density plots (20 % of the
maximum value) of selected points that describe a 0 to 1 EVP
transition: µ/m0 = 28.4 (a), 28.5 (b), and 28.6 (c).

Figure 2. Free energy
(arbitrary units) vs. for a
dipole moment µ/µ0 = 25.
It shows that in case the
initial loop position, given by
a0/R, is near to the edge,
the onset of EVPs becomes
possible.

where rc2 is the distance from the dipole to the Hc2 frontier. This condition of Eq. (2) is taken
where the dipole field assumes the lowest values, µ · r̂ = 0. We find

rc2 =
(

µ

µ0

)1/3

ξ. (3)

In case the magnetic moment is larger than µ0 = φ0 ξ/2π, the normal region has radius larger
than ξ. In the same way we can determine the Hc1 frontier, where we find

rc1 = rc2

(
2κ2

lnκ

)1/3

(4)

Here we consider a type II superconductor of finite size, such that the London penetration length
is much larger than the sample.

Support for the stability of the three loop state is obtained by minimizing the Ginzburg-
Landau free energy through the simulated annealing procedure [11, 12]. We initialize the
minimization procedure upon a pre-defined order parameter, ΨN (a, ϕ). This initial state
depends on the following variables: the loop parameter a = r/ sin2 θ, the azimuthal angle around
the dipole axis, ϕ, and the number of zeros of this wave function, N . The variable a describes the
magnetic field streamlines around the dipole. The condition ΨN (a0, ϕ0) = 0 holds for a single
loop position, a = a0, and for a special azimuthal configuration determined by the condition
exp(iNϕ0) = 1. Hence this initial state contains N symmetrically arranged CVLs along the
magnetic field streamlines around the dipole. Fig. 2 shows the free energy value found at the
end of the minimization procedure according to the initial vortex position, a0/R. Three distinct
initial states were taken, i.e, N = 1, 2 and 3 loops. One expects that the numerical procedure
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should lead to a single state, a three loop final state, regardless of the number of loops present
in the initial state. Indeed this is true, but only for a small a0/R ratio, according to Fig. 2. For
a large a0/R ratio several final states are possible. The proximity to the boundaries explains
this puzzling fact that for a0/R > 0.73 the free energy minimum depends on the initial state,
as shown in Fig. 2. The proximity of N loops to the surface of the sphere causes the onset of
EVPs during the annealing procedure. In fact for the three highest values of a0/R, the number
of EVPs is exactly the number of loops in the initial state (N). This striking correlation leaves
no doubt that an initial state with a CVL very near to the edge most easily turns into an EVP
during the minimization procedure, fact that is not possible for a initial state with a CVL away
from the edge. Thus for a finite superconductor the vortex state has to be classified according
to the number of CVLs and of EVPs, an important difference to previous 2D studies [2, 3, 4].
Regardless of the number of EVPs all the vortex states of Fig. 2 display three embryonic CVLs
very near to the Hc2 core.

2. Conclusion
In conclusion, the onset of three loops from the Hc2 core is energetically favorable over one or
two vortex loops, regardless of the boundaries. This problem - mesoscopic superconductor with
a magnetic inclusion in its center- can be useful to understand the quark confinement problem,
according to the ’t Hooft and Mandelstam conjecture.
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