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ABSTRACT 

The properties and applications of metallic nanoparticles are inseparably connected not only 

to their detailed morphology and composition, but also to their structural configuration and 

mutual interactions. As a result, the assemblies often have superior properties as compared to 

individual nanoparticles. Although it has been reported that nanoparticles can form highly 

symmetric clusters, if the configuration can be predicted as a function of the synthesis 

parameters, more targeted and accurate synthesis will be possible. We present here a 

theoretical model that accurately predicts the structure and configuration of self-assembled 

gold nanoclusters. The validity of the model is verified using quantitative experimental data 

extracted from electron tomography 3D reconstructions of different assemblies. The present 

theoretical model is generic and can in principle be used for different types of nanoparticles, 

providing a very wide window of potential applications. 
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Assemblies of nanoparticles in two and three dimensions have gained increasing 

interest because of their multiple applications
1-5

 and improved properties, compared to those 

of their building blocks.
6-10

 By varying experimental parameters, such as the size and shape of 

the individual particles or the nature and length of the capping ligands, different 

nanostructures with unique configurations can be obtained. However, the complex mechanism 

and interplay of the forces and processes leading to a given assembly is often poorly 

understood and in some cases only empirically found. Having access to such information 

would enable researchers to predict the stacking of the individual nanoparticles into a specific 

configuration as a function of the experimental parameters. In this manner, the synthesis of 

nanoassemblies with tailored properties for specific applications would become much more 

accurate and efficient. In this work, we demonstrate a thorough understanding of the 

formation of symmetrical 3D nanoassemblies by combining a state-of-the-art structural 

analysis with modern computational techniques.  

Transmission Electron Microscopy (TEM) is an ideal technique to investigate 

materials at the (sub)nanometer scale and has therefore been widely used in the study of 

nanomaterials. In order to understand the connection between structure and properties of these 

materials, the combination of TEM and theoretical calculations is very powerful.
11-13

 

However, it is important to realize that TEM images only correspond to a two-dimensional 

(2D) projection of a three-dimensional (3D) object. In order to gain the necessary structural 

information concerning the 3D nanoassemblies, 3D TEM, so-called electron tomography, has 

to be performed.
14-16

 Recently, this technique has proven its power in the investigation of 3D 

nanoassemblies, especially when quantitative data, such as particle diameters or positions, are 

required.
1,16

 2D self-assembled systems have been theoretically studied in depth during the 

last decade,
17-25

 and the transition between 2D and 3D assemblies has been recently 

investigated.
22

 However, these studies are mainly based on phenomenological models,
1,11,26-29 
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but do not yield insight concerning the underlying physical processes involved during the 

formation of the 3D assemblies.  

In the present work, we combined state-of-the-art electron tomography results with a 

new theoretical model, which is easy to implement and moreover, which provides a thorough 

understanding of the formation of 3D assemblies from the aggregation of gold nanoparticle 

building blocks. In the selected example shown in Figure 1, gold nanospheres grafted with 

polystyrene chains form clusters in solution upon increasing the solvent dielectric constant, 

where L stands for the polymer chain length, D for the particle diameter and 

3
2
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is the ratio of the total volume taken by the particle and the polymer and the volume of the Au 

particle, which is thus a material independent quantity. This was interpreted as an interplay 

between van der Waals and hydrophobic attraction and steric repulsion forces. The model we 

propose here is more general, in the sense that it is based on the competition between a long-

range attractive and a short-range repulsive force for each pair of particles. This is explained 

as an effective interaction between particles, which in the present study will be taken as 

isotropic, assuming that all nanoparticles are identical and spherical, which is reasonable in 

the case of the experiments considered here. The combination of electron tomography and the 

new theoretical model enables us to predict the 3D configuration of the obtained Au 

nanoassemblies with high accuracy. It is however important to point out that, because of the 

generality of the model, our approach can be applied to a wide variety of nanoparticle 

assemblies.  
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RESULTS AND DISCUSSION 

Using electron tomography, the 3D configurations were determined for several 

assemblies obtained using different synthesis parameters. The most relevant parameters 

correspond to the diameter of the individual nanoparticles (D) and the polymer chain length 

(L). The experimental results are presented in Figure 1; they show essentially two different 

kinds of configurations. For assemblies containing particles with a relatively small diameter 

grafted with polymers of short chain length (L) a dense packed configuration was found 

(Figure 1 a-c). However, in the case of longer polymer lengths, shell like structures can be 

identified (Figure 1 d-i). Strikingly, some of the 3D reconstructions, such as the example 

presented in Figure 1d yield a highly symmetric and regular 3D stacking of the individual 

nanoparticles. In Figure 1g, an icosahedron is clearly observed, but also other types of 

polyhedra were found. It should be noted that for large and more dense packed assemblies, 

such as the example in Figure 1f, regular stackings were not observed, but the arrangement 

was closer to spherical symmetry. For certain configurations however, some shells appear to 

be incomplete, i.e. particles are missing. In order to obtain a thorough understanding of the 

formation of such assemblies, the electron tomography results were compared with computer 

simulations. 
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Figure 1. 3D representation of reconstructed assemblies from experimental 2D TEM images at various 

angles. In each image, the synthesis parameters (D and L) and the value of    for each configuration are 

given. Different colors refer to the different shells in the assemblies. 

 

The inter-particle distances in such self-organized systems have been explained 

theoretically, showing that the interaction between particles is complex and involves many 

variables.
1,29

 Although the model proposed in Reference 1 may very well predict inter-particle 

distances, it turns out that the 3D configuration of the assemblies can not be obtained. The 

reason is that in the model of Reference 1, the van der Waals interaction is only correctly 

described in the limit of close-approach and overestimates the strength of the long-range 



7 

 

interaction. Here, we propose a potential that is based on a generalized Morse inter-particle 

interaction: 

 
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In this expression A( B
~

) and  ( 
~

) are real numbers that modulate the strength and the 

screening of the repulsion (attraction) between particles, N  is the number of particles in the 

assembly, and ijr  represents the distance between the centers of the i -th and the j -th 

particles in the self-assembled system. A similar interaction was used previously to describe 

the structure of 2D self-organized colloidal systems.
30

 For a given temperature T, Equation (2) 

can be written in dimensionless form as follows:  
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where  /
~

 , while the energy and the distances are given in units of TAKE B0  and 

00
~rr  , respectively. The average distance between concentric shells in the assembly is 

given by 0
~r , which is defined as the characteristic length of the system (see Supporting 

Information for details).  Equation (3) represents a two-parameter model which enables one to 

tune the strength and the range of the attraction in a flexible manner. 

The advantage of this potential is that, in the inter-particle distance range near its 

minimum, it can be mapped on the potential of Reference 1, from which experimental 

synthesis conditions can be extracted. Once this relationship has been established and the 

theoretical parameters have been linked to the synthesis conditions, the procedure can be 

reversed and thus, starting from experimental synthesis conditions the final configuration can 

be predicted. 

The ground state configuration is obtained by Monte Carlo (MC) simulations 

supplemented with the Newton optimization method. This approach has been successfully 
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used in previous works.
17,31,32

 As a first result, irrespective of the values of B  and  , we 

notice that the model is translational and rotational invariant. Due to the isotropic inter-

particle interaction, highly symmetric structures were found, in agreement with our electron 

tomography results. Based on numerical simulations, a good agreement with the experimental 

results has been found with 5.0 , for all samples investigated. This implies a relative 

short-range attraction between the particles. The parameter B can be used as an adjustable 

parameter that determines the packing density. A detailed discussion on the relation between 

the present model and the synthesis parameters can be found in the Supporting Information. 

In order to correlate the experimental data with the theoretical calculations, we 

introduce the mass density inside the shell defined by the ends of the polymer chains 

surrounding each gold nanoparticle, which is given by  /c , where c  is the density of 

Au. Experimentally, we found that for 1 , i.e. long polymer chain lengths with respect to 

the particle size, the assembly formed by the nanoparticles is highly spherical symmetric (see 

Figure 1). As can be seen from Equation (3), the parameter B  is a measure for the attraction 

between each pair of particles. For smaller values of , and taking into account that the 

polymer chain lengths are comparable to the particle size, the distance between Au 

nanoparticles will be small and consequently deviations from the non-spherical geometry of 

the nanoparticles will become important in the self-assembly process, which are not taken into 

account in the present analysis. In this case information about the detailed shape of the 

nanoparticles is needed in order to construct a non-spherical symmetric inter-particle 

interaction, which is beyond the scope of the present work. As an example, we model three 

different clusters, which correspond to Figures 1 d, g, h. For the largest  -values, as those 

listed in Table 1, the best fit with the tomographic reconstruction was found with 65.0B .  
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Sample D(nm) L(nm)   N n 

Shell-like Configuration 

Tomographic 

Reconstruction 

Theoretical 

Prediction 

A 20 20 27.00 33 2 (4, 29) (4, 29) 

B 20 39 117.65 59 3 (1, 12, 46) (1, 12, 46) 

C 40 45 34.52 132 3 (11, 37, 84) (10, 37, 85) 

Table 1. Experimental sample parameters: D is the diameter of the Au particles and L is the length of the 

polymer chains surrounding them, N is the number of particles and n  is the number of shells found in 

each cluster. The number of particles per shell for the experimental assemblies and for the theoretical 

model with B=0.65 are displayed in the two rightmost columns. 

 

The best agreement between theory and experiment was achieved for large  -values, 

when complete shell structures, i.e. without vacancies, are formed experimentally. We 

therefore focus on the interpretation of the three different assemblies having large  -values, 

with the experimental parameters listed in Table 1. 
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Figure 2.  Comparison between configurations obtained from experimental reconstruction (left) and 

simulations (right) with the parameters listed in Table 1. Particles belonging to different shells are 

highlighted by different colors. In the central panel, the radial density distribution function is plotted, 

where we compare the experimental results with the ones obtained from theory. 

 

Figure 2 demonstrates the excellent agreement between the theoretical predictions and 

the experimental configurations obtained by tomographic reconstruction. The comparison 

between experiment and simulations is based on the number of particles per shell (rightmost 

columns of Table 1). It can be seen that the simulations predict with high precision the 

particle positions for small and intermediate cluster sizes ( 59,33N ), whereas a small 

discrepancy of only one particle between the inner and the outer shell is found for the largest 
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one ( 132N ).  To further confirm the agreement we plotted the radial density distribution of 

the assemblies ( )(r ) as a function of the interparticle distance, which for this figure is scaled 

by the radius of the outer shell ( outerr ).  This function is defined as the probability to find two 

particles separated by a distance r , and is closely related to the radial distribution function, 

which is used to describe the structure of the assemblies for larger systems.
13

 

Based on the use of )(r , a comparison is presented in the central panel of Figure 2. 

For the experimental data we used the coordinates of the center of mass of all nanoparticles in 

each assembly, as they were extracted from the tomographic reconstructions.  The radial 

densities show very good agreement not only in the number of peaks, which is intrinsically 

related to the shell-like structure, but also with respect to the location and height of the peaks. 

Also from the simulation results it is clear that the particles at the inner shells of the 

assemblies preferably sit in highly symmetric polyhedral structures. For example, the third 

column of Figure 2 confirms that the inner shell of sample A is formed by a regular 

tetrahedron, and the second shell of sample B forms a regular icosahedron (see Supporting 

Information).  These are just few examples of regular structures that can be found. It must be 

noted that also octahedra and different elongated bipyramidal structures are predicted by our 

model, to form the inner shell configuration of assemblies with different numbers of particles. 

This finding is in contrast to Lennard-Jones assemblies, which were recently found to 

organize in planar configurations.
11

  

Simulations carried out for assemblies with an increasing number of particles enabled 

us to describe the self-assembly process as follows: initially, for a small number of particles 

( 12N ), all particles are arranged in a single shell, forming configurations such as 

antiprisms and bipyramids but with regular polyhedra (tetrahedron, octahedron and 

icosahedron) being dominant. Next, as the number of particles increases, the potential energy 

minimization procedure results in a rearrangement of the particles generating new shells of 
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particles leading to an increase of the radius of the outer shell and an increase of the inter-

shell distances. After increasing the number of particles further it becomes energetically more 

favorable to occupy the next inwards located shell due to the high surface tension of the 

former shell. This process is repeated shell after shell till the most inner shell reaches a critical 

size leading to a void at the center of the assembly. After a further particle addition, this void 

is occupied by an additional particle, resulting in the formation of a new shell. Such assembly 

configurations can be grouped in Mendeleev-like tables as function of the number of particles, 

an example is given in the supporting information. 

In order to illustrate the physics behind the 3D assembly process, we show in Figure 3 

the phase diagram of the ground state configurations for a system with 59N  particles as a 

function of the parameters in our model. In this figure, the different letters represent different 

configurations of the system, which are given at the right side of the figure by the number of 

particles in each shell.  The thick solid arrow indicates the direction of increasing packing 

fraction. Please note that the best fit with the present experiment was obtained for 65.0B  

and 5.0 . All transitions between different configurations were found to be of first order. 
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Figure 3.  Phase diagram of the ground state configuration of an assembly with 59N  gold 

nanoparticles, as a function of the theoretical parameters B  and  .  Different colors represent different 

configurations as they are labeled alphabetically in the figure.  The number of particles per shell for each 

configuration is indicated in the column on the right side.  The thick solid arrow indicates the direction of 

increasing packing fraction. 

 

Following the configurations as they are alphabetically ordered in Figure 3, one can observe 

that increasing the attraction ( B ) leads to the migration of particles from the inner to the outer 

shells. This is a consequence of the reduction of the inter-particle distance allowing the outer 

shells to accommodate more particles.  

In Figure 3, the configurations at the left of A can no longer be described as shell-like 

structures; they are structures with planar faces, which is typical for particles interacting 

through a Lennard-Jones or Morse potential.
11,27

 Starting from configuration A and by 

increasing parameter B, all configurations retain a shell-like structure after going through the 

following configurations: dense packed configuration  regular triangular configuration 

(polyhedral configurations)  spherical-like shell configuration. The last transition occurs 

through a continuous process of shell radius reduction. 
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Our theoretical approach allows us to explain the formation of the assemblies and to 

correctly predict their 3D configuration for the considered synthesis parameters of our 

samples.  The observed structures result from the tendency of the system to form a close 

packed configuration, as obtained for small values of B, as well as from the formation of a 

shell-like structure due to strong attraction. The stronger the attraction, the more particles can 

be packed on a specific shell, and the more shell-like the final structure will be. This 

phenomenon is closely related to the surface tension, where the attraction between molecules 

or atoms results in the minimization of the surface formed by the particles on the outer shell. 

This competition results, in the case of strong attraction, in a sequential formation of regular 

polyhedra. Although shell-like structures are expected to form for large  -values, 

experimental evidence showed that this is the case even in the region 11727   . 

Experimentally, close packed configurations are expected for nanoparticles with a weak 

attraction, while shell-like structures are expected to be formed for nanoparticles with a strong 

attraction. 

In the formation process previously described, we found that the attraction between 

particles is of relative short-range character ( 5.0 ). This allowed us to obtain an optimal 

agreement between theory and experiment (Figure 2), showing that the screening of the 

attraction is not affected by either the particle size or the polymer length. The relation 

between synthesis parameters and the model parameter B is obtained by fitting the potential 

presented in Reference 1 around the local minimum with our model (Equation (3)). In Figure 

4 this relation is given for different values of particle size (D) and polymer length (L). All 

synthesis parameters are listed in the supporting information. 



15 

 

 

Figure 4. Theoretical parameter (B) plotted as a function of the particle diameter (D) for different values 

of the polymer chain length (L).  These points have been calculated by adjusting the energy curve 

proposed in Reference 1 through Equation (3) for 5.0 .  A complete list of the synthesis parameters 

considered in the present calculation is shown in the supporting information. 

 

From Figure 4 one can see that the value of B is proportional to both particle size and 

polymer chain length. From these results, one can conclude that the attraction between 

particles increases with the polymer length (which may be related to hydrophobic forces), but 

that the increment becomes less significant for smaller particle sizes (where van der Waals 

forces are weaker). Figure 4 reveals that the values of B are in the interval [0.58, 0.67] (see 

supporting information), which confirms the validity of the present model where the 

theoretical structures correspond to B=0.65 (see Figure 2). These results indicate that by 

increasing the polymer chain length the strength of the attraction between particles increases, 

resulting in a reduced packing fraction and a more symmetrical configuration. 
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CONCLUSIONS 

Nanoparticles in the 10-100 nm range tend to self-organize into three dimensional 

clusters. This self-organization process of spherical nanoparticles into spherical assemblies 

was investigated, both experimentally and theoretically, using a pairwise interaction; Au 

nanoparticle assemblies formed by inducing hydrophobic forces were chosen as a case study. 

We proposed a new model, based on a simple competition between attractive and repulsive 

interactions which we were able to relate with the experimental synthesis parameters. The 

excellent agreement between the experimentally observed and the theoretically predicted 

configurations provides us with the opportunity to understand the physics behind cluster 

formation. For the synthesis parameters used, we can explain the particular cluster formation 

and correctly predict their 3D configuration.  The final structures result from the tendency of 

the system to form a close packed configuration and the formation of a shell-like structure 

induced by strong attraction. The stronger the attraction, the more particles can be packed on a 

specific shell, and the more shell-like the final structure will be. This is closely related to the 

phenomenon of surface tension where the attraction between molecules or atoms results in the 

minimization of the outer surface area. This competition results, in the case of strong 

attraction, in a sequential formation of regular polyhedra. 

Our theoretical model may enable one to guide the synthesis of novel 3D assemblies in 

a controlled and efficient manner, which will be of importance for different scientific 

applications where specific 3D arrangements of nanoparticles are required, such as 

metamaterials or nanoparticle assemblies with optimized hot spot density. 
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METHODS 

Synthesis. Nine batches of gold nanoparticles (18.0 ± 0.5 nm, 40.0 ± 0.9 nm and 61.7 

± 1.5nm), stabilized with polystyrene (Mw = 5.8, 21.5, 53 kg/mol) were prepared according to 

experimental conditions reported in Reference 1. In a typical assembly experiment, water (0.4 

mL) was added to the polystyrene-stabilized gold colloid (1.6 mL, THF) under magnetic 

stirring. After 10 minutes, a solution of polystyrene-block-polyacrylic acid was added in THF 

(6 mg/mL, 0.2 mL). Subsequently, the water content was increased up to 35 wt %, followed 

by increasing the temperature to 70 ºC, which was maintained for 1 h. The final solution was 

centrifuged twice and dispersed in pure water. As-prepared clusters were used for imaging 

without further processing.   

 Structural analysis. Electron microscopy observations were carried out using a FEI 

Tecnai G2 electron microscope operated at 200 kV. A Fischione tomography holder (model 

2020) was used for the acquisition of the tilt series of 2D projection images. All tilt series 

were acquired in High Angle Annular Dark Field Scanning Transmission Electron 

Microscopy (HAADF-STEM) mode with an annular range from -74
o
 to +76

o
 and a tilt 
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increment of 2
o
. The alignment of the series was performed in Inspect 3D software (FEI). All 

the reconstructions were performed using the Simultaneous Iterative Reconstruction 

Technique (SIRT), as implemented in Inspect 3D. 
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